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Foreword

ISO (the International Organization for Standardization) and IEC (the International Electrotech-
nical Commission) form the specialised system for world-wide standardization. National bodies
that are members of ISO or IEC participate in the development of International Standards through
technical committees established by the respective organization to deal with particular fields of
technical activity. ISO and IEC technical committees collaborate in fields of mutual interest.
Other international organizations, governmental and non-governmental, in liaison with ISO and
IEC, also take part in the work.

International Standards are drafted in accordance with the rules in the ISO/IEC Directives,
part 3.

In the field of information technology, ISO and IEC have established a joint technical committee,
ISO/IEC JTC 1. Draft International Standards adopted by the joint technical committee are
circulated to national bodies for voting. Publication as an International Standard requires approval
by at least 75 % of the national bodies casting a vote.

Attention is drawn to the possibility that some of the elements of this part of ISO/IEC 10967
may be the subject of patent rights. ISO and IEC shall not be held responsible for identifying
any or all such patent rights.

International Standard ISO/IEC 10967-3 was prepared by Joint Technical Committee ISO/TEC
JTC 1, Information technology, Subcommittee SC 22, Programming languages, their environments
and system software interfaces.

ISO/IEC 10967 consists of the following parts, under the general title Information technology
— Language independent arithmetic:
— Part 1: Integer and floating point arithmetic
— Part 2: Elementary numerical functions
— Part 3: Complex integer and floating point arithmetic and complex elementary numerical
functions
Additional parts will specify other arithmetic datatypes or arithmetic operations.

Annex [A] forms a normative part of this part of ISO/IEC 10967. Annexes [B| to [E| are for
information only.

vii
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Introduction

The aims

Portability is a key issue for scientific and numerical software in today’s heterogeneous com-
puting environment. Such software may be required to run on systems ranging from personal
computers to high performance pipelined vector processors and massively parallel systems, and
the source code may be ported between several programming languages.

Part 1 of ISO/IEC 10967 specifies the basic properties of integer and floating point types that
can be relied upon in writing portable software.

Part 2 of ISO/IEC 10967 specifies a number of additional operations for integer and floating
point types, in particular specifications for numerical approximations to elementary functions on
reals.

The content

The content of this part is based on part 1 and part 2, and extends part 1’s and part 2’s spec-
ifications to specifications for operations approximating imaginary-integer and complex-integer
arithmetic, imaginary-real and complex-real arithmetic, as well as imaginary-real and complex-
real elementary functions.

The numerical functions covered by this part are computer approximations to mathematical
functions of one or more imaginary or complex arguments. Accuracy versus performance re-
quirements often vary with the application at hand. This is recognised by recommending that
implementors support more than one library of these numerical functions. Various documenta-
tion and (program available) parameters requirements are specified to assist programmers in the
selection of the library best suited to the application at hand.

The benefits

Adoption and proper use of this part can lead to the following benefits.

For programming language standards it will be possible to define their arithmetic semantics
more precisely without preventing the efficient implementation of the language on a wide range
of machine architectures.

Programmers of numeric software will be able to assess the portability of their programs in
advance. Programmers will be able to trade off program design requirements for portability in
the resulting program. Programs will be able to determine (at run time) the crucial numeric
properties of the implementation. They will be able to reject unsuitable implementations, and
(possibly) to correctly characterize the accuracy of their own results. Programs will be able to
detect (and possibly correct for) exceptions in arithmetic processing.

Procurers of numerical programs will find it easier to determine whether a (properly docu-
mented) application program is likely to execute satisfactorily on the platform used. This can
be done by comparing the documented requirements of the program against the documented
properties of the platform.

Finally, end users of numeric application packages will be able to rely on the correct execution
of those packages. That is, for correctly programmed algorithms, the results are reliable if and
only if there is no notification.

viii
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Information technology —
Language independent arithmetic —

Part 3: Complex integer and floating point arithmetic and complex
elementary numerical functions

1 Scope

This part of ISO/IEC 10967 spcifies the properties of numerical approximations for complex
arithmetic operations and many of the complex elementary numerical functions available in a
variety of programming languages in common use for mathematical and numerical applications.

An implementor may choose any combination of hardware and software support to meet the
specifications of this part. It is the computing environment, as seen by the programmer /user, that
does or does not conform to the specifications.

The term implementation (of this part) denotes the total computing environment pertinent
to this part, including hardware, language processors, subroutine libraries, exception handling
facilities, other software, and documentation.

1.1 Inclusions

The specifications of part 1 and part 2 are included by reference in this part.

This part provides specifications for properties of complex and imaginary integer and float-
ing point datatypes, basic operations on values of these datatypes as well as for some numerical
functions for which operand or result values are of imaginary or complex integer or imaginary or
complex floating point datatypes constructed from integer and floating point datatypes satisfy-
ing the requirements of part 1. Boundaries for the occurrence of exceptions and the maximum
error allowed are prescribed for each specified operation. Also the result produced by giving a
special value operand, such as an infinity, or a NaN, is prescribed for each specified floating point
operation.

This part provides specifications for:

a) Basic imaginary integer and complex integer operations.

b) Non-transcendental imaginary floating point and Cartesian complex floating point opera-
tions.

¢) Exponentiation, logarithm, radian trigonometric, and hyperbolic operations for imaginary
floating point and Cartesian complex floating point.

1. Scope 1



ISO/IEC CD 10967-3.2:2004(E) Working draft

This part also provides specifications for:

d)

e)

1.2

The results produced by an included floating point operation when one or more operand
values include TEC 60559 special values.

Program-visible parameters that characterise certain aspects of the operations.

Exclusions

This part provides no specifications for:

a)

b)

Datatypes and operations for polar complex floating point. This part neither requires nor
excludes the presence of such polar complex datatypes and operations.

Numerical functions whose operands are of more than one datatype, except certain imag-
inary/complex combinations. This part neither requires nor excludes the presence of such
“mixed operand” operations.

A complex interval datatype, or the operations on such data. This part neither requires nor
excludes such data or operations.

A complex fixed point datatype, or the operations on such data. This part neither requires
nor excludes such data or operations.

A complex rational datatype, or the operations on such data. This part neither requires nor
excludes such data or operations.

Matrix, statistical, or symbolic operations. This part neither requires nor excludes such data
or operations.

The properties of complex arithmetic datatypes that are not related to the numerical process,
such as the representation of values on physical media.

The properties of integer and floating point datatypes that properly belong in programming
language standards or other specifications. Examples include

1) the syntax of numerals and expressions in the programming language,

2) the syntax used for parsed (input) or generated (output) character string forms for
numerals by any specific programming language or library,

the precedence of operators in the programming language,

)
4) the rules for assignment, parameter passing, and returning value,
) the presence or absence of automatic datatype coercions,

)

the consequences of applying an operation to values of improper datatype, or to unini-
tialised data.

Furthermore, this part does not provide specifications for how the operations should be imple-
mented or which algorithms are to be used for the various operations.

Scope
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2 Conformity

It is expected that the provisions of this part of ISO/IEC 10967 will be incorporated by refer-
ence and further defined in other International Standards; specifically in programming language
standards and in binding standards.

A binding standard specifies the correspondence between one or more of the abstract datatypes,
parameters, and operations specified in this part and the concrete language syntax of some pro-
gramming language. More generally, a binding standard specifies the correspondence between
certain datatypes, parameters, and operations and the elements of some arbitrary computing en-
tity. A language standard that explicitly provides such binding information can serve as a binding
standard.

When a binding standard for a language exists, an implementation shall be said to conform to
this part if and only if it conforms to the binding standard. In case of conflict between a binding
standard and this part, the specifications of the binding standard take precedence.

When a binding standard covers only a subset of the imaginary or complex integer or imaginary
or complex floating point datatypes provided, an implementation remains free to conform to this
part with respect to other datatypes independently of that binding standard.

When a binding standard requires only a subset of the operations specified in this part, an im-
plementation remains free to conform to this part with respect to other operations, independently
of that binding standard.

When no binding standard for a language and some datatypes or operations specified in this
part exists, an implementation conforms to this part if and only if it provides one or more datatypes
and one or more operations that together satisfy all the requirements of clauses 5| through 8| that
are relevant to those datatypes and operations. The implementation shall then document the
binding.

Conformity to this part is always with respect to a specified set of datatypes and set of opera-
tions. Conformity to this part implies conformity to part 1 and part 2 for the integer and floating
point datatypes and operations used.

An implementation is free to provide datatypes or operations that do not conform to this part,
or that are beyond the scope of this part. The implementation shall not claim or imply conformity
to this part with respect to such datatypes or operations.

An implementation is permitted to have modes of operation that do not
conform to this part. A conforming implementation shall specify how to select the modes of
operation that ensure conformity.
NOTES

1 Language bindings are essential. Clause [8| requires an implementation to supply a binding
if no binding standard exists. See annex [C] for suggested language bindings.

2 A complete binding for this part will include (explicitly or by reference) a binding for
part 2 and part 1 as well, which in turn may include (explicitly or by reference) a binding
for IEC 60559 as well.

3 This part does not require a particular set of operations to be provided. It is not possible
to conform to this part without specifying to which datatypes and set of operations (and
modes of operation) conformity is claimed.

2. Conformity 3
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3 Normative references

The following normative documents contain provisions which, through reference in this text,
constitute provisions of this part of ISO/IEC 10967. For dated references, subsequent amendments
to, or revisions of, any of these publications do not apply. However, parties to agreements based
on this part of ISO/IEC 10967 are encouraged to investigate the possibility of applying the most
recent editions of the normative documents indicated below. For undated references, the latest
edition of the normative document referred to applies. Members of ISO and IEC maintain registers
of currently valid International Standards.

IEC 60559:1989, Binary floating-point arithmetic for microprocessor systems.

ISO/IEC 10967-1:1994, Information technology — Language independent arithmetic —
Part 1: Integer and floating point arithmetic.

NOTE 1 — See also Annex E of ISO/IEC 10967-2:2001.

ISO/IEC 10967-2:2001, Information technology — Language independent arithmetic —
Part 2: Elementary numerical functions.

NOTE 2 — See also annex [E] of this part.

4 Symbols and definitions

4.1 Symbols
4.1.1 Sets and intervals

In this part, Z denotes the set of mathematical integers, G denotes the set of complex integers.
R denotes the set of classical real numbers, and C denotes the set of complex numbers over R.
Note that Z C R CC,and Z C G CC.

The conventional notation for set definition and manipulation is used.
The following notation for intervals is used:

[x, z] designates the interval {y € R | z <y < z},
|z, 2] designates the interval {y € R | z <y < z},
[z, z[ designates the interval {y € R | z <y < z}, and
|z, z] designates the interval {y e R | z <y < z}.

NOTE - The notation using a round bracket for an open end of an interval is not used, for
the risk of confusion with the notation for pairs.

4.1.2 Operators and relations

All prefix and infix operators have their conventional (exact) mathematical meaning. The con-
ventional notation for set definition and manipulation is also used. In particular:

4 Symbols and definitions
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= and < for logical implication and equivalence

+, —, /, |z|, conj, |z], [x], and round(z) on complex values
- for multiplication on complex values

<, <, =2, and > between real values

= and # between real, complex, as well as special values

U, N, x, e ¢ C,C, Z, #, and = with sets

x for the Cartesian product of sets

— for a mapping between sets

| for the divides relation between complex integer values (in G)
i as the imaginary unit (i = —1)

MRe to extract the real part of a complex value (in C)

Jm to extract the imaginary part of a complex value (in C)

NOTE 1 — = is used informally, in notes and the rationale.

For x € C, the notation |z]| designates the component-wise largest complex integer not greater
than x:

|z| € G and Re(x) — 1 < Re(|z]) < Re(x) and Im(z) — 1 < Im([z]) < Im(z)

the notation [z] designates the component-wise smallest complex integer not less than x:
[z] € G and Re(x) < Re([z]) < Re(z) + 1 and Im(z) < Im([z]) < Im(x) +1

and the notation round(x) designates the complex integer closest to x:

round(z) € G and
Re(zr) — 0.5 < Re(round(x)) < Re(x) + 0.5 and Im(z) — 0.5 < Im(round(x)) < Im(z) + 0.5
where in case Re(r) or Jm(z) is exactly half-way between two integers, the even integer is the
result component.
The divides relation (|) on complex integers tests whether a complex integer i divides a complex

integer j exactly:

ilj & (i#0andi-n=j for somen € G)

NOTE 2 - i|j is true exactly when j/i is defined and j/i € G).

4.1.3 Mathematical functions

This part specifies properties for a number of operations numerically approximating some of the
elementary functions. The following ideal mathematical functions are defined in chapter 4 of the
Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables [43] (e is
the Napierian base):

e’ ¥, /x, |z, In, log,

sin, cos, tan, cot, sec, csc, arcsin, arccos, arctan, arccot, arcsec, arccsc,

sinh, cosh, tanh, coth, sech, csch, arcsinh, arccosh, arctanh, arccoth, arcsech, arccsch.

Many of the inverses above are multi-valued. The selection of which value to return, the
principal value, so as to make the inverses into functions, is done in the conventional way. E.g.,
Vv € [0,00] when z € [0, co].

Part 2 defines the mathematical arc function, which is used in this part to define the mathe-
matical complex signum function.

4.1.8 Mathematical functions 5



ISO/IEC CD 10967-3.2:2004(E) Working draft

4.1.4 Exceptional values

ISO/IEC 10967 uses the following five exceptional values:

underflow: the result has an absolute value that is smaller than the smallest positive normalised
value, and the result may be inexact. This notification need not be given if the result is
exact. In particular, if the result is zero, or exact and IEC 60559 is conformed to and
trapping is not enabled.

overflow: the result, after rounding, is larger than can be represented in the result datatype.

infinitary: the corresponding mathematical function has a pole at the finite argument point, or
the result is otherwise infinite from finite arguments.

invalid: the operation is undefined, and not a pole, for the given arguments.

absolute_precision_underflow: indicate that the argument is such that the density of repre-
sentable argument values is too small in the neighbourhood of the given argument value for a
numeric result to be considered appropriate to return. Used for operations that approximate
trigonometric functions (part 2 and part 3), and hyperbolic and exponentiation functions
(part 3).

The exceptional value inexact is not specified in ISO/IEC 10967, but IEC 60559 conforming
implementations will provide it. It should then be used also for operations approximating tran-
scendental functions, when the returned result may be approximate. This part of ISO/IEC 10967
does not provide specifications for when it is appropriate to return this exceptional value, though,
in effect, an appropriate continuation value is specified.

For the exceptional values, a continuation value may be given in this part in parenthesis after
the exceptional value.

4.1.5 Datatypes and special values

The datatype Boolean consists of the two values true and false.

NOTE 1 — Mathematical relations are true or false (or undefined, if an operand is undefined),
which are not values. In contrast, true and false are values in Boolean.

Square brackets are used to write finite sequences of values. [| is the sequence containing no
values. [s], is the sequence of one value, s. [s1, s2], is the sequence of two values, s; and then s,
etc. The colon operator is used to prepend a value to a sequence: x : [x1,...,Z,] = [T, 21, ..., Tp].
[S], where S is a set, denotes the set of finite sequences, where each value in a sequence is in S.

NOTE 2 — It is always clear from context, in the text of this part, if [X] is a sequence of one

element, or the set of sequences with values from X. It is also clear from context if [z1, z2] is
a sequence of two values or an interval.

Integer datatypes and floating point datatypes are defined in part 1. Let I be the non-special
value set for an integer datatype conforming to part 1. Let F' be the non-special value set for a
floating point datatype conforming to part 1 and part 2. The following symbols used in this part
are defined in part 1 or part 2: or part 2:

Exceptional values:

underflow, overflow, infinitary, invalid, and absolute_precision_underflow.
Integer helper function:

resulty.

6 Symbols and definitions
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Integer operations:
eqr, neqr, lssy, leqr, gtry, and geqy, negy, addy, suby, muly, absy, mazxy, ming,
max_seqr, min_seqy, dividesy, quoty, mody, ratioy, residuey, groupr, and pady.
Integer conversion operation:
converty_y.
Floating point parameters:
rE, PF, eMing, emar g, denormp, and iec_559r.
Derived floating point constants:
fmazx p, fming, fminNg, fminDp, and epsilon p.
Floating point value sets related to F*:
F*, Fp, Fx, Gp, F*™ and F" (for a given u).
Floating point helper functions:
upr, downg, nearestp, resultp, resulty,, no_resultr, and no_result2r.
Floating point operations from part 1:
eqr, neqr, lssp, leqr, gtrr, and geqr, negr, addr, subr, mulp, divp, absg,
maxrg, MMaxpr, Ming, MMINng, Mmar_seqr, mMmax_seqr, Mmin_seqr, mmin_seqr,
floor g, ceilingr, and roundingr.
Floating point operations from part 2:
sqrtg, hypotr, powerr, expr, powerr, Ing, logbaser,
radp, sing, cosg, tang, cotp, secg, cscr,
arcsing, arccosg, arctang, arccotp, arcsecy, arccscg, arcg, arcur,
sinug, cosup, sinhg, coshg, tanhg, cothr, sechp, cschp,
arcsinhp, arccoshp, arctanhp, arccothp, arcsechp, and arccschp.
Angular parameters and maximum error parameters from part 2:
big_angle_rg, big_angle_up, max_error_tang, and max_error_tanug.
Floating point conversion operations:
convertp_, g, convertp_,p, and convertp_, .
Approximation helper functions from part 2:
erpy, powery, Iny., logbaser.,
8ing., cosy, tany, coty., secrp, csCr,
arcsiny, arccosy, arctany,, arccoty, arcsecy, arccscy,
sinh}, coshy, tanhy,, cothy,, sechy,, csch,
arcsinhy,, arccoshy,, arctanh¥,, arccothy,, arcsechy,, and arccschy.
Floating point datatypes that conform to part 1 shall, for use with this part, like for part 2,

have a value for the parameter pr such that pr > 2 - max{1,log, (2 7)}, and have a value for
the parameter eming such that eming < —pp — 1.

NOTES
3 This implies that fminNp < 0.5 - epsilong/rp in this part, rather than just fminNp <
epsilong.

4  These extra requirements, which do not limit the use of any existing floating point datatype,
are made so that angles in radians are not too degenerate within the first two cycles, plus
and minus, when represented in F'.

5 F should also be such that pr > 2 4 log, (1000), to allow for a not too coarse angle
resolution anywhere in the interval [—big_angle_rp, big_angle_rp| with the default value for
big-angle_rp. See clause 5.3.9 of part 2.

The following symbols represent special values defined in TEC 60559 and used in this part:
—0, 400, —00, gqNaN, and sNNaN.

4.1.5 Datatypes and special values 7
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These floating point values are not part of the set F', but if iec_559r has the value true, these
values are included in the floating point datatype corresponding to F'.
NOTE 6 — This part uses the above five special values for compatibility with ITEC 60559. In

particular, the symbol —0 (in bold) is not the application of (mathematical) unary — to the
value 0, and is a value logically distinct from 0.

The specifications cover the results to be returned by an operation if given one or more of the
IEC 60559 special values —0, 400, —o0, or NaNs as input values. These specifications apply only
to systems which provide and support these special values. If an implementation is not capable of
representing a —0 result or continuation value, 0 shall be used as the actual result or continuation
value. If an implementation is not capable of representing a prescribed result or continuation
value of the IEC 60559 special values +00, —oo, or gNalN, the actual result or continuation value
is binding or implementation defined.

If and only if an implementation is not capable of representing —0:

a) a 0 as the imaginary part of a complex argument (in c(F'), see [4.1.6|) shall be interpreted as
if it was —0 if and only if the real part of that complex argument is greater than or equal
to zero, and

b) a 0 as the real part of a complex argument (in c¢(F), see 4.1.6)) shall be interpreted as if it
was —0 if and only if the imaginary part of the complex argument is less than zero.

NOTES

7 Reinterpreting 0 as —0 as required above is needed to follow the sign rules for inverse
trigonometric and inverse hyperbolic operations, as well as the exact relations between
trigonometric and hyperbolic operations also for signed zeroes.

8 The rule above is sometimes referred to as continuous when approaching an azxis in a
counterclockwise path. This fits both with Common Lisp and C99 requirements when zeroes
don’t have a distinguishable sign.

9 For consistency, this rule also has implications for the operations that implicitly or explicitly
take out an implicit real or implicit imaginary part (see for example the specifications for
the rejry and imp operations in clause [5.2.9)).

4.1.6 Complex value constructors and complex datatype constructors

Let X be a set containing values in R, and possibly also containing special values (such as
IEC 60559 special values).

i(X) is a subset of values in an imaginary datatype, constructed from the datatype correspond-
ing to X. 1. is a prefix constructor that takes one parameter.

i(X)={ty | ye X}
c(X) is a subset of values in a complex datatype, constructed from the datatype corresponding
to X. +1i. is an infix constructor that takes two parameters.
cX)={z+i-y | z,ye X}
NOTES

1 While i- and +i- (note that they are written in bold) have an appearance of being the
imaginary unit together with the plus and times operators, that is not the case. For
instance, 1- 2 is an element of i(X) (if 2 € X), but not of G or C. 1-2, on the other hand, is
an expression that denotes an element of G (and C), but neither of i(X) nor ¢(X). Further,
eg,4+1-0=4, but 44+1- 0 # 4.

8 Symbols and definitions
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2 A constructor that takes one argument is a one-tuple tag. A constructor that takes two
arguments is a two-tuple (pair) tag. The arguments are part of the resulting value.

3 The tuple tags need not be explicitly represented in implementations. But if represented,
there should be different tags for different argument types (which is not needed in this text).
Some of the helper function signatures use Cg, where
Cr={x+1-y | z,y€ F}
where FF C R.

4.2 Definitions of terms

For the purposes of this part, the following definitions apply:

accuracy: The closeness between the true mathematical result and a computed result.

arithmetic datatype: A datatype whose non-special values are members of Z, i(2), ¢(2), R,
i(R), or ¢(R).

NOTE 1 — i(Z) corresponds to imaginary integer values in G. ¢(Z) corresponds to
complex integer values in G. i(R) corresponds to imaginary values in C. ¢(R) corresponds
to complex values in C.

continuation value: A computational value used as the result of an arithmetic operation when
an exception occurs. Continuation values are intended to be used in subsequent arithmetic
processing. A continuation value can be a (in the datatype representable) value in Z, i(Z),
c(Z2), R,i(R), or ¢(R) or where one or both parts of the value is an IEC 60559 special value.
(Contrast with exceptional value. See 6.1.2 of part 1.)

denormalisation loss: A larger than normal rounding error caused by the fact that subnormal
values have less than full precision. (See 5.2.5 of part 1 for a full definition.)

error: (1) The difference between a computed value and the correct value. (Used in phrases like
“rounding error” or “error bound”.)

(2) A synonym for ezception in phrases like “error message” or “error output”. Error and
exception are not synonyms in any other context.

exception: The inability of an operation to return a suitable finite numeric result from finite
arguments. This might arise because no such finite result exists mathematically, or because
the mathematical result cannot be represented with sufficient accuracy.

exceptional value: A non-numeric value produced by an arithmetic operation to indicate the
occurrence of an exception. Exceptional values are not used in subsequent arithmetic pro-
cessing. (See clause 5 of part 1.)

NOTES

2 Exceptional values are used as part of the defining formalism only. With respect to
this part, they do not represent values of any of the datatypes described. There is no
requirement that they be represented or stored in the computing system.

3 Exceptional values are not to be confused with the NaNs and infinities defined in
IEC 60559. Contrast this definition with that of continuation value above.

helper function: A function used solely to aid in the expression of a requirement. Helper func-
tions are not visible to the programmer, and are not required to be part of an implementation.

4.2 Definitions of terms 9
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implementation (of this part): The total arithmetic environment presented to a programmer,
including hardware, language processors, exception handling facilities, subroutine libraries,
other software, and all pertinent documentation.

literal: A syntactic entity denoting a constant value without having proper sub-entities that are
expressions.

monotonic approximation: An approximation helper function A : ... x S x ... — R, where the
other arguments are kept constant, and where S C R, is a monotonic approximation of a
predetermined mathematical function f : R — R if, for every @ € S and b € S, where a < b,

a) f is monotonic non-decreasing on [a, b] implies h(...,a,...) < h(...,b,...),
b) f is monotonic non-increasing on [a, b] implies h(...,a,...) = h(...,b,...).

monotonic non-decreasing: A function f : R — R is monotonic non-decreasing on a real
interval [a, b] if for every z and y such that a < x <y < b, f(x) and f(y) are well-defined

and f(z) < f(y)-

monotonic non-increasing: A function f : R — R is monotonic non-increasing on a real
interval [a, b] if for every = and y such that a < x <y < b, f(x) and f(y) are well-defined

and f(z) = f(y)-

normalised: The non-zero values of a floating point type F' that provide the full precision allowed
by that type. (See Fy in 5.2 of part 1 for a full definition.)

notification: The process by which a program (or that program’s end user) is informed that an
arithmetic exception has occurred. For example, dividing 2 by 0 results in a notification.
(See clause 6 of part 1 for details.)

numeral: A numeric literal. It may denote a value in Z, i(Z), ¢(Z), R, i(R), or ¢(R), a value
which is —0, an infinity, or a NaN.

numerical function: A computer routine or other mechanism for the approximate evaluation of
a mathematical function.

operation: A function directly available to the programmer, as opposed to helper functions or
theoretical mathematical functions.

pole: A mathematical function f has a pole at xg if xg is finite, f is defined, finite, monotone,
and continuous in at least part of the neighbourhood of xg, and the imaginary or real part
of lim f(z) is infinite via at least one path to xo.
r—x0

precision: The number of digits in the fraction of a floating point number. (See clause 5.2 of
part 1.)

rounding: The act of computing a representable final result for an operation that is close to the
exact (but unrepresentable in the result datatype) result for that operation. Note that a
suitable representable result may not exist (see 5.2.6 of part 1). (See also A.5.2.6 of part 1
for some examples.)

rounding function: Any function rnd : R — X (where X is a given discrete and unlimited sub-
set of R) that maps each element of X to itself, and is monotonic non-decreasing. Formally,
if x and y are in R,

10 Symbols and definitions
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reX=>rndlx)=c
x <y = rnd(z) < rnd(y)

Note that if u € R is between two adjacent values in X, rnd(u) selects one of those adjacent
values.

round to nearest: The property of a rounding function rnd that when u € R is between two
adjacent values in X, rnd(u) selects the one nearest u. If the adjacent values are equidistant
from u, either may be chosen deterministically.

round toward minus infinity: The property of a rounding function rnd that when u € R is
between two adjacent values in X, rnd(u) selects the one less than w.

round toward plus infinity: The property of a rounding function rnd that when v € R is
between two adjacent values in X, rnd(u) selects the one greater than w.

shall: A verbal form used to indicate requirements strictly to be followed in order to conform to
the standard and from which no deviation is permitted. (Quoted from the directives [1].)

should: A verbal form used to indicate that among several possibilities one is recommended as
particularly suitable, without mentioning or excluding others; or that (in the negative form)
a certain possibility is deprecated but not prohibited. (Quoted from the directives [I].)

signature (of a function or operation): A summary of information about an operation or func-
tion. A signature includes the function or operation name; a subset of allowed argument
values to the operation; and a superset of results from the function or operation (including
exceptional values if any), if the argument is in the subset of argument values given in the
signature.

The signature
addr : I x I — I U{overflow}

states that the operation named add; shall accept any pair of I values as input, and (when
given such input) shall return either a single I value as its output or the exceptional value
overflow.

A signature for an operation or function does not forbid the operation from accepting a
wider range of arguments, nor does it guarantee that every value in the result range will
actually be returned for some input. An operation given an argument outside the stipulated
argument domain may produce a result outside the stipulated result range.

subnormal: The non-zero values of a floating point datatype F' that provide less than the full
precision allowed by that type. (See Fp in clause 5.2 of part 1 for a full definition. In part 1
and IEC 60559:1989 this concept is called denormal.)

ulp: The value of one “unit in the last place” of a floating point number. This value depends on
the exponent, the radix, and the precision used in representing the number. Thus, the ulp
of a normalised value = (in F), with exponent ¢, precision p, and radix r, is 7/, and the
ulp of a subnormal value is fminDp. (See 5.2 of part 1.)

4.2 Definitions of terms 11
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5 Specifications for imaginary and complex datatypes and oper-
ations

This clause specifies imaginary and complex integer datatypes, imaginary and complex floating
point datatypes and a number of helper functions and operations for imaginary and complex
integer as well as imaginary and complex floating point datatypes.

Each operation is given a signature and is further specified by a number of cases. These cases
may refer to other operations (specified in this part, in part 1, or in part 2), to mathematical
functions (textbook elementary functions, or functions defined in ISO/IEC 10967), and to helper
functions (specified in this part, in part 1, or in part 2). They also use special abstract values (—oo,
400, —0, gNaN, sNalN). For each datatype, two of these abstract values, qNalN and sNaNN,
may represent several actual values each. Finally, the specifications may refer to exceptional
values.

The signatures in the specifications in this clause specify only all non-special values as input
values, and indicate as output values a superset of all non-special, special, and exceptional values
that may result from these (non-special) input values. Exceptional and special values that can
never result from non-special input values are not included in the signatures given. Also, signatures
that, for example, include TEC 60559 special values as arguments are not given in the specifications
below. This does not exclude such signatures from being valid for these operations.

NOTE - For instance, the realpart operation on complex floating point is given with the
following signature:

reqpy i ¢(F) — F

But the following signature is also valid, and takes some special values into account
reqr) ¢ ¢(F'U{—00,-0,+00}) — F'U{—00,—0,+00}

The following signature is also valid

req(r) : ¢(F U {—00,—0,+00,qNaN,sNaN}) — F U {—o0,—0,+00,qNaN, invalid }

5.1 Imaginary and complex integer datatypes and operations

Clause 5.1 of part 1 and clause 5.1 of part 2 specify integer datatypes and a number of operations
on values of an integer datatype. In this clause imaginary and complex integer datatypes and
operations on values of an imaginary or complex integer datatype are specified.

A complex integer datatype is constructed from an integer datatype. There should be at least
one imaginary integer datatype and at least one complex integer datatype for each provided integer
datatype.

I is the set of non-special values, I C Z, for an integer datatype conforming to part 1. Integer
datatypes conforming to part 1 often do not contain any NaN or infinity values, even though they
may do so. Therefore this clause has no specifications for such values as arguments or results.

i(I) (see clause [4.1.6)) is the set of non-special values in an imaginary integer datatype, con-
structed from the integer datatype corresponding to non-special value set I.

c(I) (see clause4.1.6)) is the set of non-special values in a complex integer datatype, constructed
from the integer datatype corresponding to the non-special value set I.

12 Specifications for imaginary and compler datatypes and operations
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NOTE - The operations that return zero for certain cases, according to the specifications
below, may in a subset of those cases return negative zero instead, if negative zero can be
represented. Compare the specifications for corresponding complex floating point operations
in clause 5.2

5.1.1 The complex integer result helper function

The result. () helper function:
resultypy : G — c(I) U {overflow}
resulter)(z) = result;(Re(z)) +1- result;(Im(z))

NOTE - If one or both of the result; (defined in part 2) function applications on the right
side returns overflow, then the result. ) application returns overflow. The continuation
values used when overflow occurs are to be specified by the binding or implementation. The
same holds also for other exceptional values and also for the specifications below that do not
use result. ) but specify the result parts directly.

5.1.2 Imaginary and complex integer operations

Complex integer comparisons:
eqy(ry : i(I) x i(/) — Boolean
eqir)(i-y,i-w) = eqr(y,w)

eqriry : I x i(I) — Boolean

€qri(1) (z,1w) = eqc(1) (x +1- 0,0 +i- w)

eqi(r),r - (1) x I — Boolean

6%(1),1@‘ y,2) = €qc(1)(0 +i-y,241-0)

eqren) : I x ¢(I) — Boolean

eqre(r)(z, 2 +1- w)
= eqe(n) (T +1- 0, 2 +i- w)

eqe(r),1 : ¢(I) x I — Boolean

eqe(n),r(x +i- y, 2)
= eqe(r)(z +1- y, 2 +i- 0)

eqi(n) (1) * i(I) x ¢(I) — Boolean
eqi(r),e(r) (i ¥, 2 +i- w)

= eqe(n) (0 +i- y, 2 +1- w)
eqe(n),i(r) : ¢(I) x i(I) — Boolean

eqe(1),i(n) (T +1- y,1- w)
= eqe(ry(z +1- y, 0 +i- w)

5.1.1 The complex integer result helper function 13
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eqe(ry : () x ¢(I) — Boolean

€qc(I) (.T} +1-y, 2 +1- w)
= true
= false
= false
= false
= invalid(false)

neqr : i(I) x i(I) — Boolean

negi() (i y, i- w) = neqr(y, w)

neqr ) : I xi(I) — Boolean

neqr i (v, i-w) = negqery(z +1- 0,0 +i-

negpy,r : i(I) x I — Boolean

negyp),1(i+y,2) = neqer)(0+i-y, z +1-

neqrer) : I x c(I) — Boolean

neqr e(r) (e, z +i- w)

= neqe(p) (v +i- 0, 2 +i-

neqe(r),r : ¢(I) x I — Boolean

neqe(r),r(r +i-y, 2)

= neqqr)(z +i- y, 2 +i-

neqi(n,e(r) - i(I) x ¢(I) — Boolean
negir o) (I+ ¥, 2 +1- w)

= neqe(ry(0 i y, =+

neqe(n),ir) : ¢(I) x i(I) — Boolean
neqe(n),i(ry(z +i- y, 1 w)

= neqe(ry(z +i- y, 0 +i-

neqe(r) : ¢(I) x ¢(I) — Boolean

neqe(r)(r +1- y, 2 +1- w)
= true
= true
= true
= false
= invalid(true)

14
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if eqr(x, z) = true and eq;(y,w) = true

if eqr(z, z) = false and eq;(y, w) = true

if eqr(x, z) = true and eq;(y,w) = false

if eqr(z, z) = false and eq;(y, w) = false
otherwise

if neqr(z, z) = true and neqr(y, w) = true
if neqy(z, z) = false and neq;(y, w) = true
if neqr(z, z) = true and neqr(y,w) = false
if neqy(z, z) = false and neq;(y, w) = false

otherwise

Specifications for imaginary and compler datatypes and operations
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Issypy :i(I) x i(I) — Boolean

Issypy (i y,1-w) = lssi(y,w)

legy(ry (1) x i(/) — Boolean
legir) (i y,1- w) = leqs(y, w)

gtriry i(I) x i(/) — Boolean
gtri)(i-y,1-w) = gtri(y, w)

geqyr) : i(I) x i(/) — Boolean
geqir) (i y,1- w) = geqr(y, w)

Multiplication by the imaginary unit:
Z'tZ’meS[Hi([) I — I(I)

itimesy_)(z) =1

itimes;(r)—r : i(I) — I U {overflow}

itimes;(r)—r(i- y)
= negr(y)

itimesy(ry : ¢(I) — c(I) U {overflow}

itimesqpy (v +i- y)
= negr(y) +i- =

The real and imaginary parts of a complex value:

rej: I — 1

rer(x) =z

reiry +i(1) — {0}
Tei(I) (i' ) =0

Teo(r) : c(l)—1

Teq(r) (r4+i1-y) ==
im[ I — {0}
imp(x) =0

imypy 2 i(l) — 1
imiy(1- y) =Yy

5.1.2 Imaginary and complex integer operations

ifxel

ifyel

ifxel

ifxel

ifyel
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imC(I) : C(I) — 1
imery(z+iry) =y ifyel

Formation of a complex integer from two real valued integers (real part and imaginary part):
plusitimesqpy : I x I — c(I)

plusitimes(ry(z, z)
=x+1-z

Basic complex integer arithmetic (negation, conjugation, addition, subtraction, multiplication):
negir : i(I) — i(I) U {overflow}
negir (1 y) =1 negr(y)

nege(ry : ¢(I) — c(I) U {overflow}
nege(ry(z +i-y) = negr(z) +1- negs(y)

conjr - I — 1

I
8

conjr(z)

conjyry : i(I) —i(I) U {overflow}
1.

conjyn(y) =1 negs(y)

conjory : ¢(I) — c(I) U {overflow}
conjopy (o +1-y)

=z +i- negr(y)
addyry : i(I) x i(I) — i(1) U {overflow}
addi([) (i' Y, 1 ’LU) =1 addl(ya ZU)

addm([) I x I(I) — C(I)

addp sy (z,1-w) =z +1-w

addi([)J : I(I) x I — C(I)
addy gy 1(i-y,z) = 2 +i-

<

addr oy : I x ¢(I) — c(I) U {overflow}
addy ¢(r)(z, 2 +1- w)
= addj(z,z) +1- w

adde(py,r 2 c(I) x I — ¢(I) U {overflow}
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addepy (v +i-y, 2)
= addj(z,z) +i- y

addi(]),c([) 2i(I) x ¢(I) — ¢(I) U {overflow}

addy( ) o)1+ y, 2 +1- w)
= z +i- add;(y, w)

addc([),i([) cc(l) xi() — c(I) U {overflow}

addc([),i([) (.73 +1- Y, i w)
=z +i- add;(y, w)

addepy : c(I) x c(I) — c(I) U {overflow}

add(ry(z +i- y, 2 +i- w)
= add(x, z) +1- addr(y, w)

suby(py :i(I) x i(I) — i(I) U {overflow}

suby(py(1+ y,1- w) = i- subr(y, w)

suby iy : I < i(I) — c(I) U {overflow}

suby i) (v, 1 w) =z +i- negr(w)

subypy,r (1) x I — c(I) U {overflow}
subipy (i y,2) =negr(z) +i-y

suby oy : I x ¢(I) — c(I) U {overflow}

suby o) (T, 2 +1- w)
= subr(x, z) +1- negr(w)

sube(ry,r - ¢(I) x I — c(I) U {overflow}

suby(r),1(z +1- y, 2)
= suby(x,z) +i-y

SUbi(I),c(I) 2i(I) x ¢() — c(I) U {overflow}
subi(py o) (i ¥, 2 +1- w)

= negy(z) +1- suby(y, w)
Sch(I),i(I) cc(I) xi() — c(I) U {overflow}
sube(pyi(r)(z +1 y,1- w)

=z +1- subs(y, w)

sube(py : c(I) x c(I) — c(I) U {overflow}
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sube(ry(z +i- y, 2 +1- w)
= suby(x, z) +1- subs(y, w)

mulypy () X i(I) — I U {overflow}

mulp) (3 .3+ w)
= result;(—(y - w)) ity,wel

muly sy I x i(I) — i(I) U{overflow}

mul171(l) (aj‘7 i- w) = i. mull(x’ w)

mulipy,; :i(I) x I —i(I) U {overflow}
1

X
mulypy (i y,2) =1 mul;(y, 2)

mulr ey : I X c(I) — c(I) U {overflow}

muly oy (7, 2 +i- w)
= mulr(x, z) +i- mul;(z, w)

mulepyr i c(I) x I — c(I) U {overflow}

mulepy r(x +1y, 2)
= mulr(z, z) +1- mulr(y, 2)

mulyryo(ry : (1) X c(I) — c(I) U {overflow}

muli(r) o(r) (1 ¥, 2 +1- w)
= result;(—(y - w)) +1- mul;(y, 2)
ify,z,wel

mulC(I)J(I) ce(I) x i(I) — ¢(I) U {overflow}

mule(ry i) (@ +i- y, 1 w)
= result;(—(y - w)) +i- mul;(z, w)
if x,y,wel

mulery 2 c(I) X ¢(I) — c¢(I) U {overflow}

mulepy (v +i- y, 2 +1- w)
= resulty)((x +1-y) - (2 +1-w))
ifx,y,z,wel

Absolute value and signum of integers and imaginary integers:
NOTE - absy is specified in part 1.

absipy :i(I) — I U {overflow}
absi(r)(i- y) = absi(y)
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signumy : I — {—1,1}

signumy(x) =1 if (x €l and z>0)orz=+400
=-1 if (x€land z<0)orz=-—00
= invalid otherwise

signumypy : (1) — {i- (=1),1- 1}

signumy(r)(i-y) = i signum;(y)

Divisibility interrogation:
divides;ry : i(I) x i(I) — Boolean

divides;ry(1- y, i w)
= dividesy(y, w)

dividesy(p) : I x i(I) — Boolean

dividesy () (v, 1 w)
= divides(x,w)

divides;ry,r : i(I) x I — Boolean

divides; ) r(i- y, )
= dividesy(y, z)

dividesy o(py : I x ¢(I) — Boolean

dividesy o) (7, z +1- w)
= divides.r)(z +1- 0, 2 +1- w)

dividesy () 1 : ¢(I) x I — Boolean

divides () 1(z +1- y, 2)
= divides(p)(r +1-y, 2 +1- 0)

divides;ro(ry : I(I) x ¢(I) — Boolean

divides;(r) o(r)(1+ y, 2 +1- w)
= divides.(r)(0 +1- y, z +i- w)

dividesry (1) : ¢(I) X i(I) — Boolean

divides(p) iy (v +i y, 1 w)
= divides.()(r +1- y, 0 +1- w)

dividesry : ¢(I) x ¢(I) — Boolean
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dividesqpy(z +i- y, 2 +1- w)
= true if z,y,z,w € land (z+({-y)) | (

St (w))
= false if x,y,z,w e I and not (x + (1-y)) |

(z+ (1 w))

Integer division and remainder extended to imaginary and complex integers:
quotypy (1) xi(I) — I

quot()(i- y, 1 w)
= quotr(y, w)

quotlyi(j) I x I(I) — I(I)

quotp () (, 1+ w)
= 1. quot(negr(z),w)

quotypy,r (1) x I —i(I)
qUOti(I),I(i' Y, Z) =1 quoty (y7 Z)

quoty ey s I x c¢(I) — c(I)

quoty o1y (z, z +1- w)
= quote)(z +1- 0, 2z +1- w)

quotepy,r s c(I) x I — c(I)

quotc(])71($ +i-y, Z)
= quot(z, z) +1- quot;(y, z)

quoti(mc([) : i([) X C(I) — C(I)

quoti(ry o(r) (i y, 2 +1- w)
= quotyry(0 +i- y, 2 +1- w)

quoteryicry : (I) x i(I) — c(I)
quote(py i(ry(x +iy, 1+ w)
= quot[(y,w) +i- quot;(negr(z), w)

quotyy s c(l) x c(I) — c(I)

quotypy (v +i-y, z +i- w)
= resulten(L(z + (1-y))/(z + ([T w))])

ifx,y,z,wel
modry = i(I) x i(I) — i(1)
mod; 1y i+, 1 w)
=1- mod(y,w)

mody iy I < i(l) — 1
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modr ir)(z,1- w)
= modj(z,w)

mod(y 1 (1) x I —i([)
modypy 1 (i y, 2) = i-mod;(y, 2)

mody oy : I x ¢(I) — c(I)

mody o) (x, z +1- w)
= mod(ry(z +1- 0, 2 +1- w)

mode (), ¢(I) x I — c(I)

mode ()1 (z +1- y, 2)
= mod(z, z) +1- mod;(y, z)

modi([),c(]) : i(I) X C(I) — C(I)

modry o(r)(1* ¥, 2 +1- w)
= mod(p) (0 +i- y, 2 +1- w)

mOdC([)d([) : C(I) X i([) — C(I)

mOdC([)d([)(.%' +i. Y, i w)
= mod;(y, w) +i- modr(negr(x), w)

modepy : c(I) x c(I) — c(I)
modep)(x +1- y, 2 +1- w)

= resulty((z+ (1-y) = ([z+ T y)/(z+ [T-w)] - (2 + (- w))))

ifx,y,z,wel

ratioypy (1) x i(I) — I
ratioyp(1- y,1- w)
= ratior(y, w)

ratiorry : 1 < i(I) —i(I)

ratior i ry(z,1- w)
= 1. ratior(negr(x), w)

ratioy 2 () x I —i([)

ratioy ) (i y, 2) = 1- ratios(y, 2)

ratior ory : I x c(I) — c(I)

ratioy o) (z, z +1- w)
= ratiogry(z +1- 0, 2 +1- w)

5.1.2 Imaginary and complex integer operations
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ratiogry,r : ¢(I) x I — c(I)

mtioC(I)J(JB +i-y, 2)
= ratioy(z, z) +i- ratior(y, z)

Tatioi([)&([) : i(I) X C(I) — C(I)

ratioy o) (1 y, 2 +i- w)
= ratiogr)(0 +1- y, z +i- w)

ratiogry iy : (1) x i(f) — c(I)

ratiog(ryiry (v +i- y, i w)
= ratior(y, w) +i- ratior(neg;(x), w)

ratiogry : ¢(I) x c(I) — (1)

ratiogry(z +i- y, 2 +1- w)

= resultepy(round((z + (1-y))/(z + (1-w))))
ifx,y,z,w el

) —i(1)

residue;(ry : i(I) x

it
residue;ry(1- y,1- w)
= 1. residuer(y, w)

residuer iy : I xi(I) — I

residuer i) (7,1 w)
= residuer(z,w)

residue;pyr : (1) x I —i(I)

residue;py (i y, 2)
= 1- residuer(y, z)

residuer ory : 1 x c(I) — c(I)

residuer o(r)(z, 2z +1- w)
= residueqry(z +1- 0, 2 +1- w)

residueqry: ¢(I) x I — c(I)

residueqpy r(z +i-y, 2)
= residuer(x, z) +1- residuer(y, z)

residue;r) o(r) : i(1) X c(I) — c(I)

residue;(r) o(r)(i+ ¥, 2 +1- w)
= residuecry(0 +i- y, z +i- w)
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residuer) ir) : ¢(I) x i(I) — c(I)

residuer) i) (@ +i- y, 1+ w)

ISO/IEC CD 10967-3.2:2004(E)

= residuer(y, w) +i- residuer(neg;(x), w)

residuecry : c(I) x c(I) — c(I)

residue(r)(r +1- y, 2 +1- w)

= resulty)((x + ([1-y)) —

groupypy :i(I) x i(l) — I
i

groupi(r 1y, i w)
= groups(y, w)

groupy sy : I x i(I) —i(I)
groupr i(n (z,1-w)

1- groupy(negr(z), w)

groupip) g : i(I) x I —i(I)

groupir) 1(i-y, z)
= 1. group;(y, 2)

groupy ey : I x c(I) — c(I)

groupy (1 (.T, Z +1- U})

(round((z + (1-))/(z + (i~ w))) - (z + (1~ w))))

ifx,y,z,wel

= groupg(ry(z +1- 0, 2 +1- w)

groupepy,r : ¢(I) x I — c(I)
groupepy,r(z +i-y, 2)

= groupl(:v, z) +1- grOUpI(% Z)

groupy(p,c(ry + i(I) x e(I) — c(I)
groupi(r) o(r)(i+ y, z +i- w)

= groupgry(0 +i- y, z +1- w)

groupepyicry : ¢(I) x i(I) — c(I)
groupe(r)i(ry(x +i- y,1- w)

= group(y, w) +i- groupr(negr(x),w)

groupe(r : c(I) x ¢(I) — c(I)
groupe(p)(z +1- y, z +i- w)

= resultypy([(x+ (- y))/(z + (T~ w))])

5.1.2 Imaginary and complex integer operations
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padyry (- y, 1 w) = 1- pad; (y, w)

padpsry - I xi(I) — I
pady i1y (2,1 w) = padr(negr(z),w)

padi(I)J : 1([) I —

X I)
) =

i(
padypy (- y, 2 i- pad;(y, 2)

padropy : I x c(I) — c(I)

padr o(py(z, 2 +i- w)
= pad(py (7 +1- 0, z +i- w)

padC(I)J : C(I) x I — C(I)

padc([),[(x +i-y, Z)
= padj(z, z) +1- pad;(y, z)

padir) o1y : (1) x c(I) — c(1)

padi([),c([) (i' Y,z +1- w)
= padyry(0 +i- y, 2 +1- w)

pade(nyicry = ¢(1) x i(I) — (1)

padep) i) (z +i- y, 1 w)
= padr(y, w) +i- padr(negr(x), w)

padepy : c(I) x ¢(I) — c(I)

pade(p) (T +1- y, 2 +1- w)

= resulte)((x + (1-y)) + (round((z + (1-y))/(z + (- w))) - (z + (1~ w))))
ifx,y,z,w el

Maximum and minimum:
maxipy (1) < i(1) — i(1)

magin 3,5 v)
=1 max(y,w)

mingpy :i(1) x i(I) —i(I)
g B )

= 1- min;(y, w)

maz_seqyry : [i(I)] — i(I) U {infinitary}
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maz_seqi(p) ([ g1, s 1 ya))
— 3 maz_seqr([yr, -, yn])

min_seqp : [i(I)] — i(/) U {infinitary }

min_seqp)([I* Y1, -, 1 yn))
=1 minﬁe(ﬂ([yla ERE) yn])

5.2 Imaginary and complex floating point datatypes and operations

Clause 5.2 of part 1 and clause 5.2 of part 2 specify floating point datatypes and a number of
operations on values of a floating point datatype. In this clause imaginary and complex floating
point datatypes and operations on values of an imaginary or complex floating point datatype are
specified.

NOTE - Further operations on values of an imaginary or complex floating point datatype,
for elementary complex floating point numerical functions, are specified in clause

A complex floating point datatype is constructed from a floating point datatype. There should
be at least one imaginary floating point datatype and at least one complex floating point datatype
for each provided floating point datatype.

F' is the non-special value set, F' C R, for a floating point datatype conforming to part 1.
Floating point datatypes conforming to part 1 often do contain —O0, infinity, and NaN values.
Therefore, in this clause there are specifications for such values as arguments.

i(F') (see clause 4.1.6)) is the set of non-special values in an imaginary floating point datatype,
constructed from the floating point datatype corresponding to the non-special value set F'.

c(F) (see clause [4.1.6]) is the set of non-special values in a complex floating point datatype,
constructed from the floating point datatype corresponding to the non-special value set F'.

5.2.1 Maximum error requirements

Some of the operations are exact, such as taking the imaginary part. Some operations are ap-
proximate, with maximum error requirements implied by their exact relationships with operations
defined in part 1, part 2, or this part of this International Standard. Some other approximate
operations have new error parameters associated with them as detailed in the specifications.

The approximation helper functions for the individual operations in these subclauses have max-
imum error parameters that describe the maximum relative error, in ulps, of the helper function
composed with nearestp, for non-subnormal and non-zero results. The maximum error parame-
ters also describe the maximum absolute error, in ulps, for —fminNg, fminNg, subnormal, or zero
results and underflow continuation values if denormp = true. All maximum error parameters
shall have a value that is > 0.5. For the maximum value of the maximum error parameters, see the
specification of each of the maximum error parameters. See also annex [A] on partial conformity.
The relevant maximum error parameters shall be made available to programs.

When the maximum error for an approximation helper function h¢r), approximating f, is
mazx_error_op.(r), then for all arguments z,... € Cr X ... the following equations shall hold:
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er(Re(f(z,...)))—pr

|Re(f(z,...)) — nearestp(Re(he(py (2, -..)))| < max_error_opypy - 1y

<
[Im(f(2,...)) — nearestp(Im(he(p) (2, ...)))| < max_error_ope(p -r;F(jm(f(Z"")))_pF

Some operations have a Boolean parameter box_error_mode_op.r). If such a parameter is
present for an operation and that parameter has the value true, then the sign requirements need
not be fulfilled (see below) and the maximum error requirements are modified to the following:

(1f(z)D)—pF
(f(z--))—pr

|Re(f(z,...)) — nearestF(iﬁe(hc(p) (z,..)))]

< mazx_error_ope(r) - 5"
[Tm(f(z,...)) — nearestp(Im(he(py(z, ...)))| < maz_error_opery - T3

The default value for a box_error_mode_op.(ry parameter should be false.
NOTES

1 Partially conforming implementations may have greater values for maximum error param-
eters than stipulated below. See annex [A]

2 Multiplication and division of complex values have the box error mode parameter. See

0.2.0l

3 The relative error requirement results in a ‘rectangular’ error bound, that can only span
over a zero (in either dimension) very close to 0 (but see ‘Sign requirements’ below). The
box error requirement results in a ‘square-formed’ error bound, that for cancellation cases
can span over 0 in either or both dimensions. Relative error requirements in each axis can
be fulfilled also for multiplication and division, but that is often considered too inefficient,
and an implementation that may suffer from cancellation is often used instead.

5.2.2 Sign requirements

The following sign requirements shall hold:

a) The real or imaginary part of the result of an approximation helper function shall be zero
exactly at the points where the real or imaginary part (respectively) of the approximated
mathematical function is exactly zero.

b) At a point where an approximation helper function result part is not zero, the result part
shall have the same sign as the corresponding result part of the approximated mathematical
function at that point.

However, the following exceptions are made:

a) For the trigonometric helper functions, these zero and sign requirements are imposed only for
arguments, x +1-y, such that |z| < big_angle rr (see clause big_angle_r g is specified
in part 2).

b) If there is a box_error_mode_op.r) parameter for an operation and that parameter has the
value true, then the sign requirements are not imposed for that operation.
NOTES

1 For the operations, the continuation value after an underflow may be zero (including
negative zero) as given by resulty (see part 2), even though the approximation helper
function is not zero at that point. Such zero results are required to be accompanied by
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an underflow notification. When appropriate, zero may also be returned for IEC 60559
infinities arguments. See the individual specifications.

2 Multiplication and division of complex values have modified sign requirements. See above

and [£.2.6

5.2.3 Monotonicity requirements

For this part, each approximation helper function shall be a monotonic approximation, for each real
and imaginary argument part individually, and the real and imaginary result parts individually,
to the mathematical function it is approximating.

For the trigonometric approximation helper functions, the monotonic approximation require-
ment is imposed only for arguments, = + 1 -y, such that |z| < big_angle_rp (see clause .
Similarly, for the exponentiation approximation helper functions, the monotonic approximation
requirement is imposed only for arguments, x+1-y, such that |y| < big_angle_rp (see clause.

NOTES

1 Asin part 2, the monotonicity requirement applies to each real dimension individually. For
the complex operations, it thus applies to each real and imaginary part of the argument(s)
individually, and individually to the real and imaginary parts of the result.

2 As in part 2, the monotonicity requirement applies individually to each monotonic interval
of the approximated mathematical function.

3 There is an exact relationship between the trigonometric and hyperbolic operations specified
in this part, and thus there are no complex hyperbolic approximation helper functions used
in this part.

5.2.4 The complex floating point result helper functions

resulty p : C x (R — F*) — ¢(F) U {underflow, overflow }

resulty (2, rnd)
= result}(Re(z), rnd) +1- result},(Im(z), rnd)
NOTES

1 overflow and underflow can both occur for a single application of a complex operation.
Likewise, e.g., one part may overflow, while the other produced a value in F. This is not
exposed accurately by the mathematical framework used in this part. However, handling
that accurately, would add complexity to the framework with little gain.

2 resulty; is defined in part 2.
The no_result,py, no_result gy, no_resullp_..(ry, no_resultp_.r), and no_result2. ry helper
functions are defined as follows:
no_result,py : ¢(F') — {invalid}
no_resultypy(z +1- y)
= invalid(gNaN +i- gNalN)
if x,y € FU{—00,—0,+00}
= qNaN +i- gNalN if at least one of x and y is a quiet NaN and
neither is a signalling NaN
= invalid(gNaN +i- gNaN)
if x is a signalling NaN or y is a signalling NaN
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no_resulty gy : i(F') — {invalid}

no_resulty gy(1- y)
= invalid(i- qNaN) ifye FU{—00,—0,+00}
=1-qNaN if y is a quiet NaN
= invalid(i- gNaN) if y is a signalling NaN

no_resultp_q(p) : F' — {invalid}

no_resultp_.(r)(z)
= no_resultypy(z +i- imp(v))

no_resultypy_c(ry : i(F) — {invalid}

no_resulty gy ey (1 y)
= no_resully py(reiry(y) +i-y)

no_resultZqpy : ¢(F) x ¢(F) — {invalid}

no_resultZepy (v +i- y, z +i- w)
= invalid(gNaN +i- qNalN)
if x,y,z,w e FU{—00,—0,+00}
= qNalN +i- gNaN if at least one of z, y, z, and w is a quiet NaN
and neither is a signalling NaN
= invalid(gNaN +i- gNaN)
if at least one of x, y, z, and w is a signalling NaN

These helper functions are used to specify both NaN argument handling and to handle non-NaN-
argument cases where invalid(qNalN +i- gNaN) or invalid(i- qNalN) is the appropriate result.

NOTES

3 The handling of other special values, if available, is left unspecified by this part. Other
special values may be exact representations for 7 or e. At a lower level, such special values
may be represented by IEC 60559 signalling NaNs, but which aren’t regarded as NaNs at
the LIA level.

4 reyp) and imp are defined below.
5.2.5 Basic arithmetic for complex floating point

Complex floating point comparisons:
eqir) + i(F) x i(F') — Boolean
eqi(r) (i y,1-w) = eqr(y,w)

eqrir) - F' x i(F') — Boolean

€qFi(F) (z,i-w) = €qc(F) (x +1- 0,0 +i- w)

eqip),r  1i(F) x F' — Boolean

GQi(F),F(i' y,2) = €4c(F) (041 y, z +1- 0)

28 Specifications for imaginary and compler datatypes and operations



Working draft ISO/IEC CD 10967-3.2:2004(E)

eqre(r) - F' % ¢(F) — Boolean

€qFc(F) (iL', z+1- w)
= eqe(ry(z +1- 0, 2 +1- w)

eqe(r),r : ¢(F') x ' — Boolean

QQC(F),F('T +i-y, Z)
= eqe(r) (T +i+ y, 2 +1- 0)

eqi(ry,c(F) * 1I(F) x ¢(F) — Boolean

eqi(r),c(r) (i ¥, 2 +1- w)
= eqe(r) (0 +Hi- y, 2 +1- w)

eqe(F),i(F) - ¢(F) x i(F') — Boolean

eqe(r),i(r) (@ +i+ y, 1 w)
= eqo(ry(z +1- 3,0 +1- w)

eqe(r) : ¢(F') X c(F) — Boolean
eqe(r) (v +i- y, 2 +1- w)

= true if eqr(z, z) = true and eqr(y, w) = true
= false if eqp(z, z) = false and eqp(y, w) = true
= false if eqp(z, z) = true and eqp(y,w) = false
= false if eqp(z, z) = false and eqp(y, w) = false
= invalid(false) otherwise

negiry : i(F) x i(F') — Boolean

negi(p) (1 y, 1 w) = neqr(y, w)

neqriry : I < i(F') — Boolean

NEqFi(F) (x,i-w)= neqe(F) (x+1- 0,0 +1- w)

negir),r : i(F) x F' — Boolean

negr),r (1 y, z) = negep)(0+i- y, 2 +1- 0)

neqrery : ' x ¢(F') — Boolean

neqrp.o(r) (T, z +i- w)
= neqqry(z +i- 0, 2 +1- w)

neqe(ry,r : ¢(F) x I — Boolean

TLBQC(F),F('r +1-y, Z)
= Neqc(F) (l’ +1-y, 2 +1- O)
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negi(ryo(r) : i(F) X c(F) — Boolean

neqry o(r) (1 y, 2 +i- w)
= neqery(0+1- y, 2 +i- w)

neqe(ry,i(r) : ¢(F) x i(F) — Boolean

neqe(r),i(r) (T +1- y,1- w)

neqe(ry : ¢(F) x ¢(F') — Boolean
neqe(ry(z +i- y, 2 +i- w)

= true if neqp(x, z) = true and neqr(y, w) = true
= true if neqp(z, z) = false and neqp(y, w) = true
= true if neqp(x, z) = true and neqr(y, w) = false
= false if neqp(z, z) = false and neqp(y, w) = false
= invalid(true) otherwise

Issypy : i(F) x i(F') — Boolean

lssi(F) (i' y, 1 'UJ) = lSSF(y, w)

legi(py  i(F) x i(F') — Boolean
legi(ry(i- y,1- w) = leqr(y, w)

gtri(p) : i(F) x i(F') — Boolean
gtricpy (i y,1- w) = gtrr(y, w)

geqir) : i(F) x i(F') — Boolean
geqir)(i- y,1- w) = geqr(y, w)

Multiplication by the imaginary unit:
itimesp_i(p) : F' — i(F)

itimesp_p)(7) =12

itimes;(p)—p : i(F) — FU{-0}

itimes;(py—p (i y)
= negr(y)

itimesqp) : ¢(F) — ¢(F U{-0})

itimesq(py(z +i- y)
=negr(y) +i- z
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The real and imaginary parts of a complex value:
rep: FF— F

rep(z) =z if v € FU{—00,—0,+00}
= no_resultp(x) otherwise

reiry : i(F) — {=0,0}

reiry (1 y) =0 if (y € Fand y > 0) or y =400
=-0 if (y € Fand y <0) or y € {—00,—0}
= no_resultp(y) otherwise

rec(p) : C(F) — F

reqry(z+i-y) ==z if x € FU{—00,—0,+00}
= no_resultp(x) otherwise

imp : F'— {-0,0}

imp(z) =-0 if (x € Fand x > 0) or x = 400
=0 if (x € F and x < 0) or x € {—00,—0}
= no_resultp(x) otherwise

imy(py i(F)— F
imipy (1 y) =y if ye FU{—00,—0,+00}
= no_resultp(y) otherwise

sz(F) : C(F) — F

imepy (v +iry) =y if ye FU{—00,—0,+00}
= no_resultp(y) otherwise

Formation of a complex floating point from two floating point values (real part and imaginary
part):

plusitimesq gy : F' x F' — c(F)

plusitimes.r)(z, 2)
=z4iz

Basic complex floating point arithmetic (negation, conjunction, addition, subtraction, multi-
plication, division):

negiry : i(F) — i(F U {-0})
negir)(i-y) =1 negr(y)

nege(ry : ¢(F) — c(F U {-0})
nege(ry(z +i-y) = negr(x) +1- negr(y)
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conjp: F— F

conj p(x) =z

congypy + i(F) — i(FU{-0)}
conjyp)(Iy) =1 negr(y)

conjopy : (F) — c(F U {-0})

conjopy (T +i- y)
=z +1- negr(y)

add;py : i(F) x i(F) — i(F) U {(underflow), overflow }

add;(r (1 y,1- w)
=1 addp(y,w)

addpj(p) F x I(F) — C(F)

addp;ry (7,1 w)
=x4i-w

addi(FLF : 1(F> x F — C(F)
addy gy p(i-y,2) = 2z +i-y

addpepy : F' X c(F) — c¢(F) U {(underflow), overflow }

addpe(p) (T, 2 +1- w)
= addp(z,z) +i- w

addypyp : ¢(F) X F' — ¢(F) U {(underflow), overflow }

addepy p(r+i-y, 2)
= addp(z,z) +i-y

add(p) o(ry : 1(F) X ¢(F) — c¢(F) U {(underflow), overflow }

add;(p) o(r) (1 y, 2 +1- w)
=z 41 addp(y, w)

addepyi(ry 2 ¢(F) X i(F) — ¢(F) U {(underflow), overflow }

addc(F),i(F) ($ +1- Y, i U))
=z +i- addp(y, w)

adde(py : ¢(F) x ¢(F) — ¢(F) U {(underflow), overflow}

addy(py(z +i-y, 2 +1- w)
= addp(x, z) +1- addr(y, w)
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subypy : i(F) x i(F) — i(F) U {(underflow), overflow }
suby(p (‘ 1 w) =1+ subp(y, w)

subpip) + F' xi(F) — c(F)

subpp) (7,1 w) = x +i- negr(w)

sub-(p) F: I(F) X F — C(F)
subypy (i y, 2) = negr(z) +i-y

subpe(py : F' X ¢(F) — ¢(F) U {(underflow), overflow }

subp () (T, 2 +1- w)
= subp(x, z) +1- negr(w)

sube(py,p : ¢(F) x F' — ¢(F) U {(underflow), overflow }

subg(ry,p(T +1- Y, 2)
= subp(z,2) +i- y

subi(py o(ry : 1(F) X ¢(F) — ¢(F) U {(underflow), overflow }

subi(p) o(p) (1 y, 2 +1- w)
= negp(z) +1- subp(y, w)

sube(py i(ry : ¢(F) X i(F) — c¢(F) U {(underflow), overflow }

subC(F)J(F) ((IZ +i. Yy, i U))
=z +i- subp(y, w)

sube(py 1 ¢(F) x ¢(F) — ¢(F) U {(underflow), overflow }

sube(py (@ +i- y, 2 +1- w)
= subp(z, z) +1- subp(y, w)

mulypy 2 1I(F) x i(F) — F'U {-0, underflow, overflow }
muli(r) (1 y,1- w)
= negr(mulp(y, w))

mulps gy : F < i(F) — i(F'U{-0}) U {underflow, overflow }
mulp;p)(z,1- w)

=1 mulp(z,w)

muly gy p :i(F) x F'— i(F U {-0}) U {underflow, overflow }
mulypy (I y, 2) = 1- mulr(y, 2)
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mulpepy : F' X ¢(F) — ¢(F'U{-0}) U {underflow, overflow }

mulpepy (2, 2 +i- w)
= mulp(z, z) +i- mulp(z, w)

mulyp) p : ¢(F) x F — c(F U {-0}) U {underflow, overflow }

mulepy (T +i-y, 2)
= mulp(x, z) +i- mulp(y, 2)

mulypy o(Fy : 1(F) X ¢(F) — ¢(F'U{-0}) U {underflow, overflow }

mulypy o(r) (1 y, 2 +1- w)
= negp(mulp(y, w)) +1- mulrp(y, 2)

mulepyiry @ ¢(F) X i(F) — ¢(F U {-0}) U {underflow, overflow }

mulepyiry (T +H- y,1- w)
= negp(mulp(y, w)) +1- mulp(x, w)
NOTE 1 — mul.r) is specified in clause

divypy : i(F) x i(F) — F U {—0,underflow, overflow, infinitary, invalid }
divi(F) (i' y, 1 w) = dZ"UF(?/, w)

divpipy : F' x i(F) — i(F' U {-0}) U {underflow, overflow, infinitary, invalid }

divpir)(z,1- w) =1 negp(dive (z, w))

divy gy p : i(F) X F' — i(F U {-0}) U {underflow, overflow, infinitary, invalid }
divi(F),F(i' Y, Z) =i dl"UF(Zl/, Z)

divpepy  F X c(F) — c(F U {-0}) U {underflow, overflow, infinitary, invalid }

divpepy (T, 2 +1- w)
= divy(py(z +1- imp(x), 2 +1- w)

divyp),p 1 ¢(F) X F' — ¢(F'U{=0}) U {underflow, overflow, infinitary, invalid }
divy(py, (T +1- 9, 2)

= divp(z, z) +1- divp(y, 2)
divy(py e(ry * 1(F) X ¢(F) — ¢(F U {-0}) U {underflow, overflow, infinitary, invalid }
divy(p) o(r) (1 y, 2 +1- w)

= divepy(rep(i- y) +i- y, 2 +1- w)

dive(py i(ry : ¢(F) X i(F) — ¢(F U {-0}) U {underflow, overflow, infinitary, invalid }
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dive(p) i(r)(z +i- y, 1 w)
= divp(y,w) +i- negr(divp(x, w))
NOTE 2 - dive(p) is specified in clause

Absolute value, phase and signum of complex floating point values (including signump; absp
is specified in part 1):

absipy 1 i(F) — F
absyp)(l-y) = absrp(y)

abse(ry : ¢(F) — F U {underflow, overflow}

absqpy(z +i-y) = hypotr(z,y)

phasep : F — F

phasep(x) = arcp(x,imp(x))

NOTE 3 — The arcr (and similarly arcup) operation as specified in clause 5.3.8.15 of the
first edition (issued in 2001) of part 2 has a minor flaw; it is not properly limited. See annex

[E] for a corrected version. Implementations are recommended to follow this improvement, if
possible, for arcg, arcur, and all operations that reference those specifications.

phasejpy 1i(F) — F
phaseypy(1-y) = arcr(reyr(1-y),y)

phase.p) : ¢(F) — F U {underflow}

phase.py(z +1-y)
= arcp(x,y)

phaseup : F x F — F U {invalid}

phaseup(u,x) = arcup(u,z,imp(zx))

phaseu;py : F' x i(F) — F U {invalid}
phaseu;py(u,1- y)

= arcup(u, Tey(F) (1 v),y)
phaseuqpy : F' x ¢(F) — F U {underflow, invalid }

phaseue ) (u, v +i- y)
= arcup(u,z,y)

signump : F — {—1,1}

signump(x) =1 if (r € F and > 0) or x = 400
=-1 if (zx € F and x <0) or x € {—00,—0}
= no_resultp(x) otherwise
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signum;(py : i(F) — {i- (-1),1- 1}

signum; g (i- y) = i+ signump(y)

NOTE 4 — signumgp) is specified in clause @
To nearby integral value:

floori(e + 1(F) — i(F)

floorypy(1-y) =1 floorr(y)

floore(py c(F) — c(F)

floore(py (7 +i- y)
= floorg(x) +1- floorr(y)

rounding;py : I(F) — i(F)
rounding py(1- y - roundingr(y)

roundingepy : ¢(F) — c(F')

roundinge gy (v +i- y)
= roundingr (z) +i- roundingr(y)

ceilingy gy : i(F) — i(F)

ceilingypy(1-y) = 1- ceilingr(y)

ceiling(py : c(F) — c(F)

ceilingqpy(z +i- y)
= ceilingp(x) +i- ceilingr (y)

Maximum and minimum:
maxi gy i(F) x i(F) — i(F)
Maxi ) (1-y,1-w)
=1 mazxp(y,w)

mmazipy : 1(F) x i(F) — i(F)

mmaz; gy y, i w)
=1 mmaxp(y,w)

ming(p) (1 y, i+ w)
=1- ming(y, w)
mming gy : i(F) X i(F) — i(F)

mming g (i- y,1- w)
=1 mming(y,w)
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maz_seq;ry : [i(F)] — i(F) U {infinitary}
Y

maz_seqiry([i+ Y1, .-, 1+ Yn))
= 1- maz_seqr([y1, ..., Yn])

mmaz_seqry : [i(F)] — i(F) U {infinitary}

mmax,seqi(p)([i' Y1y .oy 10 yn])
=1 mma:v,seqF([yh ey yn])

F) U {infinitary}

(
min_seqp([1* y1, .-, 1+ Yn])
=1. min,seqF([yl, ey yn])

min_seqpy : [I(F)] — i

~
*)

mmin_seqpy : [i(F)] — i(F) U {infinitary }

mmin_seqp([1* y1, ..., 1+ Yn])
= 1-mmin_seqr([y1, ..., Yn))

5.2.6 Complex sign, multiplication, and division

This clause gives specifications for some operations that have been deferred above, due to the

possibility of lesser accuracy.

There shall be a box error mode parameter each for the multiplication and division operations

on a complex datatype:

box_error_mode-mul ) € Boolean
box _error_mode_div,ry € Boolean

There shall be a maximum error parameter each for multiplication and division on a complex

datatype:

maz_error mulypy € F'
maz_error divepy € F

The max_error_mul.ry parameter shall have a value that is < 5. The max_error_div, )

parameter shall have a value that is < 13.
For use in the specification below, define the mathematical complex sign function:
signum : C — C
The signum function is defined by
signum(z) = cos(arc(Re(z), Im(2))) +1- sin(arc(Re(z), Im(2)))
NOTES

1 The arc function is defined in part 2, clause 5.3.7.

2 Note that z = |z| - signum(z) if z € C, and signum(z +1-y) = @Y if 2.y € R.

The signumz( F) approximation helper function:

signum:(F) :Cp—C

5.2.6 Complex sign, multiplication, and division
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STGNUM oy (z) returns a close approximation to signum(z) in C, with maximum error max_error_tang
(interpreted as an error parameter for a complex floating point operation).

Further requirements on the signum:( P approximation helper function are:

signum:(F)(Conj(z)) = conj(signumz(F) (2))

if ze Cp
signum:(F)(—z) = —signum(*:(F)(z) it zeCp
Re(signumy p(z +1-y)) = Im(signumy p) (y +1- x))

ifex,ye F
SIGNUME ) () =1 ifre Fandz>0

signumy py(x +1- ) = (1/v2) +1-(1/V2)
ifze Fandz >0
The signum, ) operation:
signume(py : ¢(F) — ¢(F) U {underflow}
signume( gy (x +1- y)
= resulty p (signumg g (x +1- ), nearestr)
ife,ye Fand x +1-y#0
= Conjc(F) (szgnumc(F) (COTLjC(F) (x +i- y)))
if y € {—00,—0}
= nege(p) (signume gy (nege(py (v +i- y)))
if z € {—00,—0} and y & {—o00,—0}
= sinp(arcp(y, x)) +1- sinp(arcp(z,y))
otherwise

NOTE 3 — signumepy(z+1-y) = cosp(arcp(z,y)) +1- sinp(arcr(x,y)). The specification is
more complicated, in order to allow higher accuracy, including the sign of zero result parts.

The mul:( F) approximation helper function:
mul:(F) : CF X CF —C

mul;“( P (z, z) returns a close approximation to z - z in C with maximum error mazx_error-mule(gy,
interpreted according to the value of box_error_mode mul. r).

Further requirements on the mul:( F) approximation helper function are:

maulg e (conj(z),conj(z")) = conj (mul:(F) (2,2"))

if z,2/ € Cp
mulg ) (=2, 2') = —maulf ) (2, 2') if 2,2/ € Cp
mul g (2, 2") = muly g (7, 2) if 2,2/ € Cp

The mul. ) operation:
mule gy @ ¢(F) X ¢(F) — ¢(F U{-0}) U {underflow, overflow }
mule gy (z +1- y, 2 +1- w)
= result? p (mul:(F) (x+1-y,z+1-w),nearestr)
if 41y, 2z 41w € ¢(F) and
r#0and y#0and z #0 and w # 0
= subp(mulp(x, z), mulp(y,w)) +1- addp(mulp(y, 2), mulp(z, w))
otherwise
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NOTE 4 — NaN (and invalid) is not avoided for the result in the “otherwise” case here. Note
in particular cases like muly(p)(2 +i- (=0),3 +1- (+00)) which is invalid with a continuation
value of qNalN +i- (+00). However, mulp o(r)(2,3 +i- (+00)) returns 6 +i- (+00), due to the
strong implicit zero (see [B.5.2)).

The div;“( P approximation helper function:
div:(F) : CF X CF —C
div:( F) (x, z) returns a close approximation to z/z in C with maximum error maz_error_dive(ry,
interpreted according to the value of box_error_mode_divr).
Further requirements on the div:( F) approximation helper function are:
divy ) (conj(z), conj(z')) = conj (divy (2, 2'))
if 2,2/ € Cp and 2/ #0

divy gy (=2, 2 = —divy (2, 2') if z,2/ € Cpand 2/ #0
div;“(F)(z, -2 = —div:(F)(z, 2" if 2,2/ € Cp and 2/ £ 0

The div,r) operation:
dive(py : ¢(F') x ¢(F) — ¢(F'U{—=0}) U {underflow, overflow, infinitary, invalid }
dive gy (v +i- y, 2 +1- w)
= result:(F)(div:(F) (x+1-y,2+1-w),nearesty)
if x +1-y, 2 +1- w € ¢(F) and
r#0andy#0and z# 0 and w # 0
= dive(p),paddp(mulp(z, 2), mulp(y, w)) +i- subp (mulp(y, 2), mulp(x, w)),
addp(mulp(z, z), mul p(w, w)))
otherwise

5.2.7 Operations for conversion from polar to Cartesian

The pola'r:( P) approximation helper function:
polafg(F) Fx F?™ ¢
polmi‘( P (x, z) returns a close approximation to x - €% in C with maximum error max_error_tang
(interpreted as an error parameter for a complex floating point operation).
Further requirements on the polarz( F) approximation helper function are:
polafg(F)(—w, z) = —polafg(F) (z,z) ifzx,ze€ Fandx >0
polary (x,—2) = conj(polari(F) (z,2)) ifr,z€e F

polar:(F)(x,n 2. =z ifxe Fandn € Z and |n-2- 7| < big_angle_rp
’Jm(polafg(F)(x,n 2-m+7/6)) =1x/2 ifxe Fandn € Z and |n-2- 7| < big_angle_rp
%e(polar:(F)(:v, n-2-m+m/3)) =z/2 ifr€ Fandn € Z and |n-2- 7| < big_anglerp
polaT:(F)(a?,n 2-m4T/2) =12 ifxe Fandn € Z and |n-2- 7| < big_-angle_rp
%e(polarz(F)(w,n 2.-m+2-71/3))=—x/2ifx € Fandn € Z and |n-2- 7| < big_.angle_rp
Im(polary py(z,n-2-7+5-7/6)) =x/2 ifx € Fandn€ Z and |n-2- 7| < big-anglerp
polar:(F)(x,n 2-m4T) = —x ifxe Fandn € Z and |n-2- 7| < big_angle_rp

The polar,ry operation:
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polarypy : F' X F' — c¢(F) U {underflow, absolute_precision underflow }
polarypy(z,2) = resulty p (polarz(F) (z,z),nearestr)
if x,z € F and |z| < big_angle_rp and x # 0 and z # 0
= mulp(x,cosp(z)) +1- mulp(x, sinp(2))
otherwise

The polaru:( P approximation helper function:
polarug p : (u: F)x Fx F*—=C
polaru:( F)(u, x, z) returns a close approximation to x - e"2m™2/u in C with maximum error
maz_error_tanup(u) (interpreted as an error parameter for a complex floating point operation).

Further requirements on the polaru:( ) approximation helper function are:

polaru:(F) (u,—x, z) = —polaru:(F) (u,x, z) ifu,x € Fand z € F* and u # 0 and x > 0
polaru:(F) (u,x,—z) = conj(polaru:(F) (u,z,z)) fu,z€ Fand z€ F* and u #0
polaru:’;(F)(—u, x,z) = polaruz(F) (u,x,—z) ifu,z € Fand z € F* and u # 0

polaru:(F)(u,x,n-u—i—z) :polaruz(p)(u,x,z) ifuyre Fand z,n-u+z€ Ftandu#0andn e Z

polaru:(F)(u, z,0) == ifu,z € Fand u # 0
ﬁm(polaruj(F) (u,z,u/12)) = x/2 ifu,x € Fand u#0
D‘ie(polaru:(F)(u,x, u/6)) = x/2 ifu,z € Fand u #0
polaru:(F)(u,m,u/él):I-:n ifu,z € Fand u #0
D‘ie(polaru:(F) u,x,u/3)) = —x/2 ifu,z € Fand u# 0
Jm(polaruj(F)(u,x, 5-u/12)) =x/2 ifu,x € Fand u#0
polaru:(F)(u,x,n'u/Q) =—x ifu,z € Fand u#0

The polaru,ry operation:
polarugpy : F' X F' x F' — ¢(F) U {underflow, absolute_precision_underflow, invalid }
polaruc gy (u, v, z)
= resulty p (polaru:(F) (u,z,2),nearestr)
if ue Gp and z,z € F and |z/u| < big_angle_ur and
x#0and z# 0
= mulp(x, cosup(u, z)) +i- mulp(z, sinup(u, 2))
otherwise
NOTE - Gp is defined in part 2.
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5.3 Elementary transcendental imaginary and complex floating point opera-
tions

Clause 5.3 of part 2 specifies a number of transcendental floating point operations. In this clause
a number of transcendental imaginary and complex floating point operations are specified.

5.3.1 Operations for exponentiations and logarithms

There shall be two maximum error parameters for complex exponentiations and logarithms.

mazx_error_expyr) € F
mazx_error_powery gy € F

The maz_error_exp,py parameter shall have a value that is < 7. The max_error_power, p)
parameter shall have a value that is < 15.

5.3.1.1 Exponentiation of imaginary base to integer power

The powerypy ; operation:
poweryp) 1 : i(F) x I — ¢(F) U{underflow, overflow, infinitary}
poweryp) 1(1- 2, y)
= rejpy(1- ) +i- powerg (7, y)
if y € T and 4|(y + 3)

= negp(poweTF,I(abSF(CU)a y)) +1-0
if y € I and 4|(y + 2)

= nege(r) (reyr) (i ) +i- powerg 1 (z,y))
if y € I and 4|(y + 1)

= powerg,1(absp(z),y) +1 (—0)
if y e I and 4|y

5.3.1.2 Natural exponentiation

The exp;r)_c(r) operation:
erpi(F)—c(r) : 1(F) — ¢(F) U{underflow, absolute precision underflow}
erpi(Fy—c(r) (1Y)
= cosp(y) +i- sinp(y)

NOTE 1 - Some programming languages have the operation cis. cis () is expi(p)—c(r)(1-7).
The ewp:( F) approximation helper function:
expi(F) :Cp—C
empz( F)(z) returns a close approximation to €* in C with maximum error maz_error_exp.(ry.
A further requirement on the emp:( F) approximation helper function is:
expi(F)(conj(z)) = conj(exp:(F)(z)) if zeCp

The relationship to the cos}., sin}, and exp} approximation helper functions for the cosp,
sing, and expr operations in an associated library for real-valued operations shall be:
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epo(F) (i-y) =cosp(y) +1-siny(y) ifyeF
TPy ) () = expp(x) ifreF
The requirements implied by these relationships and the requirements from part 2 shall hold even
if there are no cosp, sing, or expr operations in any associated library for real-valued operations
or there is no associated library for real-valued operations.
The exp.(r) operation:
expe(p) : ¢(F) — ¢(F) U {underflow, overflow, absolute_precision_underflow}
expep) (T +i-y) = resulty p (ea:p:(F) (r+1-y),nearesty)
if x,y € F and |y| < big_angle_rp
= exp(r) (0 +1- ) ifz=-0
= conj(py(expe(r)(z +1-0))
ify=—0and x # -0
= mulp (0, cosp(y)) +1- mulp (0, sinp(y))
if £ = —o0o and y € F and |y| < big_angle_rp
= mulp (400, cosp(y)) +1- mulp (400, sinp(y))
if =400 and y € F and |y| < big-angle_rp and y # 0
= (400) +i- 0 iftr=4occandye Fandy=0
= radhe(py(z +i-y) otherwise
NOTES
2 radhpy is specified in clause @
3 invalid is avoided here for the cases exp.(p)((4+00) +i- 0) and exp.(p)((4+00) +i- (=0)).

5.3.1.3 Complex exponentiation of argument base

The powery, o(F) helper function:
power}‘,HC(F) :FxF—C
power}ﬂc( P (x, z) returns a close approximation to 27 in C with maximum error AT _ErTor POWeT(F).

Further requirements on the powery, o(F) A€
me(power}}ﬂc(F) (x,2)) = jm(power}HC(F) (z,2))
ifr,ze Fandx <0and z—0.25€ Z
me(power}}_)c(F) (x,2)) = —3m(power}_}C(F) (z,2))
ifr,ze Fandx < 0and z—0.75€ Z

The relationship to the power}. helper function for the powerp operation in an associated
library for real-valued operations shall be:

POWETT:_(f (x, z) = powery(z, z) ifz,ze Fandx >0

POWETT:_(f (x, z) = powery,(—x, z) ifr,z€ Fand x <0and z/2 € Z
POWET_ () (x,2) =1 powery(—z, z) ifr,z€ Fand x <0 and (z —0.5)/2 € Z
POWET_,(f (z,2) = —powery,(—x, 2) ifr,ze Fandx <0and (z—1)/2€ Z
powery, C(F)(a:,z) = —1-powery,(—x,z) ifx,z€ Fandz <0and (2 —-1.5)/2€ Z
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The requirements implied by these relationships and the requirements from part 2 shall hold even
if there is no powerp operation in any associated library for real-valued operations or there is no
associated library for real-valued operations.

The powerp_,.(r) operation:
powerp_opy i F' X F'— c(F)U
{underflow, overflow, absolute_precision_underflow, infinitary, invalid }
POWETE _c(F) (:I”? Z)
= resulty g (power}_}C(F) (x,z),nearestr)
if z,z2€ Fand (x >0 or (x <0 and |2/2| < big_angle_ up))
= powerp(x,z) +1- 0 if x =400 and z € FU {—00,—0,+00}
= powerp(x, z) +1- 0 if x € F and z € {—00,—0,+00}
= absolute_precision_underflow(gNaN +i- qNalN)
if x € Fand x <0 and z € F and |2/2| > big_angle_up
= absolute_precision_underflow(qgNaN +i- gNaN)
if x € {—00,—0} and z € F and |z/2| > big_angle_up
= powerp(negp(x), z) +1- 0
otherwise
powerypy : i(F) X i(F) — c(F)U
{underflow, overflow, absolute_precision_underflow, infinitary, invalid }

power e i .1 w)
= powerypy(rep(i-y) +i- y, rep(i- w) +i- w)

poweryp) g+ i(F) x F' — ¢(F) U {underflow, overflow, infinitary, invalid }

pOUJ@?‘i(F),F(i' Y, z)
= poweryp)(rer (i y) +1- y, 2 +i- imp(2))

powerp;py : F' < i(F) — c(F)U
{underflow, overflow, absolute_precision_underflow, infinitary, invalid }

power gipy(z,1- w)
= poweryp)(z +1- imp(v), rer(1- w) +i- w)

powerepy p i ¢(F) x F' — c¢(F) U {underflow, overflow, infinitary, invalid }

powerpy p(z +i-y, 2)
= powerep) (T +1- y, 2z +1- imp(2))

power gy : F' x ¢(F) — c¢(F)U
{underflow, overflow, absolute_precision_underflow, infinitary, invalid }

power.o(py (T, 2 +i- w)
= powerep) (T +1-imp(z), 2 +1- w)

power;p) o)+ 1I(F) X ¢(F) — c(F)U
{underflow, overflow, absolute_precision_underflow, infinitary, invalid }
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poweryp) o(r) (i ¥, 2 +1- w)
= powerqp)(rep (i y) +i- y, 2 +1- w)

poweryryi(r) : ¢(F) x i(F) — c(F)U
{underflow, overflow, absolute_precision_underflow, infinitary, invalid }

powerr) yry (T +i- y, 1+ w)
= powerypy (v +1- y, rep (1 w) +i- w)
The power:( F) approximation helper function:
pOUJGT:(F) :CpxCp—2C
power:( ) (b, z) returns a close approximation to b* in C with maximum error max_error_power ).
Further requirements on the power:( P) approximation helper function are:
powery py (conj(b), conj(z)) = conj (powerz(F) (b, 2))

ifb,z€Cp
ify,z€ Fand 2/2€ Z

m(power:(F) (-y,2))

ify,z€ Fand (#—0.5)/2€ Zandy >0
%e(power:(F)(I-y,z)) =0 ify,ze Fand (z—1)/2€ Z
%e(power:(F) (i-y,2)) —jm(power’ck(F) (i-y,2))
ify,z€ Fand (z—1.5)/2€ Zand y >0

The relationship to the powery, o(F) helper function shall be:

jm(power:(F) (i-y,2))

z 0
%e(power’c"(F) (i-y,2)=7

power p (x,2) = POWET L.y (z, z) ite,ze F
The power, ) operation:

poweryry : ¢(F) x ¢(F) — c(F)U
{underflow, overflow, absolute_precision_underflow, infinitary, invalid }

powere gy (T +1- y, 2 +1- w)
= result? p (power:(F) (x+1-y,z+1-w),nearesty)
if z,y,z,w e F and (z # 0 or y # 0) and
laddp (mulp(Inp(hypotp(z,y)), w),
mulp(arcp(x,y), 2))| < big_-angle_rp
= powerep) (0 +i- y, 2 +1- w)
ifx=-0
= conjp)(powerypy(z +i- 0, z +1- negr(w)))
ify=—0and x # -0
= powerq(p)(z +1- y, 0 +1- w)
if z=—0and x # —0 and y # —0
= conjop)(powerry(z +i negr(y), z +1- 0))
ifw=—-0and x # —0 and y ¢ {—0,0} and z # —0
= powerp(z, z) +1- mulp(signumpg(z),0)
ifx,z € F and x > 0 and
w=—0and z# —0and y =0 and z # —0

= powerp_o(p(T, 2) if ze F and ((z € F and z < 0) or z = —0) and
w=—0and x #—0 and y =0 and z # —0
=041-0 ifr=0andy=0and z€ Fand z >0
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= infinitary (400 +i- +00)
ifr=0andy=0and z € Fand z <0
= expe(p) (Mmule(p)(Ing(ry(z +1- y), 2 +1- w))
otherwise

NOTE - Complex raising to a power is multi-valued. The principal result is given by
b? = e2™m®) The b? function branch cuts at {z | * € R and z < 0} x C (except when ¢ is in
Z). Thus powerqpy(x +i- 0, 2) # powerq gy (z +i- (=0), 2).

5.3.1.4 Complex square root

The sqrip_..(r) operation:
sqrtp_o(r) + F — c(F)
sqrtp_e(r)(x) =041 sqrtp(negr(z)) if (v € F and z <0) or z € {—o00,—0}
= sqrtp(x) +1- (—0) if (x € F and x > 0) or x = 400
= no_resultypy(z +1- imp(x))
otherwise

—~~

The sqrtj p)—.(r) operation:
8qrti(py—c(r)  1(F) — c(F)
5qrti(py—c(r)(1+ Y)
= sqricr(rey ) (1 y) +1-y)
The sqrt:( P) approximation helper function:

Sqrt:(F) :Crp—C

sqrt:( F)(z) returns a close approximation to y/z in C with maximum error MAT_error_exrpe(r)-

Further requirements on the sqrt:( F) approximation helper function are:

Sqriy g (conj(z)) = conj(sqrtz(F)(z)) if z€Cp

F)
sqriy )() \/E ifre Fandzx >0
sqrtC(F)( x)=1-v/—x ifzr € Fandx <0
Re(sqrt” (F)( y)) = Jm(sqrt:(F) i-y)) ifye Fandy >0

The sqrit.r) operation:
sqrtepy : c(F) — c(F)
sqrte ) (v +i-y)
= result:(F)(sqrt:(F) (x 4+1-y),nearestr)
ifrx,ye F
= sqrte(p) (0 +i-y) if r =-0
= conj (g (sqrtery(z +1- 0))
if r € FU{—00,400} and y = —0

= (400) +i- (+00) if x € FU{—00,—0,400} and y = +00

= (400) +i- 0 ifr=4occandy e Fandx >0

= (400) +i- (—=0) if r =400 and ((y € Fand y <0)ory =
= (+00) +1: (—00) if v € FU{—00,—0,+00} and y = —

= 0+41i- (400) ifr=—-—ocoandy€ Fandxz >0

=0+i (—00) if x=—o00and ((y€ Fandy <0)ory=
= no_resultypy(z +1-y) otherwise
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NOTE — The inverse of complex square is multi-valued. The principal result is given by vb =
0> The /~ function branch cuts at {z | € R and = < 0}. Thus sqrt.p)(z +i- 0) #
sqrtepy(z +i- (=0)) when z < 0.

5.3.1.5 Natural logarithm

The Inp_(r) operation:
Inp_ery s F — c(F) U {infinitary}
Inp_o(r) () = Inp(absp(x)) +1- arcp(z,imp(z))

NOTE 1 — The arcp (and similarly arcurp) operation as specified in clause 5.3.8.15 of the
first edition (issued in 2001) of part 2 has a minor flaw as noted in annex [Ef of this part.

The Inypy_c(r) operation:
Ini(py—e(r) * 1(F) — ¢(F) U {infinitary}
ni(py—e(r) (1 y) = Inp(absp(y)) +i- arcp(reyr) (i y), y)
The ln:( P) approximation helper function:
lnz(F) :Crp—C
Ing F)(z) returns a close approximation to In(z) in C with maximum error maz_error_exp. ().

NOTE 2 — Since the imaginary part of the result of in. p)(z+1-y) is arcy(z, y), the maximum
error in the imaginary part is really maz_error_tang. Thus max_error_exp.r) is intended to
reflect the maximum error in the real part of the result.

A further requirement on the ln:( F) approximation helper function is:
lnz(F) (conj(z)) = Conj(ln:(F)(z)) if zeCp

The relationship to the arcy and In} approximation helper functions for the arcp and Ing
operations in an associated library for real-valued operations shall be:

Jm(ln:(F)(x +1-y)) = arcp(z,y) ifr,ye Fandz+1-y#0
Re(lng () = Inf(|z|) ifre Fandx #0
%e(ln:(F)(I-y)) = Ing(|yl) ifye Fandy #0

The requirements implied by these relationships and the requirements from part 2 shall hold even
if there are no arcg or Ing operations in any associated library for real-valued operations or there
is no associated library for real-valued operations.

The ln}f range limitation helper function (for z € Cp):
ln}f(z) = Re(In}(2)) +1- max{upp(—n), min{Im(In}(2)), downp(—m/2)}}
if Re(z) < 0 and Im(z) <0
= Re(In}(2)) +1- max{upp(—7/2), min{Im(in}.(z)), downp(mw/2)}}
if Re(z) > 0
= Re(In}(2)) +1- max{upp(r/2), min{Im(In}(2)), downp(7)}}
if Re(z) < 0 and Im(z) >0
The In.ry operation:
Ingry : c(F) — c(F) U {infinitary}
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Ingpy(z+i-y) = result:(F)(lnfEF)(az +1-y),nearesty)
if z,y € F and (z # 0 or y # 0)
= infinitary((—oo0) +i- arcr(z,y))

if z,y € {-0,0}
= conje(p)(Ine(r) (z +i- 0))
ify=-0

Inp(y) +i-upp(r/2) ifz=-0and ((y € F and y > 0) or y = +00)
= Inp(negr(y)) +1- downp(—m/2)
ifr=—-0and ((y € Fand y <0) or y = —00)
= (400) +i- arcp(x,y) if z € {—o00,+00} and y € F'U {—00,+00}
= (+o00) +i- arcp(xz,y) if z € F and y € {—00,+00}
= no_resultypy(z +i-y) otherwise
NOTES

3 The inverse of natural exponentiation is multi-valued: the imaginary part may have any
integer multiple of 2-7 added to it, and the result is also in the solution set. The In function
(returning the principal value for the inverse) branch cuts at {z | x € R and = < 0}, is
continuous on the rest of C, and In(z) € R if € R and = > 0. Thus In.p(x +i- 0) #
Ine(py(z +i- (=0)) when = < 0.

4 reqpy(Ingmy(x +1- y)) = Inp(hypotp(x,y)) and ime py(Inery(z +i- y)) = arcy(x,y) when
there is no notification (if the specification of arcp is corrected as noted in clause [5.2.5)).

5.3.1.6 Argument base logarithm

logbasep_(py : F' x F' — c(F) U {underflow, overflow, infinitary, invalid }

logbaseF_)c(F) (ZL‘, Z)
= logbase.(py(x +1- imp(x), 2 +1- imp(2))

logbase;(py : i(F) x i(F') — ¢(F) U {underflow, overflow, infinitary, invalid }

logbase; ) (i- y, 1 w)
= logbaseq(p)(rer(1-y) +i- y, rep(i- w) +i- w)

logbase;py p : i(F) X F' — ¢(F) U {underflow, overflow, infinitary, invalid }

logbasey(ry r (i , 2)
= logbase.(p)((rer(1-y)) +1- y, 2 +i- imp(2))

logbasep;py : F' X i(F) — c¢(F) U {underflow, overflow, infinitary, invalid }
x,1 w)

(F)
logbaser;r(
= logbasec(py(z +1- imp(z), rep (i w) +1- w)
logbasec(pyp : ¢(F) x F' — c(F) U {underflow, overflow, infinitary, invalid }
logbasec(py p (T +1-y, 2)
= logbase,(py(z +1- y, z +i- imp(2))

logbasep(py : F' X c(F) — c¢(F) U{underflow, overflow, infinitary, invalid }
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logbasepq(py(z, z +1- w)
= logbasec(p)(z +1-imp(z), 2 +1- w)

logbasei(py o(ry : 1(F) X ¢(F) — c¢(F) U {underflow, overflow, infinitary, invalid }

logbase;(py o(ry (1 Y, 2 +i- w)
= logbase,(p)(rer (i y) +1- y, 2 +1- w)

logbase.(pyiry : ¢(F) x i(F) — ¢(F) U {underflow, overflow, infinitary, invalid }
logbasec(pyipy (v +iy, 1 w)
= logbasec(p)( +1- y, rep(i- w) +1- w)
The logbase:( P) approximation helper function:

logbasez(F) :CpxCp—2C

logbasez(F) (b, z) returns a close approximation to log,(z) in C with maximum error max_error_power,p.

Further requirements on the logbase:( F) approximation helper function are:

logbase? p (conj(b),conj(z)) = conj(logbase:(F) (b, 2))
ifb,z€Cp
logbasez(F)(:z,x) =1 ifreCpando#0and z #1
The relationship to the logbase}. approximation helper functions for the logbaser operations
in an associated library for real-valued operations shall be:
S%e(logbasei(F)( z)) = logbase.(z,|z|) fxz,z€ Fandae >0and z# 1 and z#0
Re(logbaser f) (2,1 w)) = logbase(x, |w|)
ifr,we Fandz >0and z# 1 and w#0
The requirements implied by this relationship and the requirements from part 2 shall hold even if

there is no logbaser operation in any associated library for real-valued operations or there is no
associated library for real-valued operations.

The logbasery operation:
logbase(py : ¢(F) x ¢(F) — c¢(F'U{—0}) U {infinitary, invalid }
logbase(py(z +i-y, z +i- w)
= result? p (logbasez(l,) (x+1-y,z+1-w),nearestr)
ifx,y,z,we Fand x+1-y # 1 and
(x#0o0ry#0)and (2 # 0 or w#0)
= dive(p)(Ine(ry (2 +1- w), Ine(py (v +i- y))
otherwise

NOTE - Complex logarithm with argument base is multi-valued. The principal result is
given by log,(¢) = In(q)/In(b). Apart from the poles, the log,(¢) function branch cuts at
{z]lzeRandz <0} xC)U(C x {z |z € R and z < 0}).
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5.3.2 Operations for radian trigonometric elementary functions

There shall be two maximum error parameters for complex trigonometric operations.

max_error_sing gy € F
maz_error_tanq gy € F

The max_error_sin. ) parameter shall have a value that is < 11. The maxz_error_tang )
parameter shall have a value that is < 14.

5.3.2.1 Radian angle normalisation

rady gy i(F) — i(F)
rad ) (i+ y) =iy

radepy : ¢(F) — ¢(F) U {underflow, absolute precision underflow}

radypy(r +i-y) = radp(z) +i-y

5.3.2.2 Radian sine

The sin; ) operation:
sinypy 1 i(F) — i(F) U {overflow }
singpy(iry) =1 sinhp(y)
The sin:( F) approximation helper function:
SinZ(F) :Cp—C
S F)(z) returns a close approximation to sin(z) in C with maximum error max_error_sine p).
Further requirements on the sz’n:( F) approximation helper function are:
SINg (conj(z)) = conj(sin:(F) (2)) it zeCp
sinz(F)(—z) = —sin:(F)(z) if z€Cp

The relationship to the sin}, and sinh}, approximation helper functions for sinr and sinhr in
an associated library for real-valued operations shall be:

sinz(F)(x) = sinj(z) ifreF
sing g (i-y) =1- sinhp(y) ifyeF
The requirements implied by these relationships and the requirements from part 2 shall hold even

if there are no sing or sinhp operations in any associated library for real-valued operations or
there is no associated library for real-valued operations.

The sin ) operation:

sing(ry : ¢(F) — ¢(F') U {underflow, overflow, absolute precision underflow}
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singpy (v +i-y) = Tesultz(F)(sinZ(F) (x+1-y),nearesty)
if x,y € F and |z| < big_angle_rp
= conjo(p)(siner)(r +1- 0))
ify=-—0
= negegr) (sine(r) (0 -+ negr(y))
ifx=-0and y# -0
= mulp(sinp(x),+00) +i- mulp(cosr(z),y)
if v ¢ {—0,0} and y € {—o00,+00}
=041y if x =0and y € {—00,+00}
= radypy (v +i- y) otherwise

5.3.2.3 Radian cosine

The cos;(p) operation:
cosipy 1 1(F) — F U {overflow}
cosipy(i-y) = coshp(y)
The cosz( ) approximation helper function:
cos:(F) :Cp—C
cosy( F)(z) returns a close approximation to cos(z) in C with maximum error maz_error_sing(r).
Further requirements on the cosz( F) approximation helper function are:
€Oy (conj(z)) = conj(cosy p (2)) if zeCp
cosz(F)(—z) = cos;‘(F)(z) it zeCp
The relationship to the cos} and cosh}. approximation helper functions for cosr and coshp
operations in an associated library for real-valued operations shall be:
oSy () = cosp(x) iteeF
COS:(F) (i-y) = coshi(y) ifyeF

The requirements implied by these relationships and the requirements from part 2 shall hold even
if there are no cosg or coshp operations in any associated library for real-valued operations or
there is no associated library for real-valued operations.

The cos.(r) operation:
cosq(ry : ¢(F) — c¢(F) U {underflow, overflow, absolute precision underflow}
cosqpy(z +1-y) = resulty p, (cos:(F) (x +1-y),nearestp)
if z,y € F and |z| < big_angle_rp
= conjo(py(cose(r)(z +i- 0))
ify=-0
= cos¢(p)(0+i- negr(y)) if 2 =—0and y # -0
= mulp(cosp(z),+00) +1- mulp(sinp(z), negr(y))
ifx ¢ {—0,0} and y € {—00,4+00}
= (4+00) +i- divp(—1,y) if z =0 and y € {—00,+00}
= radypy (v +i- y) otherwise
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5.3.2.4 Radian tangent

The tan;r) operation:
tanypy : i(F) — i(F)
tan;(g (1 y) =1 tanhp(y)
The tan:( F) approximation helper function:
tan:(F) :Cp—C
tang F)(z) returns a close approximation to tan(z) in C with maximum error max_error tan ).
Further requirements on the tan:( ) approximation helper function are:
tang p (conj(z)) = conj (tanz(F)(z)) if zeCp
tanz(F)(—z) = —tanZ(F)(z) if z€eCp

The relationship to the tan} and tanh}. approximation helper functions for tang and tanhp
operations in an associated library for real-valued operations shall be:

tang p (x) = tany(z) ifeeF
tan p (i y) =1- tanhj(y) ifyeF

The requirements implied by these relationships and the requirements from part 2 shall hold even
if there are no tang or tanhp operations in any associated library for real-valued operations or
there is no associated library for real-valued operations.

The tan.r)y operation:
tangry : ¢(F) — c¢(F) U {underflow, overflow, absolute precision underflow}
tangpy(z +1-y) = resulty p (tan:(F)(:U +1-y),nearestr)
if z,y € F and |z| < big_angle_rp
= conj(py(tane ) (z +1-0))
ify=-0
= negr (tangp) (0 +1- negr(y)))
ifx=—0and y # -0
= mulp(tanp(x),0) +i- signump(y)
if ¥ #—0 and y € {—o00,+00}
= radypy (v +i- y) otherwise

5.3.2.5 Radian cotangent

The cot;r) operation:
cotypy : i(F) — i(F) U {overflow, infinitary }
cotypy(iy) =1 negr(cothp(y))
The cot:( F) approximation helper function:
cot:(F) :Cp—C
coty F)(z) returns a close approximation to cot(z) in C with maximum error max_error_tan, g.

Further requirements on the cot:( F) approximation helper function are:
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cot:(F)(conj(z)) = conj (cot:(F)(z)) it zeCp
cot:(F)(—z) = —cot:(F)(z) if zeCp
The relationship to the cot}. and coth}. approximation helper functions for cotr and cothp
operations in an associated library for real-valued operations shall be:
cotz(F)(a:) = coty(x) iteeF
coty (1-y) = —1-cothp(y) ifyeF
The requirements implied by these relationships and the requirements from part 2 shall hold even

if there are no cotp or cothp operations in any associated library for real-valued operations or
there is no associated library for real-valued operations.

The cot(r) operation:
cotopy 1 ¢(F) — c(F) U {underflow, overflow, infinitary, absolute_precision underflow}

cotopy (v +i-y) = Tesultz(F) (cotZ(F) (r+1-y),nearesty)
if x,y € F and |z| < big-angle_rr and
(x#0o0ry+#0)
= infinitary((+o00) +i- (—00))
ifr=0and y=0
= conj(py(cote(r)(z +i- 0))
if y=-0
= negr(cote(r)(0 +i- negr(y)))
ifx =—0and y # -0
= mulp(tanrp(x),0) +i- negr (signump(y))
if x #—0 and y € {—00,400}
= radepy (v +i- y) otherwise

NOTE - The reference to tanp (instead of cotp) for the case whenz is a zero and y is an
infinity, is in order to avoid invalid for cot.(r).

5.3.2.6 Radian secant

The sec;p) operation:
seci(py + i(F) — F'U{underflow}
SECi(F) (i-y) = sechr(y)
The secz( P approximation helper function:
sec:(F) :Cp—C
sec:( F)(z) returns a close approximation to sec(z) in C with maximum error maz_error_tan F)-
Further requirements on the sec:( P) approximation helper function are:
SECq oy (conj(z)) = conj(secz(F)(z)) it zeCp
sec:(F)(—z) = sec:(F)(z) if zeCp

The relationship to the secy and sech}. approximation helper functions for secr and sechp
operations in an associated library for real-valued operations shall be:

S€Cq(pry (x) = secy(x) iteeF
SECq oy (1-y) = sech}(y) ifyeF
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The requirements implied by these relationships and the requirements from part 2 shall hold even
if there is no secp or sechp operations in any associated library for real-valued operations or there
is no associated library for real-valued operations.
The sec.(r) operation:
sece(r) 1 ¢(F) — ¢(F) U{underflow, overflow, absolute_precision underflow}
sece(py (@ +iry) = result:(F)(sec:(F) (x +1-y),nearestr)
if z,y € F and |z| < big-angle_rp
= conjo(py(secer)(z +1-0))
if y=-0
= sece(py(0+i-negr(y)) if v =—0and y # -0
= mulp(cosp(z),0) +1- divp(sinp(x),y)
if x #—0 and y € {—00,+00}
= rady ) (T +1-y) otherwise

5.3.2.7 Radian cosecant

The csc;(r) operation:
cscipy +1(F) — i(F) U {underflow, overflow, infinitary}
eseqpy(ty) =1 negr(eschi(y))
The cscz( P) approximation helper function:
csc:(F) :Cp—C
escy F)(z) returns a close approximation to csc(z) in C with maximum error maz_error_tangr).
Further requirements on the cscz( P) approximation helper function are:
csc:(F)(conj (z)) = conj (csci(F)(z)) if zeCp
csc:(F)(—z) = —cscz(F)(z) if zeCp
The relationship to the cscy. and csch}, approximation helper functions for cscp and cschp
operations in an associated library for real-valued operations shall be:
cscz(F)(a:) = cscp(x) ifeeF
csc:(F)(i ~y) = —1-cschi(y) ifyeF
The requirements implied by these relationships and the requirements from part 2 shall hold even

if there is no cscg or cschp operations in any associated library for real-valued operations or there
is no associated library for real-valued operations.

The cscq(py operation:
csce(p) : ¢(F) — ¢(F) U {underflow, overflow, infinitary, absolute_precision underflow}

cscypy(z +H1-y) = result:(F)(cch(F) (r+1-y),nearesty)
if z,y € F and |z| < big_angle_rr and
(x#0ory+#0)

= infinitary((4o00) +i- (—00))
ifr=0andy=0

= conjo(py(cscery(z +i-0))
if y=-0

= negr(csce(r) (0 +i- negr(y)))
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ifx=—0and y # -0
= mulp(sinp(x),0) +i- divp(cosp(z), negr(y))

if v # —0 and y € {—00,+00}
= rade(p) (v +i- y) otherwise

5.3.2.8 Radian arc sine

The arcsinp_,.(r) operation:
arcsinpg_op) : F— c(FU{-0})

arcsing_q(r) () = upp(—m/2) +i- arccoshp(negr(v))
if (x € Fand x < —1) or x = —00
= arcsinp(z) +1- mulp(—0, z)
if (x € Fand x| <1) orz=-0
= downp(m/2) +i- negr(arccoshp(x))
if (x € Fand x > 1) or x = 400
= no_result p_c(p) () otherwise

The arcsin;p) operation:
arcsing gy i(F) — i(F)
arcsinyp)(i-y) =1-arcsinhp(y)
The arcsin:( F) approximation helper function:
arcsinz(F) :Cp—C
arcsing p (2) returns a close approximation to arcsin(z) in C with maximum error maz _error_singg.
Further requirements on the arcsini( F) approximation helper function are:
arcsing ) (conj(z)) = conj(arcsin:(F)(z)) if z € Cp and (|Re(z)| < 1 or Im(z) # 0)
arcsmc(F)( z) = —arcsinz(F) (2) if z € Cp and (|JRe(z)| < 1 or IJm(z) #0)

The relationship to the arcsin}., arcsinhy,, and arccosh}, approximation helper functions for
arcsing, arcsinhp, and arccoshp operations in an associated library for real-valued operations
shall be:

arcsin; )(x) = —7/2+1-arccosh},(—z) ifx € Fand z < —1
arcsin )(ac) arcsing,(x) ifre Fand|z|<1
arcsin )(x) /2 +1- arccoshy,(x) ifre Fandz >1
arcsin (F)( y) =1-arcsinh}(y) ifyeF

The requirements implied by these relationships and the requirements from part 2 shall hold even
if there is no arcsing, arcsinhp, or arccoshr operations in any associated library for real-valued
operations or there is no associated library for real-valued operations.

#

The arcsinc( P

range limitation helper function:
arcsinﬁF) (z) = max{upr(—7/2), min{i}{e(arcsiniw)(z)), downp(m/2)}} +1- ﬁm(arcsin:(F)(z))
The arcsing ) operation:

arcsing gy : ¢(F) — ¢(F) U {underflow}
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arcsing gy(z +i- y)
= resulty (arcsinﬁp)(m’ +1-y),nearestr)
ifr,ye F
= nege(r) (arcsinepy (0 +1- negr(y))
ifx =-0
= conjp)(arcsingry(z +1i- 0))
if y=—0 and x # —0
= arcp(absp(y), x) +1- mulp(signump(y), +00))
if (z € {—o00,4+00} and y € F'U {—00,+00}) or
(y € {—00,4+00} and = € F)
= no_resultypy(z +i-y) otherwise

NOTE - The inverse of sin is multi-valued, the real part may have any integer multiple
of 2. 7w added to it, and the result is also in the solution set. The arcsin function (re-
turning the principal value for the inverse) branch cuts at {z | x € R and || > 1}. Thus
arcsing py(x +i- 0) # arcsing gy (z +i- (—0)) when |z| > 1.

5.3.2.9 Radian arc cosine

The arccosp_.(r) operation:
arccosp_e(py : F' — c(F U {=0})
arccosp_o(py(r) = downp(m) +i- negr(arccoshr(negr(x)))
if (x€ Fand x < —1) or x = —00
= arccosp(x) +i- mulr (0, )
if (x€ Fand |z] <1)oraz=-0
= 0+41: arccoshp(x) if (x € Fand x > 1) or x = 400
= no_result p_q(r) () otherwise
The arccosjpy_(r) operation:
arccosi(py—o(r) * 1(F) — c(F)
arccos;(py—c(r) (1Y)
= upp(n/2) +1- negr(arcsinhr(y))
if (y € Fand y <0) or y € {—00,—0}
= downp(m/2) +1- negr(arcsinhp(y))
if (y € Fand y > 0) or y = 400
= no_resulty ) _(py(1+ y) otherwise
The arccosz( ) approximation helper function:
arccosz(F) :Crp—C
arccos:( P () returns a close approximation to arccos(z) in C with maximum error maz_error_sing(r).
Further requirements on the arccosi( F) approximation helper function are:
arccosy p (conj(z)) = Conj(arccos:(p)(z)) if z € Cp and (|Re(z)| <1 or IJm(z) #0)
Jm(arccos:(F)(fz)) = fjm(arccosz(F) (2))if z € Cp and (|Re(z)| < 1 or Im(z) #0)

The relationship to the arccosy,, arccoshy,, and arcsinh}, approximation helper functions for
arccosp and arccoshp operations in an associated library for real-valued operations shall be:
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arccosy p () =7 —1-arccoshy,(—x) ifre Fand oz < -1
arccosy p) (x) = arccosy.(x) ifxe Fand|z|<1
arccosy p (x) = —1- arccosh},(x) ifreFandz>1

*

arccosy p (i-y)=n/2—1-arcsinh},(y) ifyeF

C
The requirements implied by these relationships and the requirements from part 2 shall hold even
if there is no arccosp, arccoshp, or arcsinhp operation in any associated library for real-valued
operations or there is no associated library for real-valued operations.

The arccosfz range limitation helper function:

F)
arccossz)(z) = max{upp(7/2), min{%e(arccosiw)(z)), downp(m)}} +1- ij(arccos:(F) (2))
if Re(z) <0
= min{iﬁe(arccos:w)(z)), downp(m/2)} +1- Jm(arccos:(F)(z))
if Re(2) >0

The arccos.(py operation:
arccose(py : ¢(F) — c(F U {-0})
arccose(py(z +1- y)
= result? p (arccosfﬁF) (x +1-y),nearestr)
ifx,y € Fand (y#0or |z >1)
= arccosp(x) +1- (—0) ifx € Fand y =0 and |z| <1
= upp(m/2) +i- negr(arcsinhp(y))
ifx=-0
= conjo(py(arccosqpy(z +1-0))
if y=—0 and x # -0
= arcp(z,y) +1- (—o0)  if x € {—00,+00} and
((ye Fand y > 0) or y = +00)
= arcp(z, negr(y)) +i- (+00)
if x € {—00,+00} and
((ye Fandy <0) or y = —00)
= no_resultypy(z +i-y) otherwise

NOTE - The inverse of cos is multi-valued, the real part may have any integer multiple
of 2 -7 added to it, and the result is also in the solution set. The arccos function (re-
turning the principal value for the inverse) branch cuts at {x | z € R and |z| > 1}. Thus
arccose(py(x +i- 0) # arccosq(py(x +1- (—0)) when |z| > 1.

5.3.2.10 Radian arc tangent

The arctan; ) operation:
arctan;py : i(F) — i(F) U {infinitary, invalid }
arctan;py(i-y) =1 arctanhp(y)
The arctan;py_..(r) operation:
arctany(py—q(r) : 1(F) — c¢(F U {=0}) U {infinitary}

arctan; py_q(r) (i-y)
= upp(—n/2) +i- arccothp(y)
if(ye Fandy < —1) or y =—00
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= mulp(0,y) +i- arctanhr(y)
if(ye Fand |y <1)ory=-0

= downp(m/2) +i- arccothp(y)
if (ye Fandy > 1) or y =400

= no_resulty py_o(r)(i- y) otherwise

The arctan:( F) approximation helper function:
arctan:(F) :Cp—C
arctany p (2) returns a close approximation to arctan(z) in C with maximum error maz _error_tang(r).

Further requirements on the arctcm;"( F) approximation helper function are:

arctan:(F)(conj(z)) = conj(arctani(F)(z)) if zeCp
arctan:(F)(—z) = —arctan’c‘(F)(z) if z € Cp and (Re(z) < 1 or Jm(z) # 0)
The relationship to the arctany,, arctanh},, and arccoth}. approximation helper functions for

arctang, arctanhp, and arccothp operations in an associated library for real-valued operations
shall be:

arctang p, (x) = arctany.(x) ifeeF

arctang p, (i-y) =1-arctanhi;(y) ifye Fand |y <1

arctang p, (i-y)) =m/241-arccoth(y) ifye Fand |yl >1
The requirements implied by these relationships and the requirements from part 2 shall hold even
if there is no arctang, arctanhp, or arccothr operations in any associated library for real-valued

operations or there is no associated library for real-valued operations.

#

o(F) Tange limitation helper function:

The arctan
arctanféF)(z) = max{upp(—7/2), min{Re(arctany ) (2)), downp(w/2)}} +1- Jm(arctany ) (2))
The arctangr) operation:
arctanepy : ¢(F) — ¢(F) U {underflow, infinitary }

arctan gy (r +1- y)
= result:(F)(arctanfEF) (x +1-y),nearestr)
if x,y € Fand (x #0 or |y| # 1)
= infinitary (0 +1- mulp(y,+00))
ifr=0and ye {—-1,1}
= nege(r)(arctanepy (0 +1- negr(y)))
ifx=-0
= conjo(py(arctancpy(z +i- 0))
if y=—0 and x # —0
= mulp(signump(x), downp(r/2)) +1- mulp(signump(y),0)
if (z € {—o00,4+00} and y € F'U {—00,+00}) or
(r € Frand y € {—00,4+00})
= no_resultypy(z +i-y)  otherwise
NOTE - The inverse of tan is multi-valued, the real part may have any integer multiple of 2-7
(even any integer multiple of ) added to it, and the result is also in the solution set. The arctan

function (returning the principal value for the inverse) branch cuts at {i-y | y € F and |y| > 1}.
Thus arctancpy (0 +1- y) # arctane ) ((—=0) +i- y) when |y| > 1.
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5.3.2.11 Radian arc cotangent

The arccot; ) operation:
arccotypy : i(F) — i(F) U {underflow, infinitary, invalid }
arccotypy(i-y) = 1- arccothp(negr(y))
The arccoti(py_.c(r) Operation:
arccoti(py—o(r) : 1(F) — ¢(F) U {underflow, infinitary }
arccoti(p)_e(r) (1Y)
= mulp(signump(y),0) +1- arccothp(negr (y))
ifye Fand|y|>1orye{—oco,+oo}
= upp(—m/2) 4+i- arctanhp(y)
if(ye Fand -1 <yand y <0)ory=—0
= downp(mw/2) +i- arctanhp(y)
ifye Fand0<yandy <1
= no_resulty py_o(ry(I+ y) otherwise
The arccoti‘( F) approximation helper function:
arccot:(F) :Cp—C
arccoty p, (2) returns a close approximation to arccot(z) in C with maximum error maz_error_tang(r).

Further requirements on the a'rccot:( F) approximation helper function are:

arccot p (conj(z)) = conj(arccot:(F) (z)) if z € Cp and (Re(z) # 0 or |Jm(z)| > 1)
J

arccot:(F)(—z) = —arccot:(F)(z) if z € Cp and (Re(z) # 0 or |Tm(z)| > 1)

%e(arccot:’;(m(i y)) =m/2 ifye Fand |yl <1

The relationship to the arccot}., arccothy, and arctanhy. approximation helper functions arccotr,

arccothp and arctanhpg operations in an associated library for real-valued operations shall be:

arccoty p (x) = arccot}:(x) iteeF

arccoty p (1 y) =1- arccoth},(—y) ifye Fand |yl >1

arccoty (1-y)=—m/2+1-arctanh}(y) if y € F and |y| <1
The requirements implied by these relationships and the requirements from part 2 shall hold even
if there is no arccotp, arccothp, or arctanhp operations in any associated library for real-valued
operations or there is no associated library for real-valued operations.

The arccotﬁ ) range limitation helper function:

arccotﬁF)(z) = max{upr(—m/2), min{%e(arccot:(m(z)), downp(m/2)}} +1- jm(arccot:(F)(z))
The arccot(r) operation:
arccotepy i ¢(F) — ¢(F U {=0}) U {underflow, infinitary }
arccote gy (z +i- y)
= result] (arccothF) (x +1-y),nearestr)
ifr,y€ Fand (J[yl#1lorx#0)and y #0
= arccotp(z) +i- (—0) if z € FU{—00,—0,400} and y =0

= nege(r)(arccotepy (0 +i- negr(y)))
ifx=-0
= conjo(py(arccoty py(z +i-0))
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ify=—0and z # -0
= mulp(signump(x),0) +i- mulp(signump(y),0)
if (x € {—o00,400} and y € F'U{—00,+00}) or
(x € F and y € {—00,+00})
= infinitary (0 +1- mulr(y, —00))
ifr=0andye {-1,1}
= no_resultypy(z +i-y) otherwise
NOTE — The inverse of cot is multi-valued, the real part may have any integer multiple of 2-7
(even any integer multiple of 7) added to it, and the result is also in the solution set. The arccot
function (returning the principal value for the inverse) branch cuts at {1-y | y € R and |y| < 1}.
Thus arccotyp) (0 +1- y) # arccote(p)((—0) +i- y) when |y| <1 or y = —0.

5.3.2.12 Radian arc secant

The arcsecp_.(r) operation:
arcsecp_o(py : F — ¢(F'U{—0}) U {underflow, infinitary }
arcsecp_o(py(v) = arcsecp(x) +i- mulp(signump(z), —0)
if (zx € Fand |z| > 1) or z € {—00,+00}
= 0+i- negp(arcsechp(x))
if(xe Fand -1<z<0)orz=-0
= downp(m) +1- arcsechp(negr(x))
fzeFand0<z<1
= no_resultp_,q(p)(z) otherwise

The arcsecypy_(r) operation:
arcseci(py—c(r) : i(F) — ¢(F) U {underflow, infinitary }
arcseci(py—e(r) (i y)
= downp(m/2) +1- arccschr(y)
if (y € F and y <0) or y € {—00,—0}
= upp(n/2) +1- arccschr(y)
if (y € Fand y > 0) or y = 400
= no_resulty p)_c(r) (i y) otherwise
The arcsecz( P approximation helper function:
arcsec’C‘(F) :Crp—C
arcsec:( P (z) returns a close approximation to arcsec(z) in C with maximum error maz_error_tang gy.

Further requirements on the arcsecz( P approximation helper function are:
arcsecy (conj(z)) = Conj(arcseci(F)(z)) if z € Cr and (Jm(z) # 0 or |Re(z)| > 1

The relationship to the arcsec}., arcsechy,, and arccschy, approximation helper functions for
arcsecr and arcsechp operations in an associated library for real-valued operations shall be:

arcsecy p (x) = arcsecy(x) ifxe Fand|z| >1

arcsecy (x) = —1- arcsech},(x) ifre Fand|z]<1land x#0

arcsecy p (i-y)=7/24+71-arceschy(y) ifyeF
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The requirements implied by these relationships and the requirements from part 2 shall hold even
if there are no arcsecp, arcsechp, or arccschp operations in any associated library for real-valued
operations or there is no associated library for real-valued operations.

The arcsecjz

range limitation helper function:

F)
arcsecﬁF) (z) = min{%e(arcseci(m(z)), dounp(m/2)} +1- Jm(arcsec:(F)(z))
if Re(2) >0
= max{upp(m7/2), min{i}{e(arcsec:(F)(z)), downp(m)}} +1- Jm(arcsec’c‘(F)(z))
if Re(z) <0

The arcsec.(py operation:

arcsece(py : ¢(F) — ¢(F) U {underflow, infinitary}

arcsece(py (T +1- y)
= result? p (arcsecﬁF) (x +1-y),nearestr)
ifx,y € Fand (x#0ory#0)
= infinitary (down(m/2) +i- (4+00))
ify=0and =0
= arcsece(py (0 +i- negr(y))
ifx=-0
= conjo(py(arcsecepy(z +i-0))
if y=—0 and x # -0
= mulp(signump(x), downp(mw/2)) +1- mulp(signump(y), 0)
if (x € {—00,4+00} and y € F'U {—00,+00}) or
(y € {—00,400} and = € F)
= no_result,p) (v +i-y) otherwise
NOTE - The inverse of sec is multi-valued, the real part may have any integer multiple
of 2 - m added to it, and the result is also in the solution set. The arcsec function (re-

turning the principal value for the inverse) branch cuts at {z | z € R and |z| < 1}. Thus
arcsece(py(x +i- 0) # arcsecepy(x +1- (—0)) when |z| < 1 or z = —0.

5.3.2.13 Radian arc cosecant

The arcescp_q () operation:
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arcescp_ory ¢ F' — ¢(F'U{=0}) U {underflow, infinitary}

arcescp_e(ry(z) = arcesep(x) +1- mulp(signump (), 0)
if (x € Fand x| > 1) or z € {—00,+00}
= upp(—m/2) +1- negp(arcsechp(negr(x)))
if(xe Fand -1<x<0)orxz=-0
= downp(m/2) +i- arcsechp(x)
fzeFand0<z<1
= no_resultp_.(r) () otherwise

The arccscipy operation:

arcescipy : i(F) — i(F) U {underflow, infinitary }

arcescipy(i+y) = 1~ arceschp(negr(y))

The arccsc:( F) approximation helper function:
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arccsc:(F) :Cp—C
arccsc:( P (z) returns a close approximation to arccsc(z) in C with maximum error max_error_tang g.
Further requirements on the arccsc:( F) approximation helper function are:
arccsc:(F)(conj(z)) = conj(arccsc:(F)(z)) if z € Cp and (Jm(z) # 0 or |Re(z)| = 0)
arccscz(F)(—z) = —arccscz(F)(z) if z € Cp and (Jm(z) # 0 or |Re(z)| = 0)

The relationship to the arccscy, arccsch},, and arcsecy. approximation helper functions for
arccscp and arccschp operations in an associated library for real-valued operations shall be:

arcescy (x) = arcescy(x) if x e Fand|z] >1
arcescy p) (x) =7/2 41 arcsecy(x) if z € Fand |z| <1
arcescy (i-y) =1-arceschy;(—y) ifyeF

The requirements implied by these relationships and the requirements from part 2 shall hold even
if there are no arccscr, arccschp, or arcsecp operations in any associated library for real-valued
operations or there is no associated library for real-valued operations.

The arccscfﬁ

arccscsz)(z) = max{upp(—m/2), min{%e(arccscz(m(z)), downp(m/2)}} +1- Jm(arccsc:(F)(z))

) range limitation helper function:

The arccscyry operation:
arcesce(py : ¢(F') — ¢(F U {—0}) U {underflow, infinitary}

arcescypy(z +i- y)
= result:(F)(arccscfEF) (x +1-y),nearestr)
ifr,ye Fand (y#0or0<|z|<1)
= arccscp(x) 4+1- (—=0) ifx € Fand y=0and |z| > 1
= infinitary (0 +1- (—00))
ifr=0and y=0
— neger (arcescop)(0 + negr(y))
ife=-0
= conjo(py(arcescery(w +1-0))
ify=—0and z # -0
= mulp(signump(z),0) +i- mulp(signump(y), —0)
if (x € {—00,4+00} and y € F'U{—00,+00}) or
y € {—00,4+00} and z € F
= no_result,p)(z +1-y) otherwise
NOTE - The inverse of csc is multi-valued, the real part may have any integer multiple
of 2 -7 added to it, and the result is also in the solution set. The arccsc function (re-

turning the principal value for the inverse) branch cuts at {z | z € R and |z| < 1}. Thus
arcesce(py(x +1- 0) # arcesce(py(x +1- (—0)) when |z| < 1 or z = —0.

5.3.3 Operations for hyperbolic elementary functions

Note that the correspondences specified below to other ISO/TEC 10967 operations are exact, not
approximate.
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5.3.3.1 Hyperbolic normalisation

radhp : FF — F

radhp(z) =z

radh; gy : i(F) — i(F') U {underflow, absolute _precision_underflow }

radhypy(i-y)  =1radp(y)

radhepy : ¢(F') — c(F) U {underflow, absolute precision underflow}

radhC(F) (.%' +i. y)
=z 41 radr(y)

5.3.3.2 Hyperbolic sine

The sinhj ) operation:
sinhipy : i(F) — i(F') U {underflow, absolute_precision_underflow}
sinhypy(iry) =1 sinp(y)
The sinhery operation:
sinhe(py : ¢(F) — c¢(F) U {underflow, overflow, absolute_precision underflow}

sinhe gy (z +1- y)
= itimesc(p)(sine ) (y +1- negr(x)))

5.3.3.3 Hyperbolic cosine

The cosh;r) operation:
coshypy : i(F') — F'U {underflow, absolute precision underflow}
coshypy(i-y) = cosr(y)
The cosh(ry operation:
coshe(py i ¢(F) — ¢(F) U {underflow, overflow, absolute_precision underflow }

coshe(p) (x+i-y)
= cosq(p)(y +1- negr(x))

5.3.3.4 Hyperbolic tangent

The tanh;py operation:
tanhipy : i(F) — i(F') U {underflow, overflow, absolute precision underflow}
tanhipy (@ y) =1 tang(y)
The tanh ) operation:
tanhepy : ¢(F) — c(F) U {underflow, overflow, absolute_precision_underflow}

tanhe(p) (z4+1-y)
= Z'ti"nesc(F) (tanc(F) (y +1- negr (l')))
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5.3.3.5 Hyperbolic cotangent

The coth; )y operation:
cothypy : i(F') — i(F') U {underflow, overflow, infinitary, absolute_precision underflow}
cothyp(1-y) =1 cotp(negp(y))
The cothepy operation:
cothepy : ¢(F) — c(F) U {underflow, overflow, infinitary, absolute_precision underflow}

cothe gy (T +1- y)
= itimesc(p)(cotc(p) (negr(y) +1- x))

5.3.3.6 Hyperbolic secant

The sech;r) operation:
sechypy : i(F) — F'U {overflow, absolute _precision_underflow}
sechypy(l-y) = secp(negr(y))
The sechpy operation:
sechy(py : ¢(F) — ¢(F) U {underflow, overflow, absolute precision underflow}

sechq(py(z +1- )
= secqr)(negp(y) +i- 2)

5.3.3.7 Hyperbolic cosecant

The cschyr) operation:
cschypy : i(F) — i(F) U {overflow, infinitary, absolute_precision_underflow }
cschi(r (i y) =1 cscp(negr(y))
The csche(ry operation:
cschepy @ ¢(F) — ¢(F) U {underflow, overflow, infinitary, absolute precision underflow}

csche(py (@ +i-y)
= itimesq(ry(csco(p)(negr(y) +i- )

5.3.3.8 Inverse hyperbolic sine

The arcsinh; )y operation:
arcsinhipy : 1(F) — i(F) U {invalid}
arcsinhipy(1-y) = - arcsing(y)
The arcsinh;py_.r) operation:
aresinhypy_ory  1(F) — c(F)
aresinhypy_qry 1+ y)
= itimesi(p)(arcsinp_,c(p) (v))

The arcsinhg ) operation:
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arcsinhepy : ¢(F) — ¢(F) U {underflow}
arcsinhepy(z +i-y)

= itimes(p)(arcsing gy (y +1- negr(z)))
NOTE - The inverse of sinh is multi-valued, the imaginary part may have any integer
multiple of 2 - 7 added to it, and the result is also in the solution set. The arcsinh function
(returning the principal value for the inverse) branch cuts at {i-y | y € R and |y| > 1}. Thus
arcsinhepy (0 +i- y) # arcsinhepy(—0 +1- y) when |y > 1.

5.3.3.9 Inverse hyperbolic cosine

The arccoshp_.(r) operation:
arccoshp_(p) : F' — c(F U {-0})
arccoshp_q(p) ()

= itimes(p)(arccosp_q(r)(T))
if (x € Fand x < 0) or x € {—o00,—0}

= nege(r) (itimescpy(arccosp_qr)(z)))
otherwise
The arccoshi p)_(r) operation:
arccoshi(py—e(ry * I(F) — c(F)
arccoshi(r)—(r) (i)

= itimes.(p)(arccosi py—qr) (i y))
if (y e Fand y>0) or y =400

= nege(r)(itimese gy (arccosypy—cr) (i v)))
otherwise
The arccosh(r) operation:
arccoshqpy : ¢(F) — ¢(F)
arccoshqpy(z +i- y)
= itimes.(p)(arccosypy(z +i- y))
if (y e Fandy>0) or y =400

= nege(rp) (itimesqp)(arccosqpy (v +1- y)))
otherwise

NOTE - The inverse of cosh is multi-valued, the imaginary part may have any integer
multiple of 2 - 7 added to it, and the result is also in the solution set. The arccosh function
(returning the principal value for the inverse) branch cuts at {z | * € R and « < 1}. Thus
arccoshe(py(x +1- 0) # arccoshe(py(x +1- (—0)) when z < 1 or = —0.

5.3.3.10 Inverse hyperbolic tangent

The arctanhp_,(r) operation:
arctanhp_qp) : ' — ¢(F U {-0}) U {underflow, infinitary}
arctanhp_q(p) ()
= i+ arctan; py_c(r) (1 negr(z))
The arctanh;r) operation:

arctanh; gy : i(F) — i(F)
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arctanh; g (i- y) = 1- arctanp (y)
The arctanh ) operation:
arctanhepy : ¢(F) — c¢(F) U {underflow, infinitary }
arctanhepy(z +1- y)
= itimes.(p)(arctane g (y +1- negr(r)))

NOTE - The inverse of tanh is multi-valued, the imaginary part may have any integer
multiple of 2 - 7w (even any integer multiple of 7) added to it, and the result is also in the
solution set. The arctanh function (returning the principal value for the inverse) branch cuts
at {z | x € R and |z| > 1}. Thus arctanhe py(z+i-0) # arctanhe py(z+i-(—0)) when |z] > 1.

5.3.3.11 Inverse hyperbolic cotangent

The arccothp_.(r) operation:
arccothp_qp) : F' — ¢(F U {-0}) U {underflow, infinitary }
arccothp_q(r) ()
= i~ arccoty(py—o(r) (1 7)
The arccothiry operation:
arccothi gy  i(F) — i(F) U {underflow}
arccoth; g (i- y) = 1- arccotp(negr(y))
The arccothry operation:
arccothepy : ¢(F) — c¢(F) U {underflow, infinitary }
arccothepy(z +i- y)
= itimes(py(arccotypy(negr(y) +i- x))

NOTE - The inverse of coth is multi-valued, the imaginary part may have any integer
multiple of 2 - 7 (even any integer multiple of 7) added to it, and the result is also in the
solution set. The arccoth function (returning the principal value for the inverse) branch cuts
at {z | x € R and |z| < 1}. Thus arccothe py(z +i- 0) # arccothepy(z +i- (=0)) when |z] < 1
or x = —0.

5.3.3.12 Inverse hyperbolic secant

The arcsechp_.(r) operation:
arcsechp_opy : ' — ¢(F'U{—=0}) U {underflow, infinitary}
arcsechp_.q(p) ()

= itimes.(p)(arcsecp_q(r)(z))
if (x € F and x < 0) or x € {—00,—0}

= nege(r)(itimes. g (arcsecp_qo(r)()))
otherwise

The arcsechip)_..(r) operation:

arcsechi(py_q(r) : i(F) — ¢(F) U {underflow, infinitary}

5.3.83 Operations for hyperbolic elementary functions
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arcsechi(py—o(r) (i y)
= itimes(p(arcseci(p)—cr)(1- y))
if (y e Fand y>0) or y =400

= nege(r)(itimese gy (arcsecipy—qry (1 y)))
otherwise

The arcsech(r) operation:
arcsechepy : ¢(F) — ¢(F) U {underflow, infinitary }
arcseche py(z +i- y)
= itimes(p(arcsece gy (r +1- y))
if (y e Fand y > 0) or y =400

= nege(r) (itimesq gy (arcsecqpy(z +1- y)))
otherwise

NOTE — The inverse of sech is multi-valued, the imaginary part may have any integer multiple
of 2- 7 added to it, and the result is also in the solution set. The arcsech function (returning
the principal value for the inverse) branch cuts at {x | + € R and x < 0 or > 1}. Thus
arcsechepy(x +1- 0) # arcseche(py(z +i- (=0)) when z <O or x = -0 or z > 1.

5.3.3.13 Inverse hyperbolic cosecant

The arccsch;py operation:

arceschypy : i(F) — i(F) U {underflow, invalid }
arceschy gy (i+y) = i arcescr(negr (y))

The arccschipy—(r) operation:
arceschipy_o(r) + 1I(F) — ¢(F) U {underflow, infinitary}
arceschipy_e(r) (i y)

= itimes(p(arcescp_q(ry(y))

The arccesche(ry operation:

arceschy(py @ ¢(F) — ¢(F) U {underflow, infinitary }

arcesche gy (x +1-y)
= itimes.p)(arcescypy(negr(y) +i- x))

NOTE - The inverse of csch is multi-valued, the imaginary part may have any integer
multiple of 2 - 7 added to it, and the result is also in the solution set. The arccsch function
(returning the principal value for the inverse) branch cuts at {i-y | y € R and |y| < 1}. Thus
arccsche(py (0 +1-y) # arccschepy(—0+1-y) when |y| < 1 or y = —0.

5.4 Operations for conversion between imaginary and complex numeric datatypes
5.4.1 Integer to complex integer conversions

Let I and I’ be the non-special value sets for two integer datatypes, at least one of which of those
occurring in each operation’s signature expression conforms to part 1.

convertr oy : I — c(I)
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convertr_p ()

=x+i-0

convertypy_e(r) : (1) — c(I)

~—

convertyny_q(r)(1-y

o

+i-y

converty iy : i(1) — i(I') U {overflow}

converty i) (1 y)
= 1. convert;_(y)

convertery—erry : ¢(I) — c¢(I") U {overflow}

converty ey (z +i- y)
= convertr_,p(x) +1- convertr_,p(y)

5.4.2 Floating point to complex floating point conversions

Let F' and F’ be the non-special value sets for two floating point datatypes, at least one of which
of those occurring in each operation’s signature expression conforms to part 1. Let D be the
non-special value set for a fixed point datatype (see clause 5.4.5 in part 2).

The convertp_..r) operation:
convertp_qy : ' — ¢(F U{-0})

convertp_qpy()
=z 4+i-imp(x) if x € FU{—00,—0,+00}
= no_result p_o(py(z) otherwise

The convert; py_(r) operation:
convertypy_e(p) : i(F) — ¢(FU{-0})

convert;(py—q(r) (i y)
= reyp) (1 y) +iry if y € FU{—00,-0,+o00}
= no_result; py_(r)(1- y) otherwise

The convert; gy operation:
converty py_ipry : i(F) — i(F') U {underflow, overflow }

converti py_ir (1+ y)
= 1 convertp_p/ (y)

The convert.p)_..(r) operation:
converty(py—e(r) : ¢(F) — ¢(F') U {underflow, overflow }

converty p)—c(rr) (T +1-y)
= convertp_ pr(x) +1- convertp_, g (y)
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The convert;py_;p) operation:
convertypy_i(p) : i(F) — i(D) U {overflow }

converty gy _ip)y(1- y)
= 1. convertp_,p(y)

The convert.p_(p) operation:
convertypy_q(p) : ¢(F) — ¢(D) U {overflow }

convertyp)—q(p) (T +i- y)
= convertp_,p(x) +1- convertp_,p(y)

The convert;p)_ir) operation:
converty py_ir) : (D) — i(F) U {underflow, overflow }

convert; py—ir)(i+ y)
= 1. convertp_r(y)

The convert,py_.r) operation:
converty py—e(r) : ¢(D) — c¢(F) U {underflow, overflow}

converty py—e(r) (T +i- y)
= convertp_.p(x) +1- convertp_r(y)

5.5 Support for imaginary and complex numerals

Rather than specifying special numerals for imaginary and complex values, imaginary units are
specified in this part of ISO/IEC 10967. These imaginary and complex units can be used as a
basis for expressions that transform ordinary numerals to imaginary or complex numerals. Many
programming languages also specify special numeral forms for imaginary or complex numerals,
either for the programming language syntax or for input/output formats. These can be expressed
using the units specified here.

The imaginary and complex unit operations are as follows:

imaginary-unity )
=11

imaginary-unitp
=0+4i-1

imaginary-unit; g
=11

imaginary-unit. g
= (=0)+4i-1
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6 Notification

Notification is the process by which a user or program is informed that an arithmetic operation
cannot return a suitable numeric result. Specifically, a notification shall occur when any arith-
metic operation returns an exceptional value. Notification shall be performed according to the
requirements of clause 6 of part 1.

An implementation shall not give notifications for operations conforming to this part, unless
the specification requires that an exceptional value results for the given arguments.

The default method of notification should be recording of indicators.

6.1 Continuation values

If notifications are handled by a recording of indicators, in the event of notification the imple-
mentation shall provide a continuation value to be used in subsequent arithmetic operations.
Continuation values may be in I, i(I), ¢(I), F, i(F') or ¢(F) (as appropriate), or be special values
(where the real or imaginary component is —0, —oo, 400, or a qINalN).

Floating point datatypes that satisfy the requirements of IEC 60559 have special values in
addition to the values in F. These are: —0, +00, —00, signaling NaNs (sNaN), and quiet
NaNs (qNalN). Such values may be components of complex floating point datatypes, and may
be included in values passed as arguments to operations, and used in results or continuation values.
Floating point types that do not fully conform to IEC 60559 can also have values corresponding
to —0, +00, —o0, or NalN.

7 Relationship with language standards

A computing system often provides some of the operations specified in this part within the context
of a programming language. The requirements of the present standard shall be in addition to those
imposed by the relevant programming language standards.

This part does not define the syntax of arithmetic expressions. However, programmers need to
know how to reliably access the operations specified in this part.
NOTE 1 — Providing the information required in this clause is properly the responsibility of

programming language standards. An individual implementation would only need to provide
details if it could not cite an appropriate clause of the language or binding standard.

An implementation shall document the notation that should be used to invoke an operation or
access a parameter specified in this part and made available. An implementation should document
the notation that should be used to invoke an operation or access a parameter specified in this
part and that could be made available.

NOTE 2 — For example, the complex radian arc sine operation for an argument x (arcsin.g)(z))
might be invoked as

arcsin(z) in Ada [7]

casin(x) in C [13]

asin(z) in Fortran [I§] and C++ [14]
(asin x) in Common Lisp [38]

with a suitable expression of the argument ().
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An implementation shall document the semantics of arithmetic expressions in terms of compo-
sitions of the operations specified in clause [5] of this part and in clause 5 of part 1 and clause 5 of
part 2.

Compilers often “optimize” code as part of compilation. Thus, an arithmetic expression might
not be executed as written. An implementation shall document the possible transformations of
arithmetic expressions (or groups of expressions) that it permits. Typical transformations include:

a) Insertion of operations, such as datatype conversions or changes in precision.

b) Replacing operations (or entire subexpressions) with others, such as “cos(-x)” — “cos(x)”
(exactly the same result) or “pi - arccos(x)” — “arccos(-x)” (more accurate result).

c¢) Evaluating constant subexpressions.

d) Eliminating unneeded subexpressions.

Only transformations which alter the semantics of an expression (the values produced, and the
notifications generated) need be documented. Only the range of permitted transformations need
be documented. It is not necessary to describe the specific choice of transformations that will be
applied to a particular expression.

The textual scope of such transformations shall be documented, and any mechanisms that
provide programmer control over this process should be documented as well.

8 Documentation requirements

In order to conform to this part, an implementation shall include documentation providing the
following information to programmers.
NOTE 1 — Much of the documentation required in this clause is properly the responsibility of

programming language or binding standards. An individual implementation would only need
to provide details if it could not cite an appropriate clause of the language or binding standard.

a) A list of the provided operations that conform to this part.

b) For each box error mode parameter, the value of that parameter. Only box error mode
parameters that are relevant to the provided operations need be given.

¢) For each maximum error parameter, the value of that parameter or definition of that param-
eter function. Only maximum error parameters that are relevant to the provided operations
need be given.

d) The value of the parameters big_angle_rr and big_angle_up. Only big angle parameters that
are relevant to the provided operations need be given.

e) For the nearestp function, the rule used for rounding halfway cases, unless iec_559 is fixed
to true.

f) For each conforming operation, the continuation value provided for each notification condi-
tion. Specific continuation values that are required by this part need not be documented. If
the notification mechanism does not make use of continuation values (see clause [6]), contin-
uation values need not be documented.

NOTE 2 — Implementations that do not provide infinities or NaNs will have to document
any continuation values used in place of such values.

70 Documentation requirements



Working draft ISO/IEC CD 10967-3.2:2004(E)

For each conforming operation, how the results depend on the rounding mode, if rounding
modes are provided. Operations may be insensitive to the rounding mode, or sensitive to it,
but even then need not heed the rounding mode.

For each conforming operation, the notation to be used for invoking that operation.
For each box error mode parameter, the notation to be used to access that parameter.
For each maximum error parameter, the notation to be used to access that parameter.
The notation to be used to access the parameters big_angle_rr and big_angle up.

For each of the provided operations where this part specifies a relation to another operation
specified in this International Standard, the binding for that other operation.

For numerals conforming to this International Standard, which available string conversion
operations, including reading from input, give exactly the same conversion results, even if
the string syntaxes for ‘internal” and ‘external’ numerals are different.

Since the integer and floating point datatypes used in conforming operations shall satisfy the
requirements of part 1, the following information shall also be provided by any conforming imple-
mentation.

n)
o)

The means for selecting the modes of operation that ensure conformity.

The translation of arithmetic expressions into combinations of the operations provided by
any part of ISO/IEC 10967, including any use made of higher precision. (See clause 7 of
part 1.)

The methods used for notification, and the information made available about the notification.
(See clause 6 of part 1.)

The means for selecting among the notification methods, and the notification method used
in the absence of a user selection. (See clause 6.3 of part 1.)

When “recording of indicators” is the method of notification, the datatype used to represent
Ind (see clause 6.1.2 of part 1), the method for denoting the values of Ind, and the notation
for invoking each of the “indicator” operations. F is the set of notification indicators. The
association of values in Ind with subsets of £ must be clear. In interpreting clause 6.1.2 of
part 1, the set of indicators E shall be interpreted as including all exceptional values listed
in the signatures of conforming operations. In particular, £ may need to contain infinitary
and absolute_precision_underflow.
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Annex A
(normative)

Partial conformity

If an implementation of an operation fulfills all relevant requirements according to the main
normative text in this part, except the ones relaxed in this annex, the implementation of that
operation is said to partially conform to this part.

Conformity to this part shall not be claimed for operations that only fulfill partial conformity.

Partial conformity shall not be claimed for operations that relax other requirements than those
relaxed in this annex.

A.1 Maximum error relaxation

This part has the following maximum error requirements for conformity.

maz_error muly gy € [0.5, 5]
maz_error_divy gy € [0.5,13]

maz_error_expery € [0.5,7]
maz_error_poweryry € [0.5,15]

maz_error_sing gy € 0.5, 11]
maz_error tanyy € [0.5,14]

In a partially conforming implementation the maximum error parameters may be greater than
what is specified by this part. The maximum error parameter values given by an implementation
shall still adequately reflect the accuracy of the relevant operations, if a claim of partial conformity
is made.

A partially conforming implementation shall document which maximum error parameters have
greater values than specified by this part, and their values.

A.2 Extra accuracy requirements relaxation

This part has a number of extra accuracy requirements. These are detailed in the paragraphs
beginning “Further requirements on the op}. approximation helper function are:”.

In a partially conforming implementation these further requirements need not be fulfilled. The
values returned must still be within the maximum error bounds that are given by the maximum
error parameters, if a claim of partial conformity is made.

A partially conforming implementation shall document which extra accuracy requirements are
not fulfilled by the implementation.
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A.3 Relationships to other operations relaxation

This part has a number of requirements giving relations to other operations. These are detailed
in the paragraphs beginning with wordings like “Relationship to the op}. approximation helper
function for operations in an associated library shall be:”.

In a partially conforming implementation these relationships need not be fulfilled. The values
returned must still be within the maximum error bounds that are given by the values provided
for the maximum error parameters, if a claim of partial conformity is made.

A partially conforming implementation shall document which operation relationships are not
fulfilled by the implementation.

A.4 Part 1 and part 2 requirements relaxation

Part 3 depends on the datatypes and operations specified in part 1, as well as the operations (and
approximation helper functions) specified in part 2. Part 1 and part 2 allow for partial conformity.
Part 3 operations may thus be only partially conforming if a relevant datatype or operation is
only partially conforming to part 1 or part 2.
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Annex B
(informative)

Rationale

This annex explains and clarifies some of the ideas behind Information technology — Language
independent arithmetic — Part 3: Complex floating point arithmetic and complex elementary nu-
merical functions (LIA-3). The clause numbering matches that of the standard.

B.1 Scope
B.1.1 Inclusions

Integer complex datatypes are included in Common Lisp [38]. Integer complex numbers are
sometimes referred to as Gaussian numbers.

Imaginary datatypes are included in C99 (informatively; annex G of [13]) and in Ada (norma-
tively; annex G of [7]).

B.1.2 Exclusions

LIA-3 only covers Cartesian complex datatypes. Polar complex datatypes are not included since
no widely known programming language provides them. However, operations for conversion from
polar representation to Cartesian representation are included both in some programming languages
and in LIA-3.

Neither rational nor fixed point complex datatypes are covered by LIA-3 since (as yet) no
part of LIA cover rational or fixed point datatypes. (Note that Common Lisp includes complex
datatypes that have rational datatype values in the parts.)

B.2 Conformity

Conformity to this standard is dependent on the existence of language binding standards. Each
programming language committee (or other organisation responsible for a programming language
or other specification to which LIA-1, LIA-2, and LIA-3 may apply) is encouraged to produce
a binding covering at least those operations already required by the programming language (or
similar) and also specified in LIA-3.

The term “programming language” is here used in a generalised sense to include other comput-
ing entities such as calculators, spread sheets, page description languages, web-script languages,
and database query languages to the extent that they provide the operations covered by LIA-3.

Suggestions for bindings are provided in Annex [C| Annex [C] has partial binding examples
for a number of existing programming languages and LIA-3. In addition to the bindings for the
operations in LIA-3, it is also necessary to provide bindings for the maximum error parameters
specified by LIA-3. Annex [C|contains suggestions for these bindings. To conform to this standard,
in the absence of a binding standard, an implementation should create a binding, following the
suggestions in annex [C
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B.3 Normative references

The referenced IEC 60559 standard is identical to the IEEE 754 standard and the former IEC 559
standard.

B.4 Symbols and definitions
B.4.1 Symbols
B.4.1.1 Sets and intervals

The interval notation is in common use. It has been chosen over the other commonly used interval
notation because the chosen notation has no risk of confusion with the pair notation.

B.4.1.2 Operators and relations

Note that all operators, relations, and other mathematical notation used in LIA-3 is used in their
conventional exact mathematical sense. They are not used to stand for operations specified by
IEC 60559, LIA-1, LTA-2, LIA-3, or, with the exception of program excerpts which are clearly
marked, any programming language. E.g. x/u stands for the mathematically exact result of
dividing x by u, whether that value is representable in any floating point datatype or not, and
x/u # divp(x,u) is often the case. Likewise, = is the mathematical equality, not the eqr operation:
0 # —0, while egr(0,—0) = true.

For mathematical complex values, conventional notation with 4+ and - is used. For the imagi-
nary unit, the symbol 1 is used.

It is important to distinguish this mathematical notation for values in C and the notation used
to express values in ¢(X) or i(X). For ¢(X) the binary operator +i- is used. Its only function is
to create a pair of values corresponding to a value in C. Similarly, for i(X), the unary operator i
is used. It creates a 1-tuple corresponding to a value in C where the real part is 0.

B.4.1.3 Mathematical functions

The elementary functions named sin, cos, etc., used in LIA-3 are the exact mathematical functions,
not any approximation. The approximations to these mathematical functions are introduced
in clauses [5.3] and and are written in a way clearly distinct from the exact mathematical
functions. E.g., sz‘nz( F) cos:( F) etc., which are unspecified mathematical functions approximating
the targeted exact mathematical functions to a specified degree; sin r), coser), etc., which are
the operations specified by LIA-3 based on the respective approximating function; sin, cos, etc.,
which are programming language names bound to LIA-3 operations. sin is thus very different
from sin.

B.4.1.4 Exceptional values
B.4.1.5 Datatypes and special values

LIA-3 uses the same set of exceptional values as LIA-2.
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LIA allows for three methods for handing notifications: recording of indicators, change of
control flow (returnable or not), and termination of program. The preferred method is recording of
indicators. This allows the computation to continue using the continuation values. For underflow
and infinitary notifications this course of action is strongly preferred, provided that a suitable
continuation value can be represented in the result datatype.

Not all occurrences of the same exceptional value need be handled the same. There may be
explicit mode changes in how notifications are handled, and there may be implicit changes. E.g.,
invalid without a specified (by LIA-3 or binding) continuation value to cause change of control
flow (like an Ada [7] exception), while invalid with a specified continuation value use recording
of indicators. This should be specified by bindings or by implementations.

The operations may return any of the exceptional values overflow, underflow, invalid,
infinitary, or absolute_precision_underflow. This does not imply that the implemented op-
erations are to actually return any of these values. When these values are returned according to
the LIA specification, that means that the implementation is to perform a notification handling
for that exceptional value. If the notification handling is by recording of indicators, then what is
actually returned by the implemented operation is the continuation value.

B.4.1.6 Complex value constructors and complex datatype constructors

For integer and floating point datatypes, the set of non-special values are subsets of Z and R
respectively (LIA-1). However, if we do the parallel here, defining the set of non-special values
as subsets of G and C, the handling of special values becomes awkward. The latter would need a
pair representation for the full complex case. Instead, we use a pair representation for all complex
values. In addition, we then also get and easy notational difference between imaginary and full
complex datatypes. Unfortunately, we also get a distinction between this pair formation, and the
arithmetic expression resulting in a complex value in G or C. This distinction has to be carefully
maintained in the specifications in the rest of the document.

B.4.2 Definitions of terms

Note the LIA distinction between exceptional values, exceptions, and exception handling (hand-
ling of notification by non-returnable change of control flow; as in e.g. Ada). LIA exceptional
values are not the same as Ada exceptions, nor are they the same as IEC 60559 special values.

B.5 Specifications for the imaginary and complex datatypes and operations
B.5.1 Imaginary and complex integer datatypes and operations

Of the programming languages covered in annex [C| only Common Lisp has support for complex
integers, but not imaginary integers as separate from complex integers.

Since LIA-3 distinguishes between complex and imaginary floating point, that same distinction
is also made for the integer case.

“Real” integers and imaginary integers can be compared for order, while complex integers only
can be compared for equality or inequality.

The rej operation is specified for completeness. It is the identity function on integers. Likewise
is the imj operation specified for completeness. It always returns zero. Note, however, that the
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¢

imaginary part of a “real” floating point value is not the same for all arguments, even though
it is always a zero. Similarly, imj; could return signed zero as imp does, if the integer datatype
supports signed zero. This is, however, rare, so is not specified explicitly by LIA-3. Also the conjr
and conjy) operations are specified for completeness.

The binary operations, except comparisons for order, allow for combining “real” integer, imag-
inary integer and complex integer of the same base integer datatype. Bindings may generalise
this to also allow different base integer datatypes, converting the smaller ones to the largest one
occurring as arguments to the operation.

stgnumy is specified in this part of LIA, since the sign; operation specified in the first edition
of LIA-1 is not consistent with the signump operation, also specified in this part. The sign; and
stgnr of the first edition of LIA-1 return zero for a zero argument. This is not consistent with
the branch cuts specified for elementary operations in this part. For signum; and signump the
branch cut view is used, and they only return —1 or 1, never zero (of any sign).

There is no signume ) operation. The mathematical function would normalise the value to
the unit circle. But since only four values in c¢(I) is on, or even close, to the unit circle, the
approximation for returning a c(I) value is too great. If one wants to compute an approximation
to the signum of a c(I) value, first convert the value to c¢(F'), and then compute signum gy of
that value.

divides,(ry is the operation version of the divides relation specified in clause

Max and min operations are defined only for imaginary integer values, since complex integers
are not ordered in mathematics. A lexicographic order is easy to define, but that is another kind
of ordering that is out of scope for LIA.

B.5.2 Imaginary and complex floating point datatypes and operations

F must be a subset of R. Floating point datatypes can have infinity values as well as NaN values,
and also may have a —0. These values are not in F. The special values are, however, commonly
available in floating point datatypes today, thanks to the wide adoption of IEC 60599.

Note that for some operations the exceptional value invalid is produced only for argument
values involving —0, 400, —o0, or sNalN. For these operations the signature given in LIA-3 does
not contain invalid.

The report Floating-Point C Extensions [53], issued by the ANSI X3J11 committee, discusses
possible ways of exploiting the IEC 60559 special values. The report identifies some of its sug-
gestions as controversial and cites Branch Cuts for Complex Elementary Functions, or Much
Ado about Nothing’s Sign Bit 48] as justification. The report Complex Floating-Point C Exten-
sions [54], also issued by the ANSI X3J11 committee, extends these recommendations to imaginary
and complex datatypes. These reports have strongly influenced the C99 [I3] programming lan-
guage.

The implicit zero imaginary part of a value in F' and the implicit zero real part of a value
in i(F') is a very strong zero, here written 00. Note that 00 is not represented in the datatype
corresponding to F', nor in i(F') or ¢(F'), not even as a component. 00 is strong in the sense that
00 overtrumps NaN and infinity values, which neither 0 nor —0 does. L.e. the implicit zeroes (00)
work as if the rules of the following table applies (plus commutativity):
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mulr(0,4+00) = invalid(qNaNN) mulp(—0,+400) = invalid(gNaN) mulr(00,4+00) = 00
mulp(0,—o00) = invalid(qNalN) mulp(—0,—00) = invalid(gNaN) mulr(00, —oco) = 00
mulr(0,gNalN) = gNaN mulp(—0,qNaN) = gNaN mulp(00,gNalN) =
mulr(0,sNaN) = invalid(gNaN) | mulr(—0,sNaN) = invalid(qNaN) | mulr(00,sNaN)

00

=00

and further as if addr (00, z) = x, even for signalling NaNs. The basic idea here is that 00 is not
only mostly treated as exact even though it may be the result of an approximation (as other values
are handled), but that 00 really is exact, never the result of an approximation. Instead of repre-
senting 00 in any floating point datatype, which would necessitate new floating point datatypes,
several programming languages have chosen to use triplets of datatypes (corresponding to F, i(F')
and c(F'), but adding special values). LIA-3 adheres to this convention.

When the implicit 00 is made explicit, one has to choose between 0 and —0 (if the latter is
representable). In doing so, sign symmetry is observed by the specifications in LIA-3. This is done
in such a way that it is coherent with the sign symmetry of some trigonometric (and hyperbolic)
operations that accept values in F' (or i(F')) but return a value in c¢(F). This is in order to
maintain also the sign symmetry, even when —0 is not representable. This also adheres to the
sign symmetry conventions of Common Lisp and C99. Further, when negative zero (—0) is not
representable, a 0 as the real part or as the imaginary part of the argument is to be considered to
be —O0 consistently with the above.

Another approach would be not to regard implicit zeroes as 00, but as ordinary zero. This
renders the i(F') datatypes superfluous, and they are usually omitted in this approach. This
approach is both less efficient and looses information needlessly. In this approach one also uses
just one complex NaN, only one (unsigned) complex infinity, and only one (unsigned) complex 0.
Again this looses information needlessly, in particular if the infinities or zeroes are the result of
approximations. Again that speaks against this approach. In this approach one sometimes also
do not distinguish the signs of zero, forcing programmers to write expressions like max (posvalue,
FMIN) and min(negvalue, -FMIN), to avoid zero but (with error prone programming) nearly
mimic the signed zeroes. In this approach one does also not always follow conjugate symmetry
and sign symmetry rules when part of the argument is zero, which for this approach leads to
surprising changes of results when doing algebraic manipulations based on those rules. For the
reasons given here, this approach is not taken for LIA-3.

B.5.3 Elementary transcendental imaginary and complex floating point operations
B.5.3.1 Operations for exponentiations and logarithms

The LIA-3 exponentiation and inverse exponentiation operations that take imaginary or complex
arguments interpret the imaginary part (of the argument or result respectively) as in radians.
Operations that take an extra floating point argument, giving the non-radian cyclic unit, can be
made, paralleling such operations (for trigonometric operations) in LIA-2. Such operations are
not included in LIA-3, because no programming language require them.

B.5.3.2 Operations for radian trigonometric elementary functions

The LIA-3 trigonometric and inverse trigonometric operations that take imaginary or complex
arguments interpret the real part (of the argument or result respectively) as in radians. Operations
that take an extra floating point argument, giving the non-radian cyclic unit, can be made,
paralleling such operations in LIA-2. Such operations are not included in LIA-3, because no
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programming language require them (with the exception of phaseu and polaru which are required
by Ada).

B.5.3.2.1 Radian angle normalisation

The radian angle normalisation operations normalise the angle part (the real part) of the argument

to be within [downp(—), upp ()] (or, if the correction given in annex[E]is used: [upp(—m), downp(m)]).
While useful for programs where one wishes to keep angle information at a high accuracy, it is
not, and cannot be, sufficiently accurate for implementing the trigonometric operations specified in
LIA-3. A normalisation function that is almost sufficient for that is specified in LIA-2: azis_radp.
Some extra accuracy bits for the normalisation are still needed for implementing the trigonometric
operations with respect to sign and accuracy requirements. axis_radg is not generalised to the
complex case, since there is little or no convenience to be gained compared to using axis_radr
directly on the relevant part of a complex value.

B.5.3.2.2 Radian sine

The following equalities have been used to derive the LIA-3 requirements:
sin(—z) = —sin(z)
sin(conj(z)) = conj(sin(z))

sin(z+k-2-m) =sin(z) if k € Z

sin(z) = cos(mw/2 — z)

sin(x) = —1-sinh(i-z) =1-sinh(—1- )
sin(i-y) = —1-sinh(—y) =1- sinh(y)
sin(x +1-y) = —1-sinh(—y+1-2) =1-sinh(y —1- z)

sin(z +1-y) = sin(x) - cosh(y) +1- cos(x) - sinh(y)

B.5.3.2.3 Radian cosine

The following equalities have been used to derive the LIA-3 requirements:
cos(—z) = cos(z)
cos(conj(z)) = conj(cos(z))
cos(z+k-2-m)=cos(z)if ke Z
cos(z) = sin(m/2 — 2)

cos(z) = cosh(i- z) = cosh(—1- x)
cos(i-y) = cosh(y)
cos(x +1-y) =cosh(—y +1-2) =cosh(y —1-x)

cos(x +1-y) = cos(z) - cosh(y) —1-sin(x) - sinh(y)
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B.5.3.2.4 Radian tangent

The following equalities have been used to derive the LIA-3 requirements:
tan(—z) = — tan(z)
tan(conj(z)) = conj(tan(z))
tan(z + k-2 -m) =tan(z) if k € Z
tan(z) = cot(m/2 — 2)

—1-tanh(i-z) =1-tanh(—1- z)
i-y) = —1-tanh(—y) =1 tanh(y)
tan(x +1-y) = —1-tanh(—y +1-2) =1-tanh(y —1- )

tan(x)

B.5.3.2.5 Radian cotangent

The following equalities have been used to derive the LIA-3 requirements:

cot(—z) = —cot(z)

cot(conj(z)) = conj(cot(z))
cot(z+k-2-m) =coth(z) if ke Z
coth) tan(m/2 — 2)

cot(z) = 1/ tan(z)

B.5.3.2.6 Radian secant

The following equalities have been used to derive the LIA-3 requirements:
sec(—z) = sec(z)
sec(conj(z)) = conj(sec(z))
sec(z+k-2-7)=sec(z)if ke Z
sec(z) = csc(m/2 — 2)
(z) =1/ cos(z)

sec(x) = sech(i- x) = sech(—1- x)
1-y) = sech(—y) = sech(y)
sec(r +1-y) =sech(—y+1-2) =sech(y —1-x)

B.5.3.2.7 Radian cosecant

The following equalities have been used to derive the LIA-3 requirements:

csc(—z) = —csc(z)

csc(conj(z)) = conj(cse(z))
csc(z+k-2-m)=csc(z)if ke Z
csc(z) =sec(i- /2 — 2)

csc(z) = 1/sin(z)
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= —1-csch(—1- )
i-y) =1-csch(—y) = —1- csch(y)
csc(x+1-y)=1-csch(—y+1-2) = —1-csch(y —1-x)

B.5.3.2.8 Radian arc sine

The following equalities have been used to derive the LTA-3 requirements:

arcsin(—z) = — arcsin(z)

arcsin(z) = m/2 — arccos(z)

arcsin(conj(z)) = conj(arcsin(z)) if IJm(z) # 0 or |Re(z)| < 1
Aresin(x +1-y) = —1- Arcsinh(—y +1-x) =1- Aresinh(y —1- x)

B.5.3.2.9 Radian arc cosine

The following equalities have been used to derive the LIA-3 requirements:

arccos(—z) =1- 7 — arccos(z)

arccos(conj(z)) = conj(arccos(z)) if IJm(z) # 0 or |Re(z)| < 1
arccos(z) = m/2 — arcsin(z)

Arccos(x +1-y) = +1- Arccosh(x +1-y)

B.5.3.2.10 Radian arc tangent

The following equalities have been used to derive the LTA-3 requirements:

arctan(—z) = — arctan(z)

arctan(conj(z)) = conj(arctan(z)) if Re(z) # 0 or |IJm(z)| < 1
arctan(z) = +m/2 — arccot(z)

Arctan(x +1-y) = —1- Arctanh(—y +1-z) =1- Arctanh(y —1- )

B.5.3.2.11 Radian arc cotangent

The following equalities have been used to derive the LIA-3 requirements:

arccot(—z) = —arccot(z)

arccot(conj(z)) = conj(arccot(z)) if Re(z) # 0 or |Im(z)| > 1
arccot(z) = +m/2 — arctan(z)

Arccot(x +1-y) =1- Arccoth(—y +1- x)

arccot(z) = arctan(1/z)

B.5.3.2.12 Radian arc secant

The following equalities have been used to derive the LIA-3 requirements:
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arcsec(—z) = 7 — arcsec(z)
arcsec(conj(z)) = conj(arcsec(z)) if IJm(z) # 0 or |Re(z)| > 1
arcsec(z) = 7/2 — arcesc(z)
Arcsec(x +1-y) = £1- Arcsech(z +1-y)
(2) = ar

arcsec(z rccos(1/z)

B.5.3.2.13 Radian arc cosecant

The following equalities have been used to derive the LIA-3 requirements:

arcesc(—z) = —arcesc(z)

arccsc(conj(z)) = conj(arcesc(z)) if Jm(z) # 0 or [Re(z)| > 1
arcesc(z) = 7/2 — arcsec(z)

Arcese(x +1-y) =1+ Arcesch(—y +1- )

arccsc(z) = arcsin(1/z)

B.5.3.3 Operations for hyperbolic elementary functions

The operations for hyperbolic elementary functions are all defined directly in terms of “turned”
imaginary and complex trigonometric operations of a “turned” argument. Their specifications are
therefore rather short. It’s done this way for several reasons:

a) The hyperbolic operations are less commonly used than the trigonometric ones.

b) The connections with the corresponding trigonometric operations are exact rather than
approximate.

¢) The hyperbolic functions have some ‘irregularities’ (expressed as conditionals in the specifi-
cations for the inverse hyperbolic operations for arccosh and arcsech) that the trigonometric
operations don’t have. It is therefore slightly easier to specify the hyperbolic operations in
terms of the trigonometric ones rather than the other way around.

d) C99 also specifies exact correspondences between the complex hyperbolic operations and the
complex trigonometric operations (though the other way around, and skipping the “irregu-
lar” operations, compared to the specification in LIA-3).

The LIA-3 hyperbolic and inverse hyperbolic operations that take imaginary or complex ar-
guments interpret the imaginary part (of the argument or result respectively) as in radians. Op-
erations that take an extra floating point argument, giving the non-radian cyclic unit, can be
made, paralleling such operations (for trigonometric operations) in LIA-2. Such operations are
not included in LIA-3, because no programming language require them.

B.5.3.3.1 Hyperbolic normalisation
B.5.3.3.2 Hyperbolic sine

Of the following equalities, only the relationship to the corresponding trigonometric function is
used in deriving the LIA-3 specification.
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sinh(—z) = — sinh(z)
sinh conJ( ) = CODJ(Slnh( )

(—
(

sinh(z +k-2.m)=sinh(z) ifke Z
(

sinh(z) = (1 /2= 2)

sinh(z) = —1-sin(i-z) =1-sin(—1- )

sinh(i-y) = —1-sin(—y) =1- sin(y)

sinh(z +1-y) = —1-sin(—y+1-z) =1-sin(y —1- )

sinh(z +1-y) = sinh(z) - cos(y) +1- cosh(z) - sin(y)

B.5.3.3.3 Hyperbolic cosine

Of the following equalities, only the relationship to the corresponding trigonometric function is
used in deriving the LIA-3 specification.

cosh(—z) = cosh(z)

COSh(COIlJ( ) = conJ(cosh( )
cosh(z+1-k-2-7m) =cosh(z)if k€ Z
cosh(z) = sin (1 /2 — z)

cosh(x +1-y) = cosh(x) - cos(y) +1- sinh(x) - sin(y)

B.5.3.3.4 Hyperbolic tangent

Of the following equalities, only the relationship to the corresponding trigonometric function is
used in deriving the LIA-3 specification.

tanh(—z) = — tanh(z)

tanh(conj(z)) = conJ(tanh( )
tanh(z +1- k‘ m) =tanh(z) if k € Z
tanh(z) = (1 /2 = 2)

tanh(z) = —1-tan(i- ) =1- tan(—1- x)
tanh(1-y) = —1- tan(—y) =1 tan(y)

tanh(z +1-y) = —1-tan(—y+1-2) =1-tan(y —1- z)

B.5.3.3.5 Hyperbolic cotangent

Of the following equalities, only the relationship to the corresponding trigonometric function is
used in deriving the LIA-3 specification.

coth(—z) = — coth(z)

coth(conj(z)) = conj(coth(z))

coth(z+1-k-2-7m) =coth(z) if k€ Z
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coth(z) = tanh(i- 7/2 — 2)
coth(z) = 1/tanh(z)

B.5.3.3.6 Hyperbolic secant

Of the following equalities, only the relationship to the corresponding trigonometric function is
used in deriving the LIA-3 specification.

sech(—z) = sech(z)

sech(conj( ) = conj(sech( )

sech(z + m) =sech(z) if ke Z
(
(

k-
sech(z) = csc (1 /2 —z)
sech(z) = 1/ cosh(z)
sech(z) = sec(i- x) = sec(—1- x)
sech(i - y) = sec(—y) = sec(y)
sech(x +1-y) =sec(—y+1-z) =sec(y —1- )

B.5.3.3.7 Hyperbolic cosecant

Of the following equalities, only the relationship to the corresponding trigonometric function is
used in deriving the LIA-3 specification.

csch(—z) = —csch(z)
csch COIIJ( )) = conj(csch(z))

(
csch(z4+1-k-2-7m) =csch(z)if k€ Z
csch(z) = sech(i- 7/2 — 2)
csch(z) = 1/ sinh(2)
csch(z) =1-csc(i-x) = —1-csc(—1-x)
csch( =1-csc(—y) = —1-csc(y)

1-9y 1-
csch(z +1-y) =1-csc(—y+1-x) = —1-csc(y —1-x)

B.5.3.3.8 Inverse hyperbolic sine

Of the following equalities, only the relationship to the corresponding trigonometric function is
used in deriving the LIA-3 specification.

arcsinh(—z) = —arcsinh(z)

arcsinh(conj(z)) = conj(arcsinh(z)) if Re(z) # 0 or |Im(z)| < 1

arcsinh(z) =1-m/2 — arccosh(z) if Re(z) > 0

Aresinh(z +1-y) = —1- Arcsin(—y +1-x) =1- Aresin(y —1- x)
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B.5.3.3.9 Inverse hyperbolic cosine

Of the following equalities, only the relationship to the corresponding trigonometric function is
used in deriving the LIA-3 specification.

arccosh(—z) =17 — arccosh(z)

arccosh(conj(z)) = conj(arccosh(z)) if Jm(z) # 0 or Re(z) > 1

arccosh(z) =1-m/2 — arcsinh(z) if Re(z) > 0

Arccosh(x +1-y) = £1- Arccos(x +1-y)

B.5.3.3.10 Inverse hyperbolic tangent

Of the following equalities, only the relationship to the corresponding trigonometric function is
used in deriving the LIA-3 specification.

arctanh(—z) = —arctanh(z)

arctanh(conj(z)) = conj(arctanh(z)) if Jm(z) # 0 or |Re(z)| < 1
arctanh(z) = 41 7/2 — arccoth(z)

Arctanh(z +1-y) = —1- Arctan(—y +1-z) =1- Arctan(y —1- )

B.5.3.3.11 Inverse hyperbolic cotangent

Of the following equalities, only the relationship to the corresponding trigonometric function is
used in deriving the LIA-3 specification.

arccoth(—z) = —arccoth(z)

arccoth(conj(z)) = conj(arccoth(z)) if IJm(z) # 0 or |Re(z)| > 1
arccoth(z) = £1- /2 — arctanh(z) if ...

Arccoth(x +1-y) =1- Arccot(—y +1- z)

arccoth(z) = arctanh(1/z)

B.5.3.3.12 Inverse hyperbolic secant

Of the following equalities, only the relationship to the corresponding trigonometric function is
used in deriving the LIA-3 specification.

arcsech(—z) =1- 7 — arcsech(z)

arcsech(conj(z)) = conj(arcsech(z)) if IJm(z) # 0 or 0 < Re(z) < 1

arcsech(z) =1-m/2 — arcesch(z) if Re(z) > 0

Arcsech(x +1-y) = £1- Arcsec(z +1- y)

arcsech(z) = arccosh(1/2)

B.5.3.3.13 Inverse hyperbolic cosecant

Of the following equalities, only the relationship to the corresponding trigonometric function is
used in deriving the LIA-3 specification.
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arccsch(—z) = —arcesch(z)

arccsch(conj(z)) = conj(arcesch(z)) if Re(z) # 0 or [Jm(z)| > 1
arccsch(z) =1-m/2 — arcsech(z) if Re(z) > 0

Arcesch(zx +

arcesch(z) =

cy) =1- Arcesc(—y +1- x)
resinh(1/z)

z
1
1
a

B.5.4 Operations for conversion between imaginary and complex numeric datatypes

B.5.5 Support for imaginary and complex numerals
B.6 Notification

B.6.1 Continuation values

Some operations are specified applications of one or more other operations. In these cases the
notifications of the “suboperations” are recorded, if recording of indicators are used, and a result

(continuation value) is to be computed from the continuation values of the “suboperations”.

B.7 Relationship with language standards

B.8 Documentation requirements

B.5.4 Operations for conversion between imaginary and complex numeric datatypes
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Annex C
(informative)

Example bindings for specific languages

This annex describes how a computing system can simultaneously conform to a language stan-
dard (or publicly available specification) and to LIA-3. It contains suggestions for binding the
“abstract” operations specified in LIA-3 to concrete language syntax. The format used for these
example bindings in this annex is a short form version, suitable for the purposes of this annex. An
actual binding is under no obligation to follow this format. An actual binding should, however,
as in the bindings examples, give the LIA-3 operation name, or parameter name, bound to an
identifier by the binding.

Portability of programs can be improved if two conforming LIA-3 systems using the same
language agree in the manner with which they adhere to LIA-3. For instance, LTA-3 requires that
the parameter big_angle_rr be provided (if any conforming radian trigonometric operations are
provided), but if one system provides it by means of the identifier BigAngle and another by the
identifier MaxAngle, portability is impaired. Clearly, it would be best if such names were defined
in the relevant language standards or binding standards, but in the meantime, suggestions are
given here to aid portability.

The following clauses are suggestions rather than requirements because the areas covered are
the responsibility of the various language standards committees. Until binding standards are in
place, implementors can promote “de facto” portability by following these suggestions on their
own.

The languages covered in this annex are:

Ada

C

C++
Fortran
Haskell
Java
Common Lisp
ISLisp
Modula-2
PL/I
SML

This list is not exhaustive. Other languages and other computing devices (like ‘scientific’
calculators, ‘web script’ languages, and database ‘query languages’) may be suitable for conformity
to LIA-3.

In this annex, the parameters, operations, and exception behaviour of each language are ex-
amined to see how closely they fit the requirements of LIA-3. Where parameters, constants, or
operations are not provided by the language, names and syntax are suggested. (Already provided
syntax is marked with a *.)

C. Example bindings for specific languages 89
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This annex describes only the language-level support for LIA-3. An implementation that wishes
to conform must ensure that the underlying hardware and software is also configured to conform
to LIA-3 requirements.

A complete binding for LIA-3 will include, or refer to, a binding for LIA-2 and LIA-1. In turn,
a complete binding for LIA-2/LIA-1 may include, or refer to, a binding for IEC 60559. Such a
joint LIA-3/LIA-2/LIA-1/IEC 60559 binding should be developed as a single binding standard.
To avoid conflict with ongoing development, only the LIA-3 specific portions of such a binding
are examplified in this annex.

Most language standards permit an implementation to provide, by some means, the parameters
and operations required by LIA-3 that are not already part of the language. The method for ac-
cessing these additional parameters and operations depends on the implementation and language,
and is not specified in LIA-3 nor examplified in this annex. It could include external subroutine
libraries; new intrinsic functions supported by the compiler; constants and functions provided as
global “macros”; and so on. The actual method of access through libraries, macros, etc. should
of course be given in a real binding.

Most language standards do not constrain the accuracy of elementary numerical functions, or
specify the subsequent behaviour after an arithmetic notification occurs.

In the event that there is a conflict between the requirements of the language standard and
the requirements of LIA-3, the language binding standard should clearly identify the conflict and
state its resolution of the conflict.

90 Ezxample bindings for specific languages
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C.1 Ada

The programming language Ada is defined by ISO/IEC 8652:1995, Information Technology —
Programming Languages — Ada [T].

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to LIA-3 for that operation or parameter. For each
of the marked items a suggested identifier is provided.

The Ada datatype Boolean corresponds to the LIA datatype Boolean.

Every implementation of Ada has at least one integer datatype, and at least one floating point
datatype. The notations INT and FLT are used to stand for the names of one of these datatypes
(respectively) in what follows, and the notations IINT and IFLT are used to stand for the names
of one of the corresponding imaginary datatypes (respectively, and the notations CINT and CFLT
are used to stand for the names of one of the corresponding complex datatypes (respectively).

Ada has an overloading system, so that the same name can be used for different types of
arguments to the operations.

The LIA-3 complex integer operations are listed below, along with the syntax used to invoke
them:

eqi(n)(z,y) T =y t
€C]11(I)( ' Y) r =Y T
€qi(r),1(z, y) T =y t
eqr c(I)( Y) T =y f
eqe(1),1(2, y) T =y t
eqi(r ),0(1)( . Y) T =y T
6%(1),1(1)(%!/) r =Yy T
eQC([)(xuy) T =y T
negiry(z,y) /=y f
ne(II,i(I)(:an) T /=y T
nBQi(I),I(l‘ay) T /=y T
neqr o1 (T, y) T /=y ]
neqe(r),1(,y) T /=y T
neqi(r),e(r) (T, y) /=y ]
n€QC(I),i(I)($7y) T /=y ]
neqer) (T, y r /=y T
Issir) (7, y) T <y f
legiry(z,y) T <=y ]
gtricn (v, y) T >y T
geqir)(z,y) T >=y T
itimes_i(p) () ii * o T
itimesj(r)— () ii * o T
itimes. () ii * o T
rer(x) Re(x) T
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Teﬂ])($)
T€c(I) (l‘)
imy(x
imi(r)(z)
Z‘Tn’c(I) (1’)

plusitimes(ry(z,y)
plusitimes(ry(z,y)

absi(ry(z)
signumy(x)
signum;(r ()

divides;ry(z,y)
dividesy i) (7, y)

Re(x)
Re(x)
Im(x)
Im(x)
Im(x)

Compose_From Cartesian(x,y)

T+ ii * y)

-z
-x

Conjugate (x)
Conjugate (x)
Conjugate(z)

8 8 8 8 8 8 8 8
+ + + + + + + +
et e R e

8 8 8 8 8 8 8 8
|
L e e e w

88 8 8 8 8 8 &8

¥ ¥ X X X X x ¥
L e e ew

abs
Signum(z)
Signum(x)

Divides(x, ¥)
Divides(z, ¥)
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divides;(r) (7, y) Divides(x, ¥) T
dividesy o) (7, ) Divides(x, 1) T
divides(r),1(7,y) Divides(x, 1) T
divides;(r).o(r) (T, y) Divides(x, %) T
divideser i) (T, y) Divides(x, %) T
dividesry(,y) Divides(x, %) T
quoti(py (v, y) Quotient (xz, ¥y) T
quotrsry(z,y) Quotient (xz, ¥y) T
quoty(ry (7, y) Quotient(z, y) T
quotr o(1)(z,Yy) Quotient (z, y) +
quoty(r),1(7,y) Quotient(z, y) T
quoti(ry o) (T, y) Quotient(w, y) T
quotyry iy (T, y) Quotient(zw, y) T
quotepy (7, y) Quotient(x, y) T
modry(z,y) z mod y T
modr r)(,y) z mod y t
mod (1) (7, ) z mod y t
modz o(ry (i, 3) z mod :
modegr) 1z, y) z mod y :
mod;py e (T, y) z mod y ]
mode(r) i(r) (%, y) r mod y T
mode(ry(x,y x mod y ]
ratioyp(r,y) Ratio(z, y) T
ratior (v, y) Ratio(x, %) T
ratioyry (7, y) Ratio(x, %) T
ratioy o) (7, y) Ratio(x, ¥) T
ratiog(ry (7, y) Ratio(x, %) T
ratioy o) (T, y Ratio(x, %) T
ratio, e(I), 1(])( ,Y) Ratio(xz, ) ]
ratioer) (v, y) Ratio(xz, ¥) T
residue; ) (, y) Residue(z, y) T
residuer i ry(z,y) Residue(x, ¥) T
residue;ry 1(z,y) Residue(x, 1) T
residuer q(1)(z,y) Residue(x, ¥) T
reszduec(f),l(x,y) Residue(x, ¥) T
residuei(py o) (T, y) Residue(x, 7)) T
residuecr) i) (T, Y) Residue(x, ¥) T
residueq(ry(z,y) Residue(z, y) T
groupypy(z,y) Group(z, y) t
groupy ) (z,y) Group(z, ) f
groupi(r) 1(z, y) Group(z, y) T
groupr «(r)(z, y) Group(z, y) T
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grouper),r(,y)

groupip) o(1)(,y)

grouperyi(r)(,
grouper(z,y)

mazy(r) (2, y)
mznl([ ( )
(2

maz_seqi(ry(s)
min_seq(r )(J:s)

)

Group(z, y)
Group(z, y)
Group(z, y)
Group(zx, ¥)

Pad(x, y)
Pad(xz, y)
Pad(z, y)
Pad(z, y)
Pad(z, y)
Pad(z, y)
Pad(z, y)
Pad(z, y)

IINT Max(x, y)
IINT Min(z, y)

Max (xzs)
Min(zs)

Working draft
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where x and y are expressions of type INT, IINT, or CINT as appropriate, and xs is an expression

of type array of IINT.

box_error_mode_mulg

maz_err mulp

box_error_mode_dive

mazx-err-dive r

Max_€rr_erpy(r)
Max _err_power(r)

AT _err_sing )
max_err_tan g

Box_Err Mul(x)
Err Mul (z)

Box_Err Div(z)
Err Div(z)

Err Exp(z)
Err_Power (z)

Err_Sin(z)
Err_Tan(z)

The parameters for LIA-3 operations approximating real complex valued functions can be
accessed by the following syntax:

1
1

where x is an expression of type CFLT. The parameter functions are constant for each type
(and library), the argument is used only to differentiate among the floating point types for the

overloading resolution.

to invoke them:

94

€qi(F )(35 y)

QQFl )
eqi(r),r (T, y)
eQFC ( )
eqe(r),F (T, Y)

eql(F),c(F) ( )
eqe(ryi(F) (T, Y)
eqo(ry(2,y)

8 8 8 8 8 8 8 8
I
L e e e e

The LIA-3 basic complex floating point operations are listed below, along with the syntax used

X o o o o o ot
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negir) (,y) T /=y *
neqr;iry(z,y) T /=y *
ne(h(F),F(mvy) /=Y *
Neqr.c(F) (1’, y) T /=Y *
ne(k(F),F(xvy) T /=y *
negi(r)o(F)(,y) z /=y *
neqe(ry,i(F)(T,y) z /=y *
ne(IC(F)(xvy) T /=y *
Issi(py (T, y) x <y *
legi(r) (7, y) r <=y *
gtricry(z,y) r >y *
geqiry(z,y) T >=y *
itimesp_;(r)(7) i*xxz or j*xux *
itimes;(py—p () i*xxz or j*xux *
itimes(p) () i*xax or jx*xux *
rep(x) Re (x) T
reir)(z) Re(x) T
reo(r)(T) Re(z) *
imp(x) Im(x) T
im;(py () Im(x) *
ime(p () Im(x) *
plusz’timesc(p) (x,y) Compose_From _Cartesian(z,y) *
plusitimesc(F)(a?,y) r+i*xy or z+ 3j*xy *
negi(r) () -z *
nege(r)(T) -z *
conjp(x) Conjugate (x) T
conji(ry(z) Conjugate (x) *
conje(py () Conjugate (x) *
add;py(z,y) T+ y *
add gy (z,Yy) T+ y *
add; ) p(2,y) T+ y *
addF,c(F)(x7y) Tty *
addc(F),F(x7y) Tty *
add;(py o7y (T, Y) Tty *
addc(F),l(F)(xay) Tty *
addypy(z,y) T+ oy *
suby gy (T, y) T -y *
subgi(r (T, Y) r -y *
subi(r) r(z,Yy) T -y *
SubF,c(F)(wvy) r -y *
Sch(F),F(xvy) r -y *
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subi(py c(r) (T, Y) T -y *
sube(py,i(r) (T, Y) T -y *
sube(py(T,y) T -y *
mulypy(z,y) T oxy *
mulp ) (T, y) T *y *
mulypy (T, y) T oxy *
mUZF,C(F)(xay) T *y *
mUZC(F),F(:’Uay) T *xy *
mulipy o(r)(2,Y) T oxy *
muler) i(r) (T, Y) T *y *
mule ) (7, y) T Ky *
divy gy (2, Y) x /Yy *
divg ) (T, y) x /Yy *
divy( gy, p (7, y) x /Yy *
divge(r) (T, Y) x /Yy *
d“)c(F),F(xvy) z /vy *
divy gy e(r) (T, Y) T /y *
div(r) i(ry (T, ) z/y *
divy(ry(z,y) x /Yy *
absip () abs =z *
abse(y(z) abs x or Modulus(x) *
phaser(x) Argument () T
phase;p)(z) Argument () T
phasecp) () Argument () *
phaseup(u, x) Argument (z,u) T
phaseu;(py(u, r) Argument (z,u) T
phaseupy(u, ) Argument (z,u) *
signump(x) Signum(x) T
signum;(p) () Signum(z) T
signume(g) () Signum(z) T
floor;py(z) IFLT’Floor(z) T
floor oy () CFLT’Floor(z) T
rounding; g () IFLT’Unbiased Rounding (x) T
rounding. gy () CFLT’Unbiased Rounding(x) T
ceiling; p(z) IFLT’Ceiling(x) T
ceilingq g (z) CFLT’Ceiling(x) T
maziry(z,y) IFLT Max(x, y) T
mmaz;ry(z,y) MMax(z, y) ]
min gy (T, y) IFLT Min(x, 1) T
mmin gy (v, y) MMin(z, 1) T
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maz_seqi )(zs)
mmazr_segi )(zs)
min_seq;p(s)
mmin_seqp)(rs)

polarp(x,y)
polarup(u,x,y)

Max (zs)

MMax (xs)

Min(zs)

MMin(xs)
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Compose_From Polar (z,y)
Compose_From Polar(x,y,u)

— = — —+

*
*

where z and y are expressions of type FLT, IFLT, or CFLT as appropriate, and w is an expression

of type FLT.

The LIA-3 elementary floating point operations are listed below, along with the syntax used

to invoke them:

power;(r) 1(x,y)
powere(py (7, y)

CLPi(F)—sc(F) (T)
expe(py ()

powerp_.q(r) (JZ‘, y)
lﬂnﬂermﬁj(way)
1%”U€TKFLP(bay>
power g (b, x)
powere(py,F (b7 y)
power g o(py(b, T)
poweri() o(r) (b, y)
POWwere(ry,i(F) (
powerepy (T, Y)

sqrtp_o(r)(T)
8qrti(py—e(r) (T)
sqrte(r) (z)

lnF—>c(F (ZL‘)
lnF—>c(F (l’)
In, (F)( )

logbase ) (b, 2)

logbase; ) (b, )

logbase;(ry p(b, x)
logbaser;r (b, x)
logbase(py,r (b, )
logbaser,(r)(b, )

logbase; ) o(ry(b; )
logbasec(ry i(ry(b; )

)
logbase(py (b, r)

C.1 Ada

T k% gy
T k% gy

Exp(z)
Exp(z)

*

* Not LIA-3

*
*

Compose From Cartesian(z) ** Compose From Cartesian(y)

*k g
*ok
*k
*k
*k
*k
*k

R N>R

k%

e B R 8w 8 <

Sqrtc(x)

Sqrt (z)
Sqrt (z)

Logc(x)

Log(abs(x))+i*Arctan(Im(x) ,x))

Log(x)

Log(abs(z))+i*Arctan(Im(z) ,Re(x))

Log(x)

Logc(x, b)

Log(x,
Log(x,
Log(z,
Log(x,
Log(x,
Log(x,
Log(x,
Log(x,

b)
b)
b)
b)
b)
b)
b)
b)

(note parameter order)

note parameter order)
note parameter order)
note parameter order)
note parameter order)
note parameter order)
note parameter order)
note parameter order)
note parameter order)

(
(
(
(
(
(
(
(

* — — X o — — —-

* — —+

* o — — —+

—_ = = — — — — — —
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radupg(x)
radcgg(x)

cscer) ()

arcsing_q(r) ()
arcsing gy (z)
arcsing gy (z)
arccosp_ﬁipg(x)
arccosi(py—c(r)(T)
arccosq(p) ()
arctan gy ()

arctany( py—q(r)(T)

arctany gy (z g
arccotypy(z)
arccoty(py—c(
arccoty(ry(z)
arcsecp_(p)(T)

arcseci(py—e(r) ()
arcsecy(py ()
)\

arcescp_.q(r)(T)
arcesc(py(T)

Fﬂw)

arcescy(py ()

radhp(z)
radhﬁpg(x)
Tadhdpv($)

Rad(x)
Rad(x)

Sin(x)
Sin(x)
Cos (x)
Cos(x)
Tan(x)
Tan(x)
Cot(x)
Cot(x)
Sec(x)
Sec(x)
Csc(x)
Csc(x)

ArcSinc(x)
ArcSin(x)
ArcSin(x)
ArcCosc(x)
ArcCosc(x)
ArcCos(x)
ArcTan(x)
ArcTanc(x)
ArcTan(x)
ArcCot (7)
ArcCotc(x)
ArcCot (z)
ArcSecc(x)
ArcSecc(x)
ArcSec(x)
ArcCscc(x)
ArcCsc(x)
ArcCsc(x)

RadH(z)
RadH(z)
RadH(z)

SinH(x)
SinH(x)
CosH(x)
CosH(x)
TanH(x)
TanH(x)
CotH(x)
CotH(x)

Working draft
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sech(py(z)
seche(py ()
cschypy(z)
csche(ry(T)

arcsinh;py(z)
arcsznhw )Aﬁdpj(x)
arcsinhe gy ()
arccoshpgqqu(x)
arccoshi py—q(r)(T)
arccoshqpy(z)
arctanhp_,q(p) ()
arctanh; g) ()
arctanhe py(z)
arccothp_q(r) ()
arccothg)(z)
arccoth, F)( x)
arcsechp_o(r) ()
arcsechy(p)—q(r)(T)
arcsechp) ()
arceschpy ()
arceschipy_e(r)(T)
arcesche(py ()

ISO/IEC CD 10967-3.2:2004(E)

SecH(x)
SecH(x)
CscH(x)
CscH(x)

— = — —+

ArcSinH(x)
ArcSinHc ()
ArcSinH(x)
ArcCosHc ()
ArcCosH(x)
ArcCosH(x)
ArcTanHc (x)
ArcTanH(x)
ArcTanH(x)
ArcCotHc (x)
ArcCotH(x)
ArcCotH(x)
ArcSecHc ()
ArcSecH(x)
ArcSecH(x)
ArcCscH(x)
ArcCscHc ()
ArcCscH(x)

—_ = — — — — ¥ — — ¥ —F —F ¥ — — ¥ — —+

where b, z, and y are expressions of type FLT, IFLT, or CFLT as appropriate.

Arithmetic value conversions in Ada are always explicit.

convertr_.p ()

convertyry_.c(r)(z)
converti i) ()
converte(r)—c(ry(T)

convertp_q(py()
(

convertp_py()

converty py_c(r) ()
converty py_c(r) ()
converty py_ir) ()

convert (F)_,C(F/) (x)
convertdpv_%ipq( x)

Compose_From _Cartesian(z) ]
Compose_From Cartesian(x) T
ii * INT2(Im(x)) T
Compose _From Cartesian(INT2(Re(x)), INT2(Im(x))) T

Compose_From Cartesian(z)

z +1i* Im(z) or x + j * Im(x)
Compose_From Cartesian(z)

Re(x) + x

i * FLT2(Im(z)) *

Compose _From Cartesian(FLT2(Re(z)), FLT2(Im(z))) *
FLT2(Re(x)) + i * FLT2(Im(z))) «*

*
f
*
t

Ada has standard support for input of complex numerals and output of complex values, though
not for imaginary values, both to/from strings as well as to/from files, both in “narrow” characters
(Latin-1) and “wide” Characters([N38—2/[YFF¥16)

converte g
C(Fl/)
convertiF}qCEw
converte

—C
—C

convert
F)—c(F"

convertypry—c(r)(S)

C.1 Ada

Get(s, g, w?); *
Get(f7, g, w?); *
Put(s, y, Aft=>a?, Exp=>e?); *

Put(h?, y, Fore=>i?, Aft=>a?, Exp=>e7); *

Get(s, g, w?); *

99
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convert o pry—.e(r)(f) Get(f7, g, w?); *
convertym)—cpn) () Put(s, y, Aft=>a?, Exp=>0); *
converty gy —cpn () Put(h?, y, Fore=>i?, Aft=>a?, Exp=>0) ;%

where y is an expression of type CFLT, base, w, i, a, and e are expressions for non-negative
integers. e is greater than 0. base is greater than 1. g is a variable of type CFLT. A 7 above
indicates that the parameter is optional. f is an opened input file (default is the default input file).
h is an opened output file (default is the default output file). s is of type String or Wide String.
For Get of a floating point or fixed point numeral, the base is indicated in the numeral (default
10). For Put of a floating point or fixed point numeral, only base 10 is required to be supported.
For details on Get and Put, see clause G.1.3 Complex Input-Output, and G.1.4, of ISO/IEC
8652:1995.

Ada does not have any special programming language syntax (as opposed to I/O syntax)
for complex, or imaginary, numerals in general. Instead imaginary and complex numerals are
expressed as (compile-time evaluatable) expressions involving a notation for the imaginary unit.

imaginary-unitr ii 1
imaginary-unit. O+ii 1
imaginary -unit; gy i or j *
imaginary - unit.( ) -0+i or -0+j *
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c2 C

The programming language C is defined by ISO/IEC 9899:1999, Information technology — Pro-
gramming languages — C' [13].

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-3 for that operation. For each of the
marked items a suggested identifier is provided.

The LIA datatype Boolean is implemented by the C datatype int (1 = true and 0 = false),
or the new _Bool datatype.

Every implementation of C has integral datatypes int, long int, unsigned int, and unsigned
long int. INT is used below to designate one of the integer datatypes.

(C99 has three complex floating point datatypes: float _Complex, double _Complex, and long
double _Complex, and may have three imaginary floating point datatypes: float _Imaginary,
double _Imaginary, and long double _Imaginary. _Complex and _Imaginary are usually writ-
ten complex and imaginary respectively.) CFLT IFLT are used below to designate one of the
complex or imaginary (respectively) floating point datatypes. The operations marked “(x)” are
available only when

the implementation provides imaginary floating point datatypes.

The LIA-3 complex integer operations are listed below, along with the syntax used to invoke
them:

€qc(1),i(I)
eqe(n) (T, Y)

8 8 8 8 8 8 8 8
[}
[}
e
—_ = — — — — — —

88 8 8 8 8 8 8
"

e

—_ = — — — — — —

A
1]
<
—_ = — —

8 8 8 8
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itimes_ip) ()
itimes;(r)—()
itimesq(ry()

rer(x)

rei(r)(z)

Tec(I) (.CC)

imr(x)

imi(r) ()

ime(r)(z)
plusitimesr_.q(r) (7, y)

sube(r),1(,y
subi(1) (1) (2, Y)
sube(ry,i(1)(,Y)
SUbC(I) (HZ, y)

abs;() ()
signumy(x)
signum;(r ()

IT x z

IT *x x

IT *x x

crealit(x)
crealit(x)
crealit(x)
cimagit (x)
cimagit(x)
cimagit(x)
rz + 11 *x y

— = = = = — — — — —

-z
-z

conjit(x)
conjit(x)
conjit(x)

— = = — —

8 8 8 8 8 8 8 8
+ + + + + + + +
NS SIS SN SO SN S
— — — — — — — —

88 8 8 8 8 8 8
|
Cceeeeeew
— = = = = = = —

* X X X X X X X
ceeceeeew
— = = = = = = —

8 8 8 8 8 8 8 8

iabst(x)
signumt(x)
signumt (x)

— = —
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divides;r)(x
dividesy j(r)
divides;(y,1
dividesy (1)
dzvzdes (1)

(x,y
I

)

residue;(r)
residuer i) (z,
residue;(r)
residuer ()
residuec(r) 1

residue;(ry o(r) (T,
residue (

c(l),i
residuec(r)(z,y

group;ry(z,y)

c.2C

dividest(x, y)
dividest(x, y)
dividest(x, y)
dividest(x, y)
dividest(x, ¥)
dividest(x, y)
dividest(x, y)
dividest(x, ¥)

quott(x, y)
quott(x, y)
quott(z, ¥y)
quott(z, y)
quott(z, ¥y)
quott(z, )
quott(z, ¥y)
quott(zx, ¥y)

modt (z, y)
modt (z, y)
modt (z, y)
modt (z, y)
modt (z, y)
modt(x, ¥)
modt(x, ¥)
modt(x, ¥)

ratiot(z, y)
ratiot(z, y)
ratiot(z, y)
ratiot(z, y)
ratiot(xz, ¥)
ratiot(xz, ¥)
ratiot(xz, ¥)
ratiot(xz, y)

iremaindert(z,
iremaindert(z,
iremaindert(z,
iremaindert(z,
iremaindert(z,
iremaindert(z,
iremaindert(z,
iremaindert(z,

groupt(z, )

Y)
Y)
y)
y)
y)
y)
y)
y)
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groupr i(r) (CC, y)
groupn) 1(z,y)
groupy c(I)( 7y)
groupe(n),r(z,y)

g?“OUpi(I),c(I) (z,y)

padypy,1(,
pady o) (2, y)
padc([),] (337 y)
pady(p).c(n) (T, Y)
pade(r) i) (T, Y)

may(r)(z, y)
miny(p) (z,y)
(z

maz_seqi(ry(zs)
min_seqr )(ms)

groupt (z,
groupt (z,
groupt (z,
groupt (z,
groupt(z,
groupt(z,
groupt (x,

padt(z, y)
padt(x, y)
padt(x, y)
padt(x, y)
padt(x, y)
padt(z, y)
padt(z, y)
padt(z, y)

y)
y)
Y)
Y)
y)
y)
y)

imaxt(z, y)
imint(x, y)

imax_arrt(zs, nr_of_items)
imax_arrt(zs, nr_of_items)

Working draft

—_ = = = = — —

— = = = = = — —

— = = —

where x and y are expressions of type INT, IINT, or CINT as appropriate, and xs is an expression

of type array of IINT, and ¢ ...

The parameters for LIA-3 operations approximating complex real valued transcendental func-
tions can be accessed by the following syntax:

box_error_mode_mul. )

max_err-mulep

box_error_mode_dive

maz-err-dive r

Max_err_erpy(r)

Max -err_power(r)

MAT_err_siNg )
max_err_tan g

where ¢ ...

box_err_cmult

err_cmult

box_err_cdivt

err_cdivt

err_cexpt

err_cpowert

err_csint
err_ctant

The LIA-3 non-transcendental complex floating point operations are listed below, along with

the syntax used to invoke them:

104

eqi(F )( ' Y)
e(JFl ( )
eqi(r),r(,Y)
6QFC ( )
eqe(r),F(Z,Y)
eqi(r ),C(F)( . Y)
€4c(F),i(F) (z,y)

8 8 8 8 8 8 8
|
[

Lt e e

(%)
(%)
(%)
*)
*)

(
(
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QQC(F)('T’y) r ==Yy *
negir) (,y) r 1=y (%)
neqr;iry(z,y) r 1=y (%)
negir,r (7, y) r =y (%)
n€QF,C(F)(x7y) r =y *
neQC(F),F(xvy) r =y *
negi(r),e(r) (T, Y) T 1=y (%)
neqe(r) i) (T, Y) T 1=y (%)
ne(IC(F)(xvy) r =y *
Issiry(z,9y) r <y T
legi(ry (7, y) r <=y T
gtricry(z,y) x>y T
geqiry(z,y) T >=y f
itimesp_;(r)(7) Ix*z (%)
itimes;(py—p () Ix*z (%)
itimese(p) () Iz *
rep(x) crealt(x) T
reipy(T) crealt(x) T
reo(ry(T) crealt(z) or creal(x) *
imp(x) cimagt(x) T
im;(py () cimagt () T
ime(py () cimagt(x) or cimag(x) *
plusitimese(ry(z,y) x+1Ix*xy *
negi(r) (@) o ()
neger)(x) - *
conjp(x) conjt(x) T
conji(ry(z) conjt(x) (%)
conji(r)(z) conj (x) (1)
conje(py () conjt(x) or conj(x) *
add; (2, y) Tty (%)
addp;(r) (T, y) Tty (%)
add;ry,p(,y) Tty (%)
addF,c(F)(x7y) Tty *
addc(F),F(x7y) Tty *
add; gy c(ry (2, y) T +y (%)
addc(F),l(F)(xay) T +y (*)
addypy(z,y) T+ oy *
sub(p (,Y) r -y (%)
subpiry (2, y) r -y (%)
sub(p),r (T, y) r -y (%)
SUbF,C(F)(‘Tay) r -y *
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Sch(F) F ('T’ y)
subi(py o(F) (T, Y)
Sch(F),i(F) (z,y)
sube(r) (2, Y)

muli gy (7, y)
mulp 1(F ( Z, y)
muli gy, p(z,y)
much ($, y)
mule(p),F(T,y)
maul;

( ),C(F)( ' Y)
mUlc(F),i(F) (z,y
mulepy(,y)

d’i’U( )( y)
d“)Fl (( ,y)

divy(p
df“)Fc (CC,
dive(r ( Y)
divy( gy o(F) (T, )
d“}c(F) 1(F (l‘, )
d“}c(F ( )

absi(p) (z)
abse(r) (x)

phasec )) (z)
phaseuF(u
phaseu;(py(u, r)
phaseuqpy(u

signump(x)
signum;( g ()
SignuUMe(F) (x)

floor; gy (z)
floorepy(z)
rounding; g ()
rounding gy ()
ceiling; gy ()
ceilingq(py(z)

mazir)(z,y)
mmaz;(r) (2, y)
mini(p)(, y)

8 8 8 8
|
e

8 8 8 8 8 8 8 8

¥ ¥ ¥ X X X x ¥
L e e e w

N NN NN NN N
LT e e e

8 8 8 8 8 8 8 8

fabs(z)
cabst(xz) or

cargt(z)

cargt(x) or
cargt(x) or
cargut(z, u)
cargut(z, u)
cargut(z, u)

signbit (z)

fabs ()

carg(x)
carg(z)

Ixsignbit(cimag(x))

csignt(x)

floort(z)
floort(x)
nearbyintt(x)
nearbyintt(z)
ceilingt(x)
ceilingt(x)

nmaxt(x, )
fmaxt(x, ¥)
nmint(z, )

Working draft

OION

*

—~ A~
NONINS

Exr

*
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FEETHXEER
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iy (. )
maz_segi )(zs)
mmaz_segi)(zs)
min_seq;p(rs)
mmin_segi ) (xs)

polarp(x,y)
polarup(u,x,y)

projr(x)
projir(z)
pTOjC(F) ({E)

ISO/IEC CD 10967-3.2:2004(E)

fmint (z, ¥)

nmax_arrt(xzs, nr_of_items)
fmax_arrt(xs, nr_of_items)
nmin_arrt(xzs, nr_of_items)
fmin_arrt(xs, nr_of_items)

polart(z,y)
polarut(x,y,u)

projt(x) or
cproj(x)

cprojt(z) or

cproj(x)

cproj (x)

— = — — —

T
T
+ Not LIA-3

T Not LIA-3
* Not LIA-3

where z and y are expressions of type FLT, IFLT, or CFLT as appropriate, and w is an expression

of type FLT.

The LIA-3 elementary complex floating point operations are listed below, along with the syntax

used to invoke them:

powery(p) 1(b, 1)

ETDi(F) (v)
expe(r) ()

powerp_i(p) (T
poweny(g)(w, y)
powery gy, p(
powerg;(r) (b,
poweryry r(b,y)
powerg,(r) (b, y)
Power(ry,c(F)
power,(r) i(F)
powere(p) (bv y)

5qrtp_e(r)(T)
5qrti(p)—c(F) ()
sqrte(r) ()

lnFHc x)
lnFHc ('CC)

INi(F)—o(r) ()
Iny F)HC(F y(x)

logbasep_.q(r)(b, )
logbase;(py(b, )
logbase;(py p (b, r)
logbaser;r (b, x)
logbase,(r) p(b, )
logbasep () (b, )

c.2C

cpowit (b, %) T
exp(z) (1)
cexpt(xz) or exp(z) *
powc(z, y) T
cpowt(x, y) T
cpowt (b, y) T
cpowt (b, y) ]
cpowt (b, y) T
cpowt (b, ) ]
cpowt (b, ) ]
powt (b, x) T
cpowt(b, y) or pow(b, y) * (dev. at orig?)
sqrtc(x) ]
sqrt (x) (%)
csqrtt(x) or sqrt(x) *
logct(x) T
log(abs(x))+I*atan2(cimag(x),x)) *
log(x) (1)
log(abs(x))+I*atan2(cimag(x),creal(z)) (%)
clogt(x) or log(z) *
logbasect(x, b) (note parameter order) f
clogbaset(z, b) (note parameter order) T
clogbaset(z, b) (note parameter order) T
clogbaset(xz, b) (note parameter order) f
clogbaset(z, b) (note parameter order) T
clogbaset(z, b) (note parameter order) f
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logbase;(r) o(r) (b, T)
logbasec(py i(r) (b, )
logbase.(py(b, )

Tadupj($>
radcuq(x)

cscc(p)(m)

aresing_qr)(r)
arcsznmpw(x)
arcsing gy ()
QTCCOSFAﬂ(FU($)
arccosi(py—c(r)(T)
arccosq(p) ()
arctan; Fﬁ( x)
F)—
arctane g (x
arccoti(py ()
arccoty py—q(r)(T)
arccote(ry(z)
arcsecy_q(p ()
arcseci(p)—c(r)(T)
arcsecy(p)(z)
GTCCSCFAﬂKF)(:
arcesci(py ()
arcescy(py ()

arctan;

o(F) ()
)

—~

radhp(z)
radh; gy (z)
T‘adhc(F) (CE)

clogbaset(x, b)
clogbaset(x, b)
clogbaset (b, x)

radiant(x)
radiant(z)

sin(x)
csint(x) or s
cos(x)
ccost(z) or c
tan(x)
ctant(z) or t
cot (x)
ccott(z) or c
sec(x)
csect(x) or s
csc(x)
ccsct(x) or c

casinct(x)
asin(x)
casint(x) or
acosc(x)
acos (x)
cacost(x) or
atan(z)
atanc (x)
catant(x) or
acot (x)

(note parameter order)
(note parameter order)

in(x)

os(x)

an(x)

ot (x)

ec(x)

sc(x)

asin(x)

acos ()

atan(xz)

acotc(x) or acot(x)

cacott(x) or
asecc(x)
asecc(x)
casect(x) or
acscc(x)
acsc(x)
cacsct(x) or

radianht(x)
radianht (x)
radianht (x)

sinh(x)
csinht(x) or
cosh(x)
ccosht(x) or

acot (x)

asec(x)

acsc(x)

sinh(x)

cosh(x)

Working draft
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tanh; g () tanh (x) (%)
tanhe gy () ctanht(z) or tanh(z) *
cothip () coth(z) T
cothep) () ccotht(z) or coth(z) T
sechy ) () sech(z) T
sechq(p) () csecht(z) or sech(z) T
cschipy () csch(x) T
csche(py () ccscht(z) or csch(z) T
arcsinhgy(z) asinh(x) (%)
arcsmh i(F)—c(F)(T) asinhc(z) T
arcsinhg gy () casinht(x) or asinh(z) *
arccoshp_m(p) (z) acoshc (z) T
arccoshypye(r)(T) acosh(z) (%)
arccoshe(py(z) cacosht(x) or acosh(z) *
arctanhp_q(p) () atanhc (x) T
arctanh; gy () atanh(z) (%)
arctanhepy(z) catanht(xz) or atanh(x) *
arccothp_.o(p)() acothc (x) T
arccoth; gy () acoth(x) T
arccoth, F)( x) cacotht(z) or acoth(x) T
arcsechp_o(r) () asechc (z) T
arcsechy(p)—q(r) () asech(x) T
arcseche g () casecht(x) or asech(z) T
arceschipy(z) acsch(x) T
arceschipy_e(r)(T) acschc(x) T
arcesche(py () cacscht(x) or acsch(z) T

where b, x, and y are expressions of type FLT, IFLT, or CFLT as appropriate. t is a string, part
of the operation name, and is “f” for float _Complex, the empty string for double _Complex,
and “1” for long double _Complex.

Arithmetic value conversions in C can be explicit or implicit. The explicit arithmetic value
conversions are usually expressed as ‘casts’, except when converting to/from strings. The rules for
when implicit conversions are applied is not repeated here, but work as if a cast had been applied.

convertr_.p () (INT _Complex)x T
convertyry_.c(r)(z) (INT _Complex)x T
converti i) () (INT2 _Imaginary)z T
convert (I)_w(p)(x) (INT2 _Complex)x T
convertp_qpy() (FLT _Complex)x *
converty py_c(r) () (FLT _Complex)x (%)
convertypy_ir) () (FLT2 _Imaginary)x *)
convert oy _c(r)(T) (FLT2 _Complex)x *

where x is an expression of type INT, y is an expression of type FLT, and z is an expression of
type FXD, where FXD is a fixed point type. INT2 is the integer datatype that corresponds to I'.

When converting to/from string formats, format strings are used. The format string is used
as a pattern for the string format generated or parsed. Please see the C99 standard for a full
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description. There are no special format indicators for imaginary or complex values. Instead, the
real part and the imaginary part are formatted separately, and any syntax before/between/after
those numerals must be specified in the format string.

C99 does not have any special syntax for complex, or imaginary, numerals in general. Instead
imaginary and complex numerals are expressed as (compile-time evaluatable) expressions involving
a notation for the imaginary unit.

imaginary-unitry IT or _Imaginary II 1
imaginary_unit.(y) ((I1)) or _Complex II T
imaginary-unity I or _Imaginary.I (%)
imaginary-unit. gy ((I)) or _Complex._I *

The I macro is defined as _Imaginary_I if imaginary floating point datatypes are provided by
the implementations, but defined as _Complex_I if imaginary floating point datatypes are not
provided.

110 Ezxample bindings for specific languages
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C3 C++

The programming language C++ is defined by ISO/IEC 14882:1998, Programming languages —
C++ [14].

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-3 for that operation. For each of the
marked items a suggested identifier is provided.

This example binding recommends that all identifiers suggested here be defined in the names-
pace std: :math.

The LIA datatype Boolean is implemented by the C++ datatype bool.

Every implementation of C+4++ has integral datatypes int, long int, unsigned int, and
unsigned long int. INT is used below to designate one of the integer datatypes.

C++ has three complex floating point datatypes: complex<float>, complex<double>, and
complex<long double>. C'FLT is used below to designate one of the floating point datatypes.

The LIA-3 complex integer operations are listed below, along with the syntax used to invoke
them:

6611(1)(9579) T ==Yy T
6611,1(1)(957y) T ==Yy T
6111(1),1(9579) T ==Yy T
GQI,C(I)(«T7y) T ==Yy T
CQC(I),I(xvy) T ==Yy T
eqi(r),e(n) (T, y) T ==y f
eqe(n),i(n) (T, y) T ==y f
€dc(I) SL‘,y) r ==Yy T
negi(r)(,y) r 1=y T
neqr i) (z,y) r 1=y T
negi(r),1(z,y) r =y T
n€QI,C(I)(ny) r =y T
neQC(I),I(ny) r =y T
negir),o(n) (T, y T 1=y f
neqe(n),i(n) (T, y) T 1=y f
neqe(r) .’E,y) r =y T
Issiry(z,y) r <y T
legi(ry(z,y) r <=y T
gtrin (z,y) x>y T
geqin(z,y) T >=y f
itimes_i(r) () IT * ¢ T
itimes;(r)—(x) I1 * ¢ T
itimes.(r) () II * z T
rer(x) x.real() or real(z) T
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Teﬂ])($)
T€c(1) (ZL‘)
imy(x
imi(r)(z)
Z‘Tn’c(I) (l’)

plusitimes.(I)(x,y)

negﬂn(x)
nege(ry()

SUbK]LcU)(xay)
SUdeLHD(xay)
sube(ry(2,Yy)

absi(r)(z)
signumy(x)
signum;r) ()

divides;ry(z,y)
dividesy i) (7, y)
divides; () (7, y)

x.real() or
x.real() or
x.imag() or
x.imag() or
x.imag() or
r + II x y

-x

-x
conj(z)
conj(x)
conj(x)
T +y
T +y
T+ y
T+ oy
T +y
x +y
T+ vy
x +y

8 8 8 8 8 8 8 8
|
L e e e w

¥ X X ¥ X X X ¥

8 8 8 8 8 8 8 8
L e e e w

divides(z, y)
divides(z, v)
divides(z, )

real(x)
real(x)
imag(z)
imag(z)
imag(z)

Working draft
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dividesy o(p)(, )
divides,r), (
dzvzdeS(I)
divides.(r) ;
dividesr(z, )

quotypy (z,
quotr o) (,y)
quote(py,1(z,y)

quoti(ry,e(r)(x, y)
quotyry i) (7, y)
quotey(x,y)

ratioyry(z,y)
ratior i (7,
ratioyp) 1 (7,
ratioy «(r)
ratzoc

/\
ot \_/
~

residue;p )

residuer 1y (z,y)
residue;p Y)
residuer ()
reszduec(]) I
residue;(ry o(1
residuec(y x
residuec(r) (v, y)

)i
)
groupiry(z,y)

groupryi(r )(.T, y)
group;(r, ](‘T’ y)
groupy ()
groupe(ry,1

C.3 C++

divides(x, y)
divides(x, y)
divides(x, y)
divides(x, ¥y)
divides(x, y)

quot(x, )
quot(zx, y)
quot(zx, y)
quot(z, y)
quot(z, y)
quot(z, ¥y)
quot(z, ¥y)
quot(z, ¥y)

mod(x, y)
mod(x, y)
mod(x, y)
mod(x, ¥y)
mod(x, y)
mod(x, y)
mod(x, y)
mod(x, y)

ratio(z, y)
ratio(z, y)
ratio(x, ¥)
ratio(x, ¥)
ratio(x, ¥)
ratio(z, y)
ratio(x, %)
ratio(x, %)

iremainder(z,
iremainder(z,
iremainder(z,
iremainder(z,
iremainder(z,
iremainder (x,
iremainder (z,
iremainder (z,

group(z, y)
group(z, y)
group(z, y)
group(z, y)
group(z, y)

y)
y)
y)
y)
y)
y)
y)
y)

ISO/IEC CD 10967-3.2:2004(E)
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group;(r).o(r) (2, y) group(z, ¥) t
grouper i) (7, y) group(z, y) T
groupe(n)(z,y) group(z, y) t
pad;(r)(z,y) pad(z, y) T
pady 1) (z,y) pad(z, y) T
pad;py 1(z,y) pad(z, y) 1
Padl,c(l)(l’yy) pad(z, y) T
padc(l),] (z,y) pad(xz, y) T
pads(py c(r) (T, y) pad(z, y) T
padc([),i([) (l‘,y) pad(w! Y) T
padc([) CL’,y) pad(w! y) ]L
maz;(r)(, y) max(x, ¥y) 1
ming(ry(z,y) min(x, y) T
maz_seqi(ry(s) xs.max () T
min_seqry(vs) xs.min() T

where x and y are expressions of type CINT.

The parameters for operations approximating real valued transcendental functions can be ac-
cessed by the following syntax:

box_error_mode_muly numeric_1imits<CFLT>::box_err_cmul() 7
mazx_err-mule p numeric_1imits<CFLT>: :err_cmul () 1
box_error_mode_dive ) numeric_1imits<CFLT>: :box_err_cdiv() f
maz_err_diver) numeric_1imits<CFLT>::err_cdiv() T
MaT_err-eTPe(F) numeric_1imits<CFLT>::err_exp() T
MAT_€rT_Powery(r) numeric_1imits<CFLT>: :err_power () T
Max-err_singr) numeric_1imits<CFLT>::err_sin() T
max_err_tane ) numeric_1imits<CFLT>::err_tan() T

where u is an expression of a floating point type. Several of the parameter functions are constant
for each type (and library).

The LIA-3 non-transcendental complex floating point operations are listed below, along with
the syntax used to invoke them:

€Qi(F)($ay) r ==Y T
€QF,1(F)(907?J) r ==Y T
6611(F),F(377?J) r ==Y T
eQF,c(F)(xay) r==1Y *
QQC(F),F(ny) r ==y *
eqi(ry,c(F) (T, Y) T ==y T
eqe(ry,i(F) (T, Y) T ==y T
€qc(F) CC,y) r =1y *
negiry(,y) z =y T
neqrir)(z,y) z =y T
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negir,r (T, y) T =y t
n6QF,c(F)(xay) T =y *
ne(JC(F),F(:va) T =y *
negi(r)o(F)(T,y) T 1=y ]
neqe(ry,i(F)(,y) r =y T
neqc(p)(w,y) r =y *
L5550 (1, 9) r <y }
legi(r) (@, y) T <=y t
gtriry(z,y) T >y f
geqi(r) (@, y) T >=y T
itimesp(x Ix*ux T
itimes;(r)— () Iz T
itimese () I*x T
rep(x) xr.real() or real(z) T
re;i(py () x.real() or real(x) T
rec(ry () r.real() or real(w) *
imp(zx) x.imag() or imag(x) T
imy(py () x.imag() or imag(z) T
ime(p () x.imag() or imag(z) *
plusitimesp(x,y) complex(xz, ) *
plusitimesp(z,y) z+I*xy *
negi(r) () -z f
nege(r)(T) - *
conjp(x) conj(x) T
conji(ry () conj(x) T
conjo(r) () conj(x) *
addypy(z, y) Tty T
addp;ry(z,y) Tty T
addy ), F (7, y) T +y T
addpc(r)(7,y) T +y *
adde gy, r(2,Y) T +y *
add;(ry o(r) (T, ) T +y ]
adde(py (7 (T, Y) Tty T
adde gy (v, y) T+ y *
suby(py(z, y) T -y f
subpi(ry(z,y) T -y T
SUbi(F),F(%ZJ) r -y T
subgc(r)(7,y) T -y *
Sch(F),F(fUay) T -y *
subi(r) o(F) (T, Y) T -y ]
sube( ) i) (T, ) T -y ]
sube(p) (7, y) T -y *
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muly g (T, y) T *y T
mulp;iry(z,y) T *y T
muly gy p(2,y) T *y T
mUZF,c(F)(xay) T *xy *
muzc(F),F(xay) T *xy *
mulipy o(F)(2,Y) T oxy T
mulepyiry (2, Y T oxy T
mule ) (7, ) T Ky *
divi(py(z,y) z /vy T
divpir) (T, y) z /vy T
dlvl(F),F(xay> z /vy T
divger) (T, Y) x /Yy *
divy(ry, (7, Y) x /Yy *
divy gy () (T, Y) r/y T
d“)c(F),l(F)(xvy) z /vy T
divy(ry(z,y) z /vy *
absi(ry(z) abs(z) *
absc(ry () abs(z) *
sqr-absepy () norm(x) * Not LIA-3
phasep(x) arg(x) T
phase;p)(z) arg(x) T
phasecp) () arg(x) *
phaseur(u, x) argu(z, w) T
phaseu; ) (u, v) argu(x, u) T
phaseuqpy(u, ) argu(x, u) T
signump(x) signb(x) *7
signum;(py () sign(x) T
signume(g) () sign(x) T
floorp () floor(x) T
floor oy () floor (x) T
rounding; g () nearbyint (x) T
roundingp) (z) nearbyint (x) T
ceiling; py(z) ceiling(x) T
ceilingq(py(z) ceiling(x) T
mazi(g) (T, y) nmax(x, ) 1
mmaz;ry(z,y) fmax(z, y) T
min; gy (T, y) nmin(z, y) T
mmin; gy (, y) fmin(z, y) T
maz_seqy ) (Ts) nmax (zs, nr_of_items) T
mmaz_seg;)(zs) fmax(xs, nr_of_items) T
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min_seq; g (s) mmin(zs, nr_of_items) T
mmin_seqp(rs) fmin(xs, nr_of_items) T
polarp(z,y) polar(z,y) *
polarup(u,x,y) polaru(zx, vy, u) T

where x, y and z are expressions of the same complex floating point type.

The LIA-3 elementary complex floating point operations are listed below, along with the syntax
used to invoke them:

power;(y,1(b,7) power (b, 1) T
powery (g 1(b, 1) power (b, ) * not LIA-3)
expi(ry(x) exp(x) T
erpe(ry(T) exp(x) *
powerypy(b, y) pow(z, y) t
poweryry p(b, y) pow(b, ) t
powerg;r)(b,y) pow(b, ) t
power(py (b, ) pow(h, 1) x
POWETE ¢(F) (bv y) pow(b, y) *
powery(g) o(r) (b, y) pow (b, y) f
powery gy i(r) (b, Y) pow(b, y) T
powery g (b, y) pow(b, ) *
sqrtp_o(r)(x) sqrtc(z) T
5qrti(py—e(r) () sqrt (x) T
sqrtcpy(z) sqrt (x) *
Inp_cry(z) log(abs(x))+I*atan2(imag(x) ,x)) *
Ini(py—e(r) (T) log(abs(x))+I*atan2(imag(x) ,real(x)) *
Ini(py—c(r) () log(xz) T
Ingry(z) log(x) *
logbasep_..(r)(b, ) logc(x, b) (note parameter order) T
logbase;(y(b, ) log(xz, b) (note parameter order) T
logbase;(py p (b, ) log(xz, b) (note parameter order) T
logbase () (b, x) log(x, b) (note parameter order) T
logbase(ry, (b, x) log(xz, b) (note parameter order) T
logbasep, () (b, x) log(x, b) (note parameter order) T
logbase;(r) o(ry(b, T) log(x, b) (note parameter order) T
logbase.(ry i(ry(b, T) log(xz, b) (note parameter order) T
logbase,(ry(b, z) log(b, x) T
radpy(z) radian(x) T
rade gy () radian(x) T
siny(py () sin(x) T
sine(py () sin(x) *
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seci(py (v
sece(r) ()
csci(r) (2)
csce(ry ()

arcsing_q(r) ()
aresingpy(z)
aresing py(z)
arccos p_o(r) ()

arccote(p) xg
arCseCp _o(p)
arcseci(py—e(r) ()
arcsecy(py ()
arcescp_q(r)(T)
arcesci(py ()

arcesce(py ()
radhp(x)

radhi gy ()
radhe gy ()

csche(py ()

arcsinhpy()

cos(x)
cos(x)
tan(x)
tan(x)
cot(x)
cot(x)
sec(x)
sec(x)
csc(x)
csc(x)

asinc(x)
asin(x)
asin(x)
acosc(x)
acos(x)
atan(x)
atanc (x)
atan(x)
acot (x)
acotc(x)
acot (x)
asecc(x)
asec(x)
asec(x)
acscc(x)
acsc(x)
acsc(x)

radianh ()
radianh(z)
radianh(z)

sinh(x)
sinh(x)
cosh(x)
cosh(x)
tanh (x)
tanh (x)
coth(x)
coth(x)
sech(x)
sech(x)
csch(x)
csch(x)

asinh(xz)

Working draft
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arcsinhipy_c(r) () asinhc(z) T
arcsinhe gy () asinh(x) *
arccoshF_w(F)( x) acoshc (z) T
arccoshypy(r)(T) acoshc (z) T
arccoshe(py(z) acosh(x) *
arctanhp_q(p) () atanhc (z) T
arctanh; g () atanh (x) T
arctanhe py(z) atanh () *
arccothp_q(r) () acothc (x) T
arccothpy(z) acoth(z) T
arccoth (7 () acoth(x) T
arcsechp_o(r) () asechc (z) T
arcsechy(p)—q(r) () asech(x) T
arcsechq(py(z) asech(x) T
arcesch py() acsch(x) T
arceschipye(r)(T) acschc(x) T
arcesche(py () acsch(x) T

where b, x, and y are expressions of the same complex floating point type. t is a string, part of
the operation name, and is “f” for _Complex float, the empty string for _Complex double, and
“1” for _Complex long float.

Arithmetic value conversions in C++ can be explicit or implicit. The explicit arithmetic value
conversions are usually expressed as ‘casts’, except when converting to/from strings. The rules for
when implicit conversions are applied is not repeated here, but work as if a cast had been applied.

XXX XXXXXXXXXXXXXXXX XX XXX XXX XXX X XXX XXX XXX XXX XXX XXX XXX XXX XXX XXX
XXXXXXXXXXXXXXXXXXXX XXX XX XX XEX X XXX XXX XXX XXX XXX XXX XXX XXX XXX XXX
XXX XX XXX XX XXX XXX XXX XX XXX XXX XXX XXXXX XXX XXX XXX XXX XXX XX XXX XXX XXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXEXX XXX XXX XXX XX XXX XXX XXX XX XXX XX XXX

converty_qp) () (INT _Complex)zx T
converti(ry_.c(r)(z) (INT _Complex)zx T
converty iy (z) (INT2 _Imaginary)z T
convert o)1y () (INT2 _Complex)x T
convertFHC(F) (x) (FLT _Complex)z *
convert py_e(r) () (FLT _Complex)z (%)
convert; py_ip () (FLT2 _Imaginary)x (%)
convertyp )HC(F/)(.T) (FLT2 _Complex)x *
converty g _i(r) () sscanf...x (%)
converty pr—e(r)(T) sscanf...x *
convert; gy () sprintf...z (%)
converty gy —c(rr)(T) sprintf...z *
converty py_i(r)(z) sscanf...(...x) (%)
converty py—c(r)(T) sscanf...(...x) *
converti py_i(p) () sprintf...(...x) (%)
converty py—c(p)(T) sprintf...(...z) *
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imaginary -unit IT or _Imaginary_II
imaginary_unit.y) ((IT)) or _Complex II
imaginary -unit; g I or _Imaginary.I
imaginary-unit.( ) _Complex_I

Working draft
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C.4 Fortran

The programming language Fortran is defined by ISO/IEC 1539-1:1997, Information technology
— Programming languages — Fortran — Part 1: Base language [18].

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-3 for that operation. For each of the
marked items a suggested identifier is provided.

The Fortran datatype LOGICAL corresponds to the LIA datatype Boolean.

Every implementation of Fortran has one integer datatype, denoted as INTEGER, and two float-
ing point data type denoted as REAL (single precision) and DOUBLE PRECISION.

An implementation is permitted to offer additional INTEGER types with a different range and
additional REAL types with different precision or range, parameterised with the KIND parameter.

The LIA-3 integer operations are listed below, along with the syntax used to invoke them:

eqiry(z,y) T ==
€qri(I) (z,9)
eqi(n),r(z,y)
quC I) (iﬁ Y)
€qc(n),1 ( )
eqi(1) (1) (33 Y)
€qc(1),i(I) (z,9)
€qc(I) (xa y)

1]

1]
e
— = — — — — — —

8 8 8 8 8 8 8
I
I

88 8 8 8 8 8 8
e
— = — — — — — —

A
1]
<
—_ = — —

8 8 8 8

itimes_i(r) () ITI * o
itimes;i(r)— () ITI * o
itimesq () II *x x
rer(x) REAL (x)
re;r () IREAL (x)
reqr)(z) IREAL (z)
imp(x) IMAG(x)
’imi([)(l‘) IMAG(z)

— — — — — — — —
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imc(]) (‘T)

plusitimes(ry(z,y)

negy(r)(x)
nege(r) ()
conjr(x)

conjip ()
conge(r)(z)

SUbl(I),c(I)( .Y)
sube(ry,i(r)(2,Y)
Sch(I)(x y)

absl([)( )
signumy(x)
signumsp) ()

muly(absr(y), signumy(x))

divides;ry(z,y)
dividesy r)(7,y)
dividesi([),j(a:, Y)

ma; (x, Y)

mml(z ( Y)
max-seqi(y)

([:L‘l,
min_seqi()([T1, .-

IMAG (x)
CMPLX (z, y)
=X

=T

CONJG(z)
CONJG(x)
CONJG(x)

8 8 8 8 8 8 8 8
+ + + + + + + +
ereee e R e

8 8 8 8 8 8 8 8
|
SSEEN SIS OIS SN SIS

8 8 8 8 8 8 8 8

* ¥ X X X X X ¥
NS SIS SISO S SN

ABS ()
SIGN(1, x)
SIGN(1, x)
SIGN(y, x)
DIVIDES(x, ¥)
DIVIDES(x, ¥)
DIVIDES(x, ¥)

MAX(z, )
MIN(z, y)
MAX (1, ..., Tp)
MIN(xy, ..., Tn)

Working draft
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maz_segi(ry(s) MAX (zs) T
min_seqp)(vs) MIN(zs) T
where x and y are expressions of type CINTEGER and where xs is an expression of type array of
CINTEGER.

The LIA-3 non-transcendental floating point operations are listed below, along with the syntax
used to invoke them:

€<]i(F)(l’a?J) r ==Yy T
GQFI(F)(fU Y) r ==Y T
eqi(r),r(7,Y) T ==y f
ech ) (2, y) T ==y *
eqe(r),F(T,Y) T ==y *
eqi(r).o(F) (T, Y) T ==y f
€QC(F),1(F)($aZ/) T ==Yy T
6Q«:(F)('%'7y) T ==Yy *
ne%(F)(ﬂUay) r /=Y T
neqFl(F)( z,Yy) T /=y T
neqi(ry,r (T, y) x /=y t
Neqrc F)( z,y) T /=y *
neqe(r),r(,y) x /=y *
ne%(F),c(F)(xay) T /=Y T
neqC(F),i(F)(ﬂUay) T /=Y T
nequ)(xay) T /=y *
Issi(py (T, y) T <y T
legiry(z,y) T <=y T
gtricry (T, y) T >y f
geqi(r) (@, y) T >=y ]
itimesp_i(r) () IU * z T
itimes;(p)—p () IU * z T
itimesq(r)(T) IU * ¢ T
rep(x) REAL (x) T
rei(F)(a:) REAL (z) T

Ec(F )( ) REAL (x) *
sz( ) AIMAG (x) T
im;(py () ATIMAG (x) *
ime(p () ATIMAG (x) *
plusitimes.p) (7, y) CMPLX(x, %) *
negi(r) (@) - T
nege(r) () -~z *
conjp(x) CONJG (x) T
conji(ry(z) CONJG(x) T
conje(py () CONJG(x) *
add; (2, y) Tty T
addp;(r)(,y) Tty T
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addypy p(z,y)

9
Y
&

3

2

3

SUbFl (
subl(p

Subpc(F)
sube(py, (ac
subi(r) o(r) (
SUQXFLKF)(
sube(py (@, y

)

Y
Y

muli gy (7, y)
mUZFI ( )
muli gy, p (7, y)
much ( )
mule(p),F(T,Y)
muz1(F),c(F) (l‘ Y)
”@UhxFyupd(x,y)
mule gy (7, y)

divi(F) (CC, y)
divFl ( )
divy( gy, p (7, y)
d'“)Fc ( €,y )
dwc (F), F(fU Y)
divi(p),c(r) (2, Y)
divc(F),i(F) (z,9)
divery(z,y)

absi(p) (x)
abse(r) (x)

phaser(x)

phase;py(v)
phasec ) ()
phaseuF(u x)
phaseu;(py(u, r)
phaseupy(u, )

signump(x)
signum; g ()
signume(g) ()

8 8 8 8 8 8
+ + + + + +
e e

8 8 8 8 8 8 8 8
|
L e e e w

¥ X X X X X X ¥

8 8 8 8 8 8 8 8
L e e e w

N NN NN NN N
NS SO SO SN SO S SN

8 8 8 8 8 8 8 8

ABS(z)
ABS ()

ARG (x)
ARG (x)
ARG (x)
ARGU(z, u)
ARGU(z, w)
ARGU(z, u)

SIGN(1.0, z)
SIGN(1.0, z)
SIGN(1.0, =)

Working draft

X — — % ot —+

* — — o o — — —- * — — o o — — —-

* — — o — — — —

—+

%

— = — o — —

*

— —

Ezxample bindings for specific languages



Working draft

mulp(absp(y), signump(z)) SIGN(y, x)

polarp(x,y)
polarup(u,x,y)

POLAR(z, y)

POLARU(x, vy, u)

ISO/IEC CD 10967-3.2:2004(E)

*

t
t

where x, y and z are expressions of type FILT, and where s is an expression of type array of FLT.

The LIA-3 parameters for operations approximating real valued transcendental functions can
be accessed by the following syntax:

box _error_mode-mule )

maz-err-mulyr)

box_error_mode_dive )

mazx_err_dive(r)

Max-err_erpe(r)

AT -€rr_power ()

AT _err_sing r)
max_err_tanc g

BOX_ERR_MUL ()
ERR_MUL (z)

BOX_ERR DIV (z)
ERR DIV (z)

ERR_EXP (z)
ERR_POWER (x)

ERR_SIN(z)
ERR_TAN(x)

T
t

where b, x and u are expressions of type CFLT. Several of the parameter functions are constant
for each type (and library), the argument is then used only to differentiate among the floating

point types.

The LIA-3 elementary floating point operations are listed below, along with the syntax used

to invoke them:

powery(p) (7, y)
powere(py,1(,y)

ETPi(F)—c(F) (.ZC)
expe(r) ()

powerp_c(r) (@, y)

power;(r) (z,y)
pOUJe?“i(F),F(ba Y)
power gy (b, )
poweryry p(b,y)
power g (b, )
POWET;(F) o(F)
powere(pyi(F) ( y L
powerry(z,y)

5qrtp_e(r) ()
8qrti(py—e(F) (T)
sqrtery(z)

lnFHC (l‘)
lnF—>c (l‘)

F)—c(F) (‘T)
ln (F)—c(F)(T)

C.4 Fortran

(0 y)

T *kk gy
T kk gy

EXP(x)
EXP(x)

Kk Y
k%
* %
* %
k%
k%
ko
k%
% %k

BT R 8
e R 8R 8T

SQRTC(z)
SQRT (z)
SQRT (z)

LOGC(z)

LOG(ABS (z) ) +I*ATAN2(Im(x),z))

LOG ()

LOG(ABS () )+I*ATAN2(Im(z) ,Re(x))

*x7 (not LIA-3)

— —

*

— = ¥ —+
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lnC(F) (l‘) LOG(z) *
logbasep_q(r)(b, ) LOGC(xz, b) (note parameter order) T
logbase;(py(b, ) LOG(x, b) (note parameter order) T
logbase;(py, r (b, x) LOG(x, b) (note parameter order) T
logbaser;r) (b, ) LOG(z, b) (note parameter order) T
logbase.(ry r (b, T) LOG(z, b) (note parameter order) T
logbasep(r)(b, ) LOG(z, b) (note parameter order) T
logbase;(r) o(r) (b, ) LOG(z, b) (note parameter order) T
logbase(pyi(ry(b, ) LOG(z, b) (note parameter order) T
logbase.(py(b, v) LOG(z, b) (note parameter order) T
radry(z) RAD (x) T
rade ) () RAD(z) T
siny(py () SIN(z) T
sine(r) () SIN(x) *
cosi(py(x) COs (x) T
cosq(r) () CoS(x) *
tan; ) () TAN (x) T
tangry(z) TAN (x) *
cotipy () COT (x) T
cote(py () COT (z) T
seci(py () SEC(x) T
sece(r) () SEC(x) T
escipy () CsSC(x) T
csce(py () CsC(x) T
arcsinp_,c(p) (x) ASINC(x) T
arcsml(F (x) ASIN(z) T
aresing gy () ASIN(x) *
arccosFHC(F) (z) AC0sC(z) T
arccos;(py—o(r)(T) ACOS (z) T
arccosq(p) () ACOS (x) *
arctan; (F)( x) ATAN(z) T
arctan; py—q(r)(z) ATAN (x) T
arctan g () ATAN (x) *
arccoti(py () ACOT () T
arccoty py—q(r)(x) ACOT () T
arccoty(ry(z) ACOT (z) T
arcsecp_o(p) () ASECC (x) T
arcseci(py—q(r) () ASEC(x) T
arcsecy(ry(z) ASEC(z) T
arccscp_)c(p)( ) AcCscC(x) T
arcescip) () ACSC(x) T
arcescory(x) ACSC(x) T
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radhp(x)
radh; g ()
radhe g ()

csche(ry(T)

arcsinhpy(z)
aresinhi gy e ()
arcsinhe gy ()
arccoshF_)C(F) (x)
arccoshipy—q(r)(T)
arccoshe(py(z)
arctanhp_q(p) ()
arctanh; g ()
arctanhe gy(z)
arccothp_q(r) ()
arccoth; g ()
arccoth ()
arcsechp_w(p) (x)
arcsechy(p)—c(r)(T)
arcsechq(r) ()
arccschl(F (x)
arceschi(py—.e(r) ()
arcesche gy ()

RADH (z)
RADH(z)
RADH ()

SINH(x)
SINH(x)
COSH(x)
COSH(x)
TANH ()
TANH (x)
COTH(x)
COTH(z)
SECH(x)
SECH(x)
CSCH(x)
CSCH(x)

ASINH(x)
ASINHC(z)
ASINH(x)
ACOSHC(z)
ACOSH(z)
ACOSH(x)
ATANHC ()
ATANH ()
ATANH ()
ACOTHC (z)
ACOTH(x)
ACOTH(x)
ASECHC (x)
ASECH (z)
ASECH (z)
ACSCH(z)
ACSCHC(z)
ACSCH (x)

where b, x, y, u, and v are expressions of type CFLT.
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Arithmetic value conversions in Fortran are always explicit, and the conversion function is
named like the target type, except when converting to/from strings.

(mockup so far!

)
converty_qp) ()
convertyry_.q(r)(z)
converty i) (z)
converty(ry—q(1y ()

convertp_(ry(T)
convert p_o(ry(z)
converti(py_.e(r) ()

C.4 Fortran

Compose_From Cartesian(x) T
Compose From Cartesian(x) T
Compose From Cartesian(z) T
Compose From Cartesian(z) T
Compose_From_Cartesian(z) *
r+1i*x Im(z) or x + j * Im(z) T
Compose From Cartesian(x) *
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converty py_.o(r)(T)
converty py i) (T)

convert oy _c(rr)(T)

convert; py_i(p)(z)
converte gy —e(p)(T)
convertypy_i(r )( x)

converte py—e(r)(T)

Re(x) + x
Compose_From Cartesian(z)
Compose_From Cartesian(z)

— — %

Compose_From Cartesian(x)
Compose_From Cartesian(x)
Compose_From _Cartesian(z)
Compose_From _Cartesian(z)

—_ = = —

EDITOR’S NOTE - complex I/O!!

Fortran provides complex numerals in the following form, when z and y are floating point
numerals:

plusitimes.r)(z,y)

(z, y) *
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C.5 Haskell

The programming language Haskell is defined by Report on the programming language Haskell 98
[57], together with Standard libraries for the Haskell 98 programming language [58].

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-3 for that operation. For each of the
marked items a suggested identifier is provided.

The Haskell datatype Bool corresponds to the LIA datatype Boolean.

Every implementation of Haskell has at least two integer datatypes Integer, which is unlimited,
and Int, and at least two floating point datatypes, Float, and Double. The notation INT is used
to stand for the name of one of the integer datatypes, and FLT is used to stand for the name of
one of the floating point datatypes in what follows.

Haskell has a type class system that allows for overloading, and allowing static type checking of
dynamic overloading. But in contrast to object oriented programming languages, type classes are
not types. E.g. + has the type (Num a) => a -> a -> a, where Num is a type class and a is a type
variable. Datatypes for complex arithmetic are constructed via a type constructor, Complex, that
takes a class restricted type parameter. The restriction, in Haskell 98, is to RealFloat (instead
of Real which would have been more in line with Common Lisp), so complex integer datatypes
cannot, in Haskell 98, be constructed via the standard type constructor Complex. Further, there
is no standard Imaginary type constructor. The overloading system does not allow for “mixed”
operand types.

The LIA-3 integer operations are listed below, along with the syntax used to invoke them:

eqi(r) (@, y) ==y or (==) zy +
eqrin (@, y) x ==y or (==)ay T
edqi(n),1(z,y) x ==y or (==) xy i
GQICI)(@" Y) r ==y or (==) zy T
€qe(r),1(2, Y) r ==y or (=) zy t
eqi(r ),C(I)(ﬂf Y) r ==y or (==)zy +
eqe(1),i(1) (T, ) r ==y or (==)2zy +
eqe(n) (T, y) r ==y or (==) zy +
negir)(x,y) x /=y or (/=) xy T
neqrin(z,y) z /=y or (/=) zy t
negir),r(v,y) x /=y or (/=) xy +
neqr o) (T, y) x /=y or (/=) zy +
neqe(r),1(,y) r /=y or (/=) xy +
negir),o(n) (T, y z /=y or (/=) zy +
neqe(n),i(r) (T, y) x /=y or (/=) zy +
neqe(r)(z, y) z /=y or (/=) xy +
Issi(ry(z,y) T <y T
legi(ry(,y) T <=y ]
gtriry(z,y) x>y T
geqir)(z,y) T >=y T
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itimes_i(r)(7) I*2x 1
itimes;( () Ix*xux T
itimese(r) () Ix*ux T
rer(x) realPart z T
7"61(1)(33) realPart 1
Tec(])(-f) realPart x 1
imp(x) imagPart x T
Z‘mi(l)(ﬂf) imagPart = f
iMe(r) (z) imagPart = 1
plusitimes(ry(z,y) z+ I *xy T
negi(I)(x) - x or negate x T
negc(l)(:z) - x or negate T
conjr(z) conjugate x T
congir () conjugate x +
conje(r) () conjugate x +
addyry(z,y z+y or (+) zy T
add; 51)(z,y) r+y or (¥) zy T
adds(ry,1(%,y) r+y or (+) vy T
addy o1y (,y) z+y or (¥) xzy T
addepy,1(z,y) T+y or (+) zy +
add;(r) o(1)(2,y) r+y or (#) zy t
adder) i(r) (7, y) r+y or (+) xy t
addc(]) T,y r+y or () zy T
suby(r)(z, ) z -y or (<) xy or subtract y x T
subp iy (7, y) x -y or (=) xy or subtract y x T
suby(py,1(z,y) x -y or (=) xy or subtract y x T
subr o(1)(z,y) -y or (=) zy or subtract y z
sube(p),1(z,y) z -y or (=) zy or subtract y z
subi(1) (1) (2, y) z -y or (=) xzy or subtract y = 1
sube(ry,i(1)(,Y) z -y or (=) xzy or subtract y =
sube(p) (7, y) z -y or (=) zy or subtract y z T
muli( ) (7, y) x*y or (%) zy T
muly ) (7, y) x*y or (%) zy T
mulyry (7, y) T xy or (¥) zy t
muly oy (z,y) T ky or (%) xy t
maule(r) 1(z,y) z*xy or (%) zy T
maliry o) (T, ) xxy or (x) xy 1
maulery i) (T, Y) x ky or (x¥) xy 1
mule(ry(z,y) x*xy or (%) xy 1
abs;() () abs w 1
signumy(x) signum z T
signum;p) () signum x T
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divides;ry(z,y) divides z vy T
dwzdesll n(z,y) divides z vy T
divides;( ) (7, y) divides z vy T
mazi(r) (T, y) max T y T
min (T, y) min x y T
maz_seqi(ry(s) maxseq IS T
min_seq;p(vs) maxseq IS T

where x and y are expressions of type complex INT [not in Haskell98].

The LIA-3 non-transcendental floating point operations are listed below, along with the syntax
used to invoke them:

eqi(r)(,y) r ==y or (==) zy t
€QF1F)(~”C Y) r ==y or ( Ty T
eqi(ry, (7, Y) x ==y or ( Ty T
eL]Fc y(z,9) x ==y or ( xy *
eqe(F),F (T, Y) r==y or (==)xy *
eqi(r), (F)(ﬂf Y) r ==y or (==) 22y +
eqe(F),i(F) (T, Y) r ==y or (==) zy +
eqe(r) (T, Y) x ==y or (==)xy *
neq(r)(z,y) x /=y or (/=) zy t
neqrir) (T, y) x /=y or (/=) xy T
neg F)F(%y) z /=y or (/=) zy +
neqr.c(r) (T, y) x /=y or (/=) xzy *
neqc F)F( ' Y) x /=y or (/=) zy *
negi(r),c(r) (T, Y) ==y or (/=) zy t
neqc( () ==y or (/=) zy 1
neqc(F)( Y) z /=y or (/=) xy *
Issi(py (7, y) r <y T
legi(r) (7, y) T <=y T
gtricry(z,y) x>y T
geqiry(z,y) T >=y T
itimesp(x) Ix*x t
itimesi(r)— () I * +
itimese () () I*zx +

(The real and imaginary parts are also extractable through pattern matching.)

rep(x) realPart = T
reipy () realPart z T
req(r)(T) realPart =z *
imp(x) imagPart x T
imi(p) () imagPart x T
ime(py(T) imagPart x *
plusitimesqp) (7, y) T i+ oy *
negi(r) () - xr or negate x T
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negc(p)(aj) - x or negate *
conjr () conjugate x T
congiry(z) conjugate x +
Conjc(F)(UC) conjugate x *
addi(F)(x, Y) z+y or (+) zy T
addp;(r)(z, y) r+y or (+) zy T
addy gy p(7,y) r+y or (#) zy t
addpory(z,y) z+y or (+) zy *
addepy,p(z,y) x+y or (+) zy *
add(py o(F) (T, y) T+y or (¥ zy t
adde(ryi(r) (T, y) T+y or (¥ zy +
add(py(z,y) T+y or (¥ zy *
subi(r) (z,y) r -y or (<) xy or subtract y x f
subpi(r) (2, y) z -y or (<) xy or subtract y x T
Subl(F Fz,y) z -y or (<) xy or subtract y x T
subp () (2, ) x -y or (=) xy or subtract y x =«
sube(py,r(2,Y) z -y or (=) zy or subtract y z =
subi(p) o(F) (T, Y) x -y or () vy or subtract y z T
sube(ryi(F) (T, Y) x -y or () xy or subtract y x T
Sch(F( Y r -y or (=) xy or subtract y x *
muli gy (7, y) z*y or (x) zy T
mulp;r) (T, y) xxy or (%) xy T
mulypy (T, y) x*xy or (¥) zy t
much ) (7, 9) zxy or (¥) zy *
mulery, p (7, Y) x*xy or (¥) xy %
mul; (F) c(F)( z,y) x*y or (%) xy T
mile(p).i(r) (Y zxy or (N xy ;
mul (F)( N ) z*xy or (x) xy *
divy gy (,y) x/y or (/) zy T
divp;iry(z,y) x/y or (/) zy T
divy gy, p (7, Y) x/y or (/) zy T
divpory(T,y) x/y or (/) xy *
dive(ry,p(,Y) x/y or (/)zy *
divi(p) o(F) (T, Y) x/y or (/)zy +
dive(py i) (T, ) x/y or (/) zy +
dive ) (7, y) x/y or (/) zy *
abSi(F)(ﬂf) magnitude x T
absc(ry () magnitude z *
abse(Fy—c(F) () abs z * Not LIA-3
phasep(x) phase z T
phase;p)(z) phase z T
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phase.p () phase x *
phaseur(u, ) phaseu u x) T
phaseu;py(u, r) phaseu u = T
phaseupy(u, ) phaseu u x T
signump(x) sign x *
signum;g) () sign = T
signume(g) () sign x *
polarp(z,y) mkPolar z vy *
polarup(u, z,y) mkPolaru u = y T
to_polarg(z) polar z *Not LIA-3

where z, y and z are expressions of type complex FLT.

The LIA-3 parameters for operations approximating real valued transcendental functions can
be accessed by the following syntax:

box _error_mode-mule box_err mul x T
maz-err-muly g errmul x ]
box _error_mode_div.r) box_err div x ]
maz-err-divg(py err div x T
Max_err_eTpy(F) err_exp T
MAT_ErT_POWEr(fy err_power T T
Mazx-err_singr) err_sin x ]
max_err_tane py err_tan x T

where x is an expression of type complex FLT. Several of the parameter functions are constant
for each type (and library), the argument is then used only to differentiate among the floating
point types.

The LIA-3 elementary floating point operations are listed below, along with the syntax used
to invoke them:

power;py (b, 2) b~z or (") bz T
powerypy (b, 2) b~~~z or (") bz * Not LIA-3
eTP;(F)—e(F) (T) exp T
eTPi(F)—c(F) (1 T) cis z

expe(ry(T) exp T *
powery(p) (T, y) pow T y ]
poweryr) r(b,y) pow b y T
powerg;py(b, ) pow b x T
powery gy r(b,y) pow b y ]
powerg .(py(b, T) pow b x T
powery(g) o(r) (b, y) pow b y *
powerypy i(ry(b, T) pow b x *
powerypy (b, y) pow b y *
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sqrtp_c(r) () sqrtc x T
SqTti(p)—c(F) (T) sqrt z t
sqrte(py () sqrt x *
Inp_e(r)(T) log (abs x) :+ atan2 (imagPart z) z *
Ini(Fy—e(r) (T) log (magnitude x) :+ atan2 (imagPart x) (realPart x) =«
Ini(py—e(F) (T) log T
Ine(r) () log x *
logbasep _q(r)(b, ) logBasec b = T
logbase; ) (b, ) logBase b x T
logbase;r) p (b, T) logBase b x T
logbasep;r) (b, z) logBase b x T
logbase.(ry r (b, T) logBase b x T
logbasep(r)(b, ) logBase b x T
logbasei(py c(r) (b, T) logBase b x T
logbase(ry i(r (b, T) logBase b x T
logbase(r (b, x) logBase b x *
rad;py(v) radian T
rade ) () radian = T
sini(r) () sin x T
sing(r) () sin x *
cos;() () cos x T
cosq(py () cos x *
tanpy(z) tan x T
tanypy(v) tan x *
coty(py(7) cot x T
coto(py () cot x T
seci(py(T) sec x T
secq(ry(T) sec x T
eseipy () csc x T
cscepy () csc x T
arcsing_q(r) () asinc = T
arcsing ) (z) asin x T
arcsing gy (z) asin x *
arccosF_,C(F)( x) acosc T T
arccosq(p) () acos *
arctan; F)(ZL') atan x T
arctany(py—q(r)(T) atanc(x) T
arctang gy () atan x *
arccotl(p (ac) acot x T
arccoti py—o(r)(T) acotc(x) T
arccoty(ry(z) acot x T
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arcsecp_q(r)(T)
arcseci(py—e(r) ()

arcsecy(py ()

arcescp_q(r)(T)

arcescipy(z)
arcesce(py ()

radhp(x)

radh; g ()
radhe g ()

arcsinhpy(z)

aresinhipy e (T)

arcsinhe gy (v

arccosh(pq_ﬂ;F)( )

arccoshe(py(z

arctanhp_q(p) ()

arctanh; g ()
arctanhe gy(z)

arccothp_q(p) ()

arccothy g ()
arccoth, F)( x)
arcsechp_.o(r

arcsechq () ()
arceschy gy ()

arceschi_q(r) ()

arcesche gy ()

where b, x, y, u, and v are expressions of type complex FLT.

(

)
arCCOShPLﬁd y(2)

(

x)

(z)

)
arcsechi(py_.c(r)(T)

asecc T
asecc T
asec T
acscc I
acsc x
acsc x

radianh x
radianh x
radianh x

sinh
sinh
cosh
cosh
tanh
tanh
coth
coth
sech
sech
csch
csch

8 8 8 8 8 8 8 8 8 8 &8 8

asinh z
asinhc x
asinh z
acoshc «
acosh x
acosh =
atanhc x
atanh z
atanh z
acothc x
acoth z
acoth =
asechc x
asech z
asech z
acsch z
acschc x
acsch z

— = = — — —

— = —

— = — — — — ¥ —F ¥ —F ¥ —-

— = — — — — — — — ¥ —F — ¥ — — ¥ — —+

ISO/IEC CD 10967-3.2:2004(E)

Arithmetic value conversions in Haskell are always explicit. They are done with the overloaded

fromIntegral and fromFractional operations.

converty_p ()

C.5 Haskell

x
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convertypy_.e(r)(z) ..o T
convertp_o(py() x - I*0 or z - _Imaginary I * O
convertipy_.c(r)(T) -0 + x T

EDITOR’S NOTE — complex I0...(show, read, )

where x is an expression of type INT, y is an expression of type FLT, and z is an expression of
type FXD, where FXD is a fixed point type.

EDITOR’S NOTE — Numerals...:

imaginary-unit II 1
imaginary-unit. 0+II 1
imaginary-unit; gy I 1
imaginary_unit py 0+1 1
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C.6 Java

The programming language Java is defined by The Java Language Specification [56].

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “{” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-3 for that operation. For each of the
marked items a suggested identifier is provided. None of the LIA-3 operations are provided in the
Java 2/SE (marked “x” below) library directly.

The Java datatype boolean corresponds to the LIA datatype Boolean.
Every implementation of Java has the integral datatypes int, and long.
Java has two floating point datatypes, float and double, which must conform to IEC 60559.

The LIA-3 integer operations are listed below, along with the syntax used to invoke them:

eqi(r) (@, y) T ==y ]
eqri(n (T, y) T ==y t
eqi(n),1(z,y) T ==y t
GQICI)(@" Y) T ==Yy T
€qc(n),1 ( ) T ==Yy T
eqi(r ),C(I)(ﬂf Y) T ==y f
6%(1),1(1)(%@ T ==Yy T
GQC(I)(ny) T ==Yy T
ne%(])(ﬂ?,y) T =Yy T
neqLi(I)(UCay) r =y T
negi(r),1(z,y) r 1=y T
n€QI,C(I)(x7y> r 1=y T
neqc([),[(xay> r 1=y T
negir),o(n) (T, y r =y T
neqe(r),i(r) (T, y) T =y f
neqe(rn) :L‘,y) r =y T
Issip) (@, y) T <y T
legi(r)(z,y) T <=y t
gtriry(z,y) T >y T
geqir)(z,y) T >=y f
itimes_i(r) () Ix*xz T
itimes;(r)—() Ix*xzx T
itimesq () I*xzx T
rer(x) real (x) T
reir) () real (x) T
rec(r) () real(z) T
imr(x) imag (x) T
im;(ry () imag(x) T
ime(p) () imag(x) T
plusitimes.(ry(z,y) x+Ixy T
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negi(r)()

suby(r)(z,y)
SUblmlﬂ . Y)
Smel r(z,y)
SUbIcI)( Y)
Sch([ ( )
subi(r) (1) (36 Y)
sube(ry,i(1) (2, Y)
SUbC(I) (xa y)

absul)(x)
signumy(x)
signum;p) ()
divides;r)(z,y)
dividesy i) (7, y)
divides; () (7, y)

maziry(z,y)
g (2,1)
mazx_seqi(ry(s)
min_seqr )(xs)

-z
-z
conj(x)
conj(z)
conj(z)
Tty
Tty
x +y
x +y
x +y
x +y
x +y
x +y
r -y
r -y
r -y
r -y
r -y
r -y
r -y
r -y
T xy
T xy
T xy
T xy
T xy
T xy
T xy
T xy
abs ()
signum(x)
signum(z)

divides(z, ¥)
divides(z, ¥)
divides(z, v)

max(x, y)
min(z, y)
maxseq(xs)
maxseq(xs)

where x and y are expressions of type CINT.
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The LIA-3 non-transcendental floating point operations are listed below, along with the syntax
used to invoke them:
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eqiry (T, Y) T ==y f
eqr, F)(I‘ Y) T ==y T
eqi(r),F (2, Y) T ==y t
ech ) (z,9) T ==y t
eqe(r),F (T, Y) T ==y t
eqi(F) c (F)(ﬂﬁ Y) T ==y T
eQC(F),i(F)(xay) r =Yy T
eqe(r)(7,Y) T ==y t
negir)(z,y) T 1=y f
neqri(r) (T, y) r =y T
negiry,r(T,y) T 1=y ]
neqr.q(r) (T, y) T 1=y ]
neqe F)F($7y) r =Yy T
negi(r),e(r) (T, Y) T =y ]
neqe(r),i(r) (T, Y) T =y ]
ne(k(F)(xay) r 1=y T
Lssi(r)(,y) T <y t
legiry(z,y) T <=y T
gtricey (T, y) T >y T
geqi(r) (@, y) x >=y T
itimesp(x) Ix*zx T
itimes;(r)—() Iz T
itimesq () Ix*zx T
rep(x) real(x) T
rel(p)(x) real(x) T

() real(x) T
’LmF( ) imag(x) T
im;(py () imag(x) T
ime(p () imag(x) T
plusitimesqp) (7, y) complex(z,y) T
negi(r) () -z f
nege(r) () -z T
conjp(x) conj(x) T
congipy(x) conj(x) T
congepy () conj(x) T
add;ry(z,y) Tty T
add gy (z,Y) Tty T
addr) p(2,y) T+ y T
addpq(r) (T, y) T+ y T
addc(F),F(x7y) Tty T
add;(py o7y (T, Y) T+ y T
addc(F) 1(F)(‘T7y) Tty T
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addc(F) (SC, y)

SU’bl(F) (1’ y)
SU’bFl ( )
SUbl(F ( )
SUbPW(F‘(x Y)
Sch(F ( )
subi(p) o(F) (x Y)
sube(r) i(F) (T, )
Sch(F) (.T, y)

muly g (T, y)

phasecp) ()
phaseurp(x)
phaseu; ) (u, r)
phaseupy(u, )

signump(x)
signum;(g) ()
signume(g) ()

polarp(z,y)
polarup (u, z,y)

8
+
<

8 8 8 8 8 8 8 8
|
L e e e e w

8 8 8 8 8 8 8 8
* K K X X X X *
SRS SRS

88 8 8 8 8 8 &8

N NN NN NN N
L e e ew

abs ()
abs ()

arg(x)
arg(x)
arg(x)
arg(x)
arg(u, x)
arg(u, x)

signb(x)
sign(z)
sign(z)

polar(z, y)
polaruu, x, ¥)
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T
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where z, y and z are expressions of type FLT, and where xs is an expression of type array of

FLT.
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The LIA-3 parameters for operations approximating real valued transcendental functions can
be accessed by the following syntax:

box_error_mode mul(p box_err mul (x) T
maz_err-mulyr) err mul (z) T
box _error_mode_-dive ) box_err_div(z) ]
mazx_err_dive(r) err_div(x) ]
MaT_err_erpq(r) err_exp(x) T
maz_err_powerq gy (b, r) err_power (b, x) T
Mazx-err_singr) err_sin(x) ]
max_err_tane(p err_tan(z) T

where b, x and u are expressions of type FLT. Several of the parameter functions are constant for
each type (and library), the argument is then used only to differentiate among the floating point

types.

The LIA-3 elementary floating point operations are listed below, along with the syntax used
to invoke them. These are defined only for double not for float.

powery(g) 1(b, 2) pow(b, 2) T
expiry(z) exp(x) T
erpe(ry(T) exp(x) T
powery gy (T, y) pow(z, y) T
poweryr) r(b,y) pow (b, y) ]
powerg;py(b, ) pow(b, x) T
powery(r), r(b,y) pow(b, ) t
powerg ¢ (b, ) pow (b, x) T
powerypy c(r) (b, ) pow(b, ) t
powerypy i(r)(b, T) pow(b, x) T
powery ) (b, y) pow(b, ¥ T
sqrtp_.e(r) () sqrt (z) T
Sqrti(py—c(F) () sqrt (z) t
sarte(ry(®) sqrt () :
Inp_c(r)(T) log(abs(x))+I*atan2(imag(x), x)) T
Ini(py—e(ry(T) log(abs(x))+I*atan2(imag(x), real(x)) }
Ini(F)—c(r) (@) log(x) T
Inery(z) log(x) T
logbasep_.q(r)(b, ) logbasec(b, x) T
logbase; gy (b, ) logbase(b, x) T
logbase; ) p (b, x) logbase(b, x) T
logbaser;r (b, x) logbase(b, x) T
logbase,r) p (b, ) logbase (b, x) T
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logbasep(r)(b, ) logbase (b, x) T
logbase;(r) o(r) (b, T) logbase (b, x) T
logbase.(pyiry (b, x logbase (b, x) T
logbase(py(b, v) logbase (b, x) T
rady g () radian(x) T
rade(py(z) radian(x) T
sini(r) () sin(x) T
sing(r) () sin(x) T
cosi(py(x) cos(x) T
cose(py () cos(x) T
tan;py(z) tan(z) T
tane gy () tan(z) T
coty( ) () cot(z) T
coto(py(x) cot(z) T
seci(py () sec(x) T
sece(p) () sec(z) T
esci(py () csc(x) T
cscq(ry(T) csc(x) T
arcsinFﬂc(F)(m) asinc(x) T
arcsing py(z) asin(z) T
aresingpy(z) asin(x) T
CLTCCOSF‘}C(F)(CE) acosc(x) ]
arccos;i(py—c(r)(T) acos (x) T
arccosq(p) () acos(x) T
arctan; g ( ) atan(z) T
arctan; py_q(r)(T) atanc(x) T
arctang ) () atan(z) T
arccotyp)(z) acot (x) T
arccoty py—q(r)(T) acotc(x) T
arccote gy () acot (z) T
arcsecp_o(r) () asecc(z) T
arcseci(py—q(r) () asecc(x) T
arcsece(py(x) asec(x) T
arccscFHC(F)( ) acscc(x) T
arcesci(py (v acsc(x) T
arcesce(py () acsc(x) T
radhp(z) radianh(z) T
radh;p () radianh(x) T
radhe g () radianh(x) ]
sinhir)(z) sinh(x) T
sinhe(py(z) sinh(x) T
coshi(p)(z) cosh(x) T
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coshe(ry
tanh; g ()
tanhe gy ()
cothip()
cothe(ry(z)
sechy( ) ()
sechq(p) ()
cschipy ()
cschepy ()

arcsinhpy(z)
arcsinhipy—q(r) ()
arcsinhe gy ()
arccoshp_q(r) ()
arccoshypy(r)(T)
arccoshe(py(z)
arctanhp_q(p) ()
arctanh; gy ()
arctanhe(py(z)
arccothp_q(p) ()
arccothi g ()
arccoth, F)(x)

~

arcsechp_q(py ()
arcsechi(py_.q(r)(T)
arcseche g ()
arccschmpw( x)
arceschi_q () ()
arcesche gy ()

where b, x, y, u, and v are expressions of type CFLT.

cosh(x)
tanh (x)
tanh (x)
coth(x)
coth(x)
sech(x)
sech(x)
csch(x)
csch(x)

asinh(x)
asinhc(x)
asinh(x)
acoshc(x)
acosh(x)
acosh(x)
atanhc (x)
atanh(x)
atanh (x)
acothc(x)
acoth(x)
acoth(x)
asechc(x)
asech(x)
asech(x)
acsch(x)
acschc(x)
acsch(x)
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Arithmetic value conversions in Java can be explicit or implicit. The rules for when implicit
conversions are applied is not repeated here. The explicit arithmetic value conversions are usually
expressed as ‘casts’, except when converting to/from strings.

converty_qp () () T
converty(ry_c(r)(z) () T
convertp_(ry(z) x - I % 0.0 or x - _Imaginary I * 0.0
convert py_e(r) () -0.0 + T

EDITOR’S NOTE - complex 10...77

where x is an expression of type INT, y is an expression of type FLT, and z is an expression of
type FXD, where FXD is a fixed point type. INT?2 is the integer datatype that corresponds to I'.
A 7 above indicates that the parameter is optional. e is greater than 0.

EDITOR’S NOTE — Numerals...:

imaginary -unity y II T
imaginary -unite(r 0+ II T
imaginary-unit; r I ]
imaginary-unit r) 0.0 +1I ]
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C.7 Common Lisp

The programming language Common Lisp is defined by ANSI X3.226-1994, Information Technol-
ogy — Programming Language — Common Lisp [38].

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-2 for that operation. For each of the
marked items a suggested identifier is provided.

Common Lisp does not have a single datatype that corresponds to the LIA-1 datatype Boolean.
Rather, NIL corresponds to false and T corresponds to true.

Every implementation of Common Lisp has one unbounded integer datatype. Any mathemat-
ical integer is assumed to have a representation as a Common Lisp data object, subject only to
total memory limitations.

Common Lisp has four floating point types: short-float, single-float, double-float, and
long-float. Not all of these floating point types must be distinct.

The complex integer (Gaussian integer) operations are listed below, along with the syntax used
to invoke them:

eqiry(z,y) =z y) T
eqrin (@, y) =z y) T
eqi(n),1(z,y) =z y) f
CQI,C(I)(xvy) =z y) *
6qc([),[(wvy) =z y) *
eqi(r),e(n) (T, y) =z y) f
eqe(n),in (T, y =z y) f
€qc(I) Zan) =z y) *
negi(r)(,y) (/= 2z y) T
neqrir)(z,y) (/= z y) T
negir),r(x,y) (/= z y) T
neqr e, y) (/= z y) *
neqe(r),1(,y) (/= z y) *
negir),o(n) (T, y) (/= z y) f
neqe(r),i(n) (T, y) (/= z y f
neqe(r) :E,y) (/= z y) *
Issiry(z,y) <z y T
legi(ry(z,y) <=2z y) T
gtrin (z,y) Gz oy T
geqin(z,y) =z y f
itimes_i(r)(z) (CRD) T
itimes;(p) () (i o) T
itimes.(r) () (i o) T
rer(x) (realpart x) *
rei () (realpart x) T
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reo(r) () (realpart x) *
imy(x) (imagpart x) *
im;(ry () (imagpart ) T
ime(r) () (imagpart x) *
plusitimesqry(z,y) (complex z y) *
negiry(x) (- x T
nege(ry(z) (- o *
conjr(x) (conjugate x) *
conjip(v) (conjugate x) T
conjer) () (conjugate x) *
add;()(z,y) +z y) T
addy 51)(z,y) +z gy T
addypy,1(z,y) + Y T
addr o1y (,y) + z Y *
addc(l),l(%y) + z y) %
addy(py,c(r) (7, y) +z t
addep) i) (7, y) + z y) T
addc([)(xay + x ) *
suby( (7, ) - z ) t
subr i) (z,y) (- z y) T
subs(r) 1(,y) (- z y) T
suby o) (7, Y) -z %
sube(r),1(7, ) -z y) *
subi(1) o(1)(,Y) (- =y T
sube(ry (1) (79) -z t
Sch(I)(xay) (- x *
mulyp (2., y) (+ 2 y) i
muly i (z,y) x z y) T
mauly ) 1(z,y) x z y) T
muly o) (7, y) x z y *
mUlc(I),J(%y) (x x y) %
mulyry o) (T, Y) (* = y) T
mule(r) i(r) (@, y) x z y) T
mule(ry(z,y) CFN) "
absi() () (abs z) T
signumy(x) (signum x) T
signum;r) () (signum x) T
divides;(py(x,y) (divides z ¥) T
dividesy iry(2,y) (divides z y) T
divz’desla’ (x,y) (divides z y) T
maz;py(z,y) (max z y) T
ming(ry(z,y) (min z 7) T
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maz_segi(ry(s) (max.zxs) T
min_seqp)(vs) (min.zs) T

where x and y are expressions of type CINT.

The LIA-3 non-transcendental complex floating point operations are listed below, along with
the syntax used to invoke them:

eqi(ry(z,y) =z y) T
GQFl(F)(l’ Y) =z y) T
eqi(r),r(,y) =2z y T
ech ) (2, ) =z *
eqe(r),F(Z,Y) =z y *
eqi(ry,e(F) (T, Y) =z y f
eQC(F),i(F)(xvy) =z y) T
eqe(r) (T, ) =z y *
neqry(z, y) (/= z y) T
neQFl (%,y) (/= x y) T
ne%(F)F(xvy) (/= z y) T
neqrec F)(«T,y) (/= z y) *
neqc F)F(xvy) (/= z y) *
neqi(F),c(F )( ay) (/= z y) T
n6QC(F),i(F)($ay) (/= z y) T
neqer) (=, y) (/= z y *
Issipy(2,y) <z y T
legi(r) (2, y) <=z y) t
gtriry(z,y) Gz oy t
geqiry(z,y) =z y f
itimesp_;(r)(7) (i x) *
itimes;(py—p () (i x) *
itimese(p) () (A x) *
rep(x) (realpart x) *
reiry () (realpart x) T
reo(r) () (realpart x) *
imp(x) (imagpart z) *
im;(py () (imagpart x) T
ime(p)(T) (imagpart x) *
plusitimes.p)(x,y) (complex z ¥) *
negipy(z) (- o) T
nege(r)(T) (- x *
conjp(x) (conjugate x) *
conji(ry () (conjugate x) T
conjo(r) () (conjugate x) *
add; gy (z,y) + z y) T
addp;ry(z,y) + z y) T
add;r) p(z,y) +z y) T
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addF,c(F) (CC, y)
addy (), p r(z,y)
addi( gy () (7, )
add, c(F), 1(F)( )
add, (F)( )

SUbl(F) (IL‘ y)

SUbFl (35 y)
SUbl(F ( )
subgo(r)(T,Y)
SUbC(F (:E y)

subs(py c(r) (T )
Sch(F),i(F Z,
x

Sch(F) ( ’ y)

),y
) (7, y

muly g )(:U Y)
muzFl ( €z, y)
muli gy, p(z,y)
much (ZE, y)
mule(p),F(T,Y)
mull(F),c(F) (z,9)
mUlc(F),i(F) (z,y)
muzc(F) (.7), y)

divl( )(x y)
d“)Fl ( ay)
divi(p) p(z,y)
dwFC y(z,
dwc (F), F(xa
divi(r) o(F) (T, Y)
dwc(F),i(F) (z,9)
dive ) (7, y)

9

absi(p) (x)
abse(r) (x)

phaseu; (F)
phaseupy(u, )

signump(x)
signum;( g ()
signume(p)(z)

+ z y)
+ z y)
+ z y)
+zy
+ z y)
-z
-z
(GRFART))
-z y
-z y
-z y
-z
-z y)
(x x )
(x x )
(x z y)
(x z y)
(x z y)
*x z y
x z y
(x z y)
 z
 z
 z
 z
 z
 zy
 zy
 zy
(abs x)
(abs x)
(phase x)
(phase z)
(phase z)
(phase u x)
(phase u z)
(phase u x)

(signum z)
(signum x)
(signum z)
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polarp(z,y) (polar = ¥) T
polarup(u, z,y) (polaru u x %) T

where z, y and z are data objects of the same floating point type, and where xs is a data objects
that is a list of data objects of (the same, in this binding) floating point type. Note that Common
Lisp allows mixed number types in many of its operations. This example binding does not explain
that in detail.

The LIA-3 parameters for operations approximating complex real valued transcendental func-
tions can be accessed by the following syntax:

box _error_mode-mule ) (err-mode-mul x) ]
mazx_err-mulyr) (err-mul x) ]
box_error_mode_dive ) (err-mode-div x) T
maz_err_divg gy (err-div z) ]
MAx_err_eTpq(p) (err-exp ) T
MAT_err_powery(r) (err-power ) T
Max-err_singr) (err-sin x) ]
mazx_err_tan g (err-tan x) T

where b, x and u are expressions of type CFLT. Several of the parameter functions are constant
for each type (and library), the argument is then used only to differentiate among the floating
point types.

The LIA-3 elementary complex floating point operations are listed below, along with the syntax
used to invoke them:

power;py (b, a) (expt b a) T
powerpy (T, a) (expt = a) * Not LIA-3
expi(r)(z) (exp ) T
ETPi(F) (i-v) (cis v) *
erpe(ry(T) (exp x) *
POWEr p(r) (2, ) (exptc o ) }
poweripy(z,y) (expt = y) f
poweripy p(b,y) (expt b y) f
power gy (b, ) (expt b x) T
poweryr) r(b,y) (expt b ) *
power g (r) (b, x (expt b x) *
poweri(p) c(r)(b, ) (expt b y) t
powerry i(r)(b, (expt b x) T
power gy (b, y) (expt b y) (deviation: (expt 0.0 0.0) is 1) *
5qrtp_e(r) () (sqrtc x) *
8qrti(p)—c(r) () (sqrt z) T
sqrte(py () (sqrt =)

Inp_ory(z) (complex (log (abs z)) (atan (imag x) %))
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Ini(py—e(F) ()
Ini(py—c(F) ()
lnc(F) (.T)

logbasep_.q(r)(b, x)
logbase; ) (b, )
logbase;ry p (b, T)
logbaser ;) (b, )
logbase.(ry r (b, T)
logbasep,(r)(b, )
logbase;(r) o(r) (b, T)
logbaseq(pyiry (b,
logbase(r) (b, x)

aresing_qr) ()
arcsing g)(z)
arcsing gy (z)
arccongﬂ(pg(x)
arccosi(py—c(r)(T)
arccosq(p) ()
arctan;py(v)
arcta7L(F3_¢( y(z)
arctang ) ()
aTCCOthj(
arccoty py—q(r)(T)
arccoty(ry(z)
arcsecy_q(r ()
areseci(py—c(r)(T)
arcsecy(ry(z)
QTCCSCFAﬂiF)(:
arcesc(py(T)

(
)
ot
(

) (z

Working draft

(complex (log (abs z)) (atan (imag z) {(real z))

(log )

(log x)

(logc x b)
(log = b)
(log = b)
(log = b)
(log = b)
(log = b)
(log = b)
(log = b)
(log = b)

(radians z)
(radians z)

(sin
(sin
(cos
(cos
(tan
(tan
(cot
(cot
(sec
(sec
(csc
(csc

(asin
(asin
(asin
(acos
(acos
(acos

(atanx z)

(atan
(atan
(acot
(acot
(acot

(asecc z)
(asecc z)

(asec

(acscc z)

(acsc

x)
x)
x)
x)
x)
x)
x)
x)

x)
x)
x)
x)
x)
x)

x)
x)
x)
x)
x)

x)

x)

(note parameter order)
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arcescy(ry(T) (acsc ) T
radhp(zx) (hypradians x) T
radh; gy(z) (hypradians x) T
radhe py() (hypradians x) T
sinhipy(z) (sinh x) T
sinhepy () (sinh z) *
coshi(p)(z) (cosh x) T
coshe(p) () (cosh x) *
tanh; g () (tanh ) T
tanhe g () (tanh x) *
cothi g () (coth ) T
cothe ) () (coth z) T
sech(py(z) (sech x) T
seche(py () (sech x) T
cschipy () (csch x) T
cschepy () (csch x) T
arcsinhpy(z) (asinhx z) T
arcsznh( )AC(F)( x) (asinh x) T
arcsinhe(py(v) (asinh z) *
U/I"CCOShF_m(F)( x) (acosh x) *
arccoshi py—q(r)(T) (acosh z) T
arccoshe(py(z) (acosh ) *
arctanhp_q(r) () (atanh z) *
arctanh;g)(r) (atanh z) T
arctanhepy(z) (atanh z) *
arccothp_q(r) () (acoth ) T
arccothp)(z) (acoth x) T
arccoth, F)(a:) (acoth x) T
arcsechp_q(r) () (asech x) T
arcsechy(p)—q(r) () (asech x) T
arcseche g () (asech z) T
arcesch gy () (acschx ) T
arceschi(py—.o(r) () (acsch x) T
arcesche(py () (acsch x) T

where b, x, y, u, and v are expressions of type CFLT.

Arithmetic value conversions in Common Lisp are can be explicit or implicit. The rules for
when implicit conversions are done is implementation defined.

convert_p () (complex x) *
convertyry_.q(r)(z) (complex x) T
convertp_qpy() (complex x) *
convert py_o(r) () (complex x) T

EDITOR’S NOTE — complex I/O!!

Common Lisp has a special syntax for (integer and floating point) complex numerals. An
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integer floating point numeral is written as #C(nl n2) where nl and n2 are integer numerals (not
expressions). Likewise a floating point numeral is written in a similar way, but nl and nl are
floating point numerals (not expressions). LIA-3 has operations for imaginary units instead, and
these can be easily expressed as complex numerals:

imaginary-unitry e 1
imaginary_unityy) #C(0 1) *
imaginary-unit; gy c. 1
imaginary unitep #C(0.0 1.0) *

In general two non-complex numerals, a and b, can be composed to a complex numeral #C(a b).
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C.8 ISLisp

The programming language ISLisp is defined by ISO/IEC 13816:1997, Information technology
— Programming languages, their environments and system software interfaces — Programming
language ISLISP [20].

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “{” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-3 for that operation. For each of the
marked items a suggested identifier is provided.

ISLisp does not have a single datatype that corresponds to the LIA datatype Boolean. Rather,
NIL corresponds to false and T corresponds to true.

Every implementation of ISLisp has one unbounded integer datatype. Any mathematical in-
teger is assumed to have a representation as a ISLisp data object, subject only to total memory
limitations.

ISLisp has one floating point type required to conform to IEC 60559.

The complex integer (Gaussian integer) operations are listed below, along with the syntax used
to invoke them:

eqiry(z,y) =z y) T
eqrin (@, y) =z y) T
eqi(n),1(z,y) =z y) t
CQI,C(I)(xvy) =z y) T
6q«:([),[(w?y) =z y) T
eqi(r),e(n) (T, y) =z y) f
eqe(n)in (T, y =z y) f
€dc(I) Zan) =z y) T
negi(r)(,y) (/= 2z y) T
neqrir)(z,y) (/= x y) T
negir),r(x,y) (/= z y) T
neQI,C(I)(ny) (/= z y) T
neqe(r),r(, y) (/= z v f
negir),o(n) (T, y) (/= z y) f
neqe(r),i(n) (T, y) (/= z y) f
neqe(n) :E,y) (/= z y) T
Issiry(z,y) <z y T
legi(ry(z,y) <=2z y) T
gtrin (z,y) Gz oy T
geqin(z,y) =z y f
itimes_i(r)(z) (i ) T
itimes;(p) () (i ) T
itimes(r) () (i ) T
rer(x) (realpart z) T
rei () (realpart x) T
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T€c(1) (.1,‘)
imr(x

im;(ry ()
2‘Tnjc(I) (1’)

plusitimes.ry(z,y)

Negi(1) (z)
Nege(1) (:Z:)
conjr(x)
conjip(v)
conjo(ry(x)

subi(r) (1) (2, Y)
Schu)gu)(way)
sube(ry(z,y)

absi(r)(z)
signumy(x)
signum;r) ()
divides;ry(z,y)
dividesy (7, y)
divides () (7, )
n%aaquj(x,y)
ming(ry(z,y)

(realpart x)
(imagpart z)
(imagpart z)
(imagpart x)
(complex x ¥)
(- o

(- o

(conjugate x)
(conjugate )
(conjugate x)

+ x 1y
+ z y)
+ z y)
+ z y)
+z
+ z y)
+ z y)
+ x )
-z
-z y
-z y
-z y
-z
-z y)
(- x
(- x
(x x )
(x z y)
(x z y)
x z y
x z
(x z y)
(x x )
X

y)

(abs )
(signum z)
(signum z)
(divides z %)
(divides z %)
(divides z %)

(max x y)
(min = y)
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maz_segi(ry(s) (max.zxs) T
min_seqp)(vs) (min.zs) T

where x and y are expressions of type CINT.

The LIA-3 non-transcendental complex floating point operations are listed below, along with
the syntax used to invoke them:

eqi(ry(z,y) =z y) T
GQFl(F)(l’ Y) =z y) T
eqi(r),r(,y) =2z y T
€ch y(z,y) =z y T
eqe(r),F(Z,Y) =z y f
eqi(ry,e(F) (T, Y) =z y f
eQC(F),i(F)(xvy) =z y) T
eqe(r) (T, ) =z y ]
neqry(z, y) (/= z y) T
neQFl ( ,y) (/= x y) T
negi F)F( 7y) (/= z y) T
neqrec F)( 7y) (/= z y) T
neqc F)F( vy) (/= z y) T
negi(ry o(F) (T, y (/=z y f
neqe(ry,i(F)(T,y) (/= z y ]
neqe(ry(z,y) (/= z ]
Issipy (T, y) <z y T
legiry(z,y) <=z y) f
gtriey(z,y) CE ) f
geqiry(z,y) =z y f
itimesp_;(r)(7) (i z) T
itimes;(py—p () (i o) T
itimese(p) () (i z) T
rep(x) (realpart x) T
reiry () (realpart x) T
reo(r) () (realpart x) T
imp(x) (imagpart x) T
im;(py () (imagpart x) T
ime(p)(T) (imagpart x) ]
plusitimes.p)(x,y) (complex z ¥) T
negipy(z) (- o) T
negery(x) - 2 f
conjp(x) (conjugate x) T
conji(ry () (conjugate x) T
conjo(r) () (conjugate x) T
add; gy (z,y) + z y) T
addp;ry(z,y) + z y) T
add;r) p(z,y) +z y) T
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addF,c(F) (CC, y)
addy(ry, (7, Yy)
addi( gy () (7, )
add c(F), 1(F)( )
addy(ry(z,y)

SUbl(F) (IL‘ y)

SUbFl (35 y)
SUbl(F ( )
subgo(r)(T,Y)
SUbC(F (:E y)

subs(py c(r) (T )
Sch(F),i(F Z,
x

Sch(F) ( ’ y)

),y
) (7, y

muli gy (7, y)
muzFl ( €z, y)
muli gy, p(z,y)
much (ZE, y)
mule(p),F(T,Y)
mull(F),c(F) (z,9)
mUlc(F),i(F) (z,y)
muzc(F) (.7), y)

divl( )(x y)
d“)Fl ( ay)
divy( gy, p (7, y)
dwFC y(z,
dwc (F), F(xa
divi(r) o(F) (T, Y)
dwc(F),i(F) (z,9)
dive ) (7, y)

9

absi(p) (x)
abse(r) (x)

phaseu; (F)
phaseupy(u, )

signump(x)
signum;( g ()
signume(p)(z)

+ z y)
+ z y)
+ z y)
+zy
+ z y)
-z
-z
(GRFART))
-z y
-z y
-z y
-z
-z y)
(x x )
(x x )
(x x 1)
(x z y)
(x z y)
*x z y
x z y
(x z y)
/ x y
/ x 1y
 z
 z
 z
/ x y
/ x y
(/ x y
(abs )
(abs )
(phase x)
(phase z)
(phase z)
(phase u x)
(phase u z)
(phase u x)

(signum z)
(signum z)
(signum z)
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polarp(z,y) (polar = ¥) T
polarup(u, z,y) (polaru u x %) T

where z, y and z are data objects of the same floating point type, and where xs is a data objects
that is a list of data objects of (the same, in this binding) floating point type.

The LIA-3 parameters for operations approximating complex real valued transcendental func-
tions can be accessed by the following syntax:

box _error_mode-mule ) (err-mode-mul x) ]
mazx_err-mulyr) (err-mul x) ]
box_error_mode_dive ) (err-mode-div x) ]
mazx_err_dive(r) (err-div z) T
Max_err_erpq(p) (err-exp x) T
MAT_err_powery(p) (err-power ) T
Mar_err_sing ) (err-sin x) T
mazx-err_taner) (err-tan z) ]

where b, x and u are expressions of type CFLT. Several of the parameter functions are constant
for each type (and library), the argument is then used only to differentiate among the floating
point types.

The LIA-3 elementary complex floating point operations are listed below, along with the syntax
used to invoke them:

power;py (b, a) (expt b a) T

powerypy (T, a) (expt = a) T Not LIA-3
expy(r) () (exp ) T

expip (i v) (cis v) T

erpe(ry(T) (exp x) T
powerp_o(py (T, Y) (exptc z y) T

poweryp) (7, y) (expt = y) T
poweripy p(b,y) (expt b y) f
power ) (b, x) (expt b ) T
powerepy, (b, y) (expt b y) T

power gy (b, (expt b x) T

poweri(g) c(r)(b, ) (expt b y) t

powerry i(r)(b; (expt b x) T

power g (b, y) (expt b y) (deviation: (expt 0.0 0.0) is 1) T
sqrtp_c(r)(T) (sqrtc x) T
8qrti(py—e(F) (T) (sqrt =) T
sqrtery(z) (sqrt ) T
Inp_ory(z) (complex (log (abs z)) (atan (imag z) z)) §
Ini(py—e(ry(T) (complex (log (abs z)) (atan (imag x) (real x)) T
Ini(F)—c(r) (2) (log x) T
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logbasep_q(r)(b, )
logbase;(py(b, )
logbase;(py, p (b, x)
logbaserr) (b, )
logbase,(ry r (b, T)
logbasep(r)(b, )
logbase;(r) o(r) (b, T)
logbase(pyi(ry (b, )
logbase.(py(b, )

Tadﬂpv($>
radcuq(x)

CSCC(Fj(ﬁ)

aresing_qr)(r)
arcsznmpw(x)
aresing gy ()
QTCCOSFLﬁdPU(x)
arccosi(py—c(r)(T)

arccosq(p) ()
arctan; g ( )
arctan;(py_.q(r)(z)
arctan g ()

arccotipy ()
arccoti(py—o(r)(T)
arccoty(ry(z)
arcsecy_q(py ()
areseci(p)—c(r)(T)
arcsecy(ry(z)
arccscF_ﬂXF)(:
arcesci(py ()
arcesce(py ()

(log )

(logc = b)
(log x b)
(log z b)
(log z b)
(log z b)
(log z b)
(log z b)
(log x b)
(log = b)

(radians z)
(radians z)

(sin x)
(sin x)
(cos x)
(cos )
(tan x)
(tan x)
(cot x)
(cot x)
(sec 1)
(sec 1)
(csc x)
(csc x)

(asinc z)
(asin z)
(asin x)
(acosc x)
(acos x)
(acos x)
(atan x)
(atanc z)
(atan z)
(acot x)
(acotc x)
(acot z)
(asecc x)
(asecc x)
(asec x)
(acscc x)
(acsc x)
(acsc )

(note parameter order)
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radhp(x)
radh; g ()
radhe g ()

sinh; g ()

sinhe(py(z)
coship ()

csche(ry(T)

aresinhpy(z)

aresinhipy e ()

(
arcsinhe gy ()
)

aTCCOShFL%dP‘(x>
arccoshipyq(r)(T)

(
arccoshe(py(z)

arctanhp_.(p) ()

arctanh; g ()
arctanhq gy(z)

arccothp_q(p) ()

arccoth; g ()
arccoth ) ()
arcsechpuﬁc(p

)
arcsechy(p)—q(r)(T)

arcsechq(r) ()
arccschmpw(x)

arceschi(py—e(r) ()

arcesche gy ()

where b, x, y, u, and v are expressions of type CFLT.

Arithmetic value conversions in ISLisp are can be explicit or implicit.
implicit conversions are done is implementation defined.

convertr_p ()
convertyry_.q(r)(z)
convert p_(ry(T)
converti py_.e(r) ()

(hypradians z)
(hypradians )
(hypradians x)

(sinh z)
(sinh x)
(cosh x)
(cosh x)
(tanh x)
(tanh x)
(coth x)
(coth x)
(sech x)
(sech )
(csch z)
(csch )

(asinhx x)
(asinh z)
(asinh z)
(acosh x)
(acosh x)
(acosh z)
(atanh z)
(atanh z)
(atanh z)
(acoth z)
(acoth x)
(acoth x)
(asech x)
(asech x)
(asech x)
(acschx x)
(acsch x)
(acsch x)

(complex x)
(complex z)
(complex )
(complex z)

EDITOR’S NOTE — Numerals...:

imaginary -unit;
imaginary-unit.
imaginary-unit; gy

C.8 ISLisp
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imaginary-unit. g #C(0.0 1.0) 1

In general two non-complex numerals, a and b, can be composed to a complex numeral #C(a b).
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C.9 Modula-2

The programming language Modula-2 is defined by ISO/IEC 10514-1:1996, Information technology
— Programming languages - Part 1: Modula-2, Base Language [21I]. An implementation should
follow all the requirements of LIA-3 unless otherwise specified by this language binding.

The operations or parameters marked “{” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-3 for that operation. For each of the
marked items a suggested identifier is provided.

The Modula-2 datatype Boolean corresponds to the LIA datatype Boolean.

Modula-2 has two floating point datatypes, REAL and LONGREAL, and two complex datatypes
based on these floating point datatypes, COMPLEX and LONGCOMPLEX.

The LIA-3 complex integer operations are listed below, along with the syntax used to invoke
them:

6611(1)(9573/) r =y T
6611,1(1)(1’»3/) T =Yy T
6Qi(1),1(957y) r =y T
6‘]I,(:(I)(mvy) T =y T
e‘]c([),](xvy) T =Yy T
eqi(r),e(n) (%, y) T =y t
eqe(n),i(n) (T, y) T =y f
GQC(I)(xay) r =Y T
negi(r)(,y) T /=y T
ne(H,i(I)(xay) T /=y T
716%(1),1(90;9) T /=y T
neqy (1) ((13, y) T /=Y T
neqe(r),1 (xa y) T /=Y T
neQ1(I),c(1)(x7y) T /=y T
neqe(r),i(n) (T, y) z /=y f
neqen) (T, y T /=y T
Issiry(z,y) r <y T
legi(ry(z,y) r <=y T
gtriry(z,y) r >y T
geqir)(z,y) T >=y f
itimes_i(r) () II * ¢ T
itimes;(r)— () II * ¢ T
itimes(r) () II * z T
rer(x) Re(x) T
rei () Re(x) T
req(r) () Re(x) T
imy(x) Im(x) T
’Lml(I)(l’) Im(x) ]
’me([)($> Im(x) ]
plusitimesq(ry(z,y) x + I %y T
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negi(r)()

suby(r)(z,y)
suby 1(1)( . Y)
SUb1(1 r(z,y)
SUbIcI)( Y)
Sch([ ( )
SUbl(I),C(I)(x Y)
sube(ry,i(1) (2, Y)
SUbC(I) (xa y)

absi(py(z)
signumy(x)
signum;(r (x)

divides;ry(z,y)
dividesy (7, y)
divides;ry,1(7,y)

maxi(r)(z,y)
minl([ ( )
maz_seqi(ry(zs)
min_seqr )(ms)

-z
-z

Conj (x)
Conj(z)
Conj(x)
T+ y
T+ y
T+ y
T+ y
T+ y
T+ oy
T+ y
T+ Yy
r -y
r -y
T -y
T -y
T -y
T -y
T -y
T -y
T ox oy
T ox oy
T *y
T *y
T *y
T * Yy
T *xy
T *x Yy
abs ()
signum(x)
signum(x)

divides(z, y)
divides(z, )
divides(x, y)

max(x, y)
min(x, y)
maxseq(zs)
maxseq(xs)

Working draft
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where z and y are expressions of type INT and where xs is an expression of type array [] of

INT.

162

Ezxample bindings for specific languages



Working draft ISO/IEC CD 10967-3.2:2004(E)

The LIA-3 basic complex non-transcendental floating point operations are listed below, along
with the syntax used to invoke them:

eqi(r) (2, y) T =y f
GQFl(F)(l“ Y) r =Yy *
eqi(r),r (2, Y) T =y (%)
6ch ) (2, ) T =y *
eqe(r),r(T,Y) T =y *
€qi(F),o(F) (T, Y) T =y (%)
€qe(F),i(F) ;Y r =y (x)
eqc(F)( ) T =y *
negir (,y) /=y t
neqr;iry(z,y) r /=y *
negi(r),r (2, y) x /=y (%)
neqr, F)(CL“ Y) T /=y *
neqe(r),r(2,y) /=y *
negi(r).o(F)(,y) T /=y (%)
neqe(ry,i(r)(,y) T /=y (%)
neqc(F)( z /=y *
I5510r (1, ) r <y :
legi(r) (@, y) T <=y t
gtricry(z,y) T >y t
geqir) (@, y) x >=y T
itimesp_;(r)(7) ix*ux T
itimes;(py—p () i*x T
itimesq(r)(T) i*xzx T
rep(x) Re (x) T
Tei(F)(éU) Re (@) t
req(r)(T) Re(z) *
imp(z) Im(x) T
im F)(x) Im(x) T
ime(py(T) Im(x) *
plusitimesqp) (7, y) z+ 1%y T
negi(r) () -z f
nege(r)(T) -z *
conjp(x) Conj (x) T
conji(ry () Conj (x) T
conje(py () Conj(z) *
add;ry(z,y) Tty T
add gy (2, ) Tty T
add ) p(z,y) Tty T
addp(r) (T, y) T+ y T
addc(F),F(x7y) Tty T
add;(py o7y (T, Y) Tty T
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addy(r)i(r)(T,y)
add F( 7y)

SU’bI(F) (.%' y)
SUbFl (.’L‘ y)
SU‘bl(F ( )
SUwaxF‘(x Y)
Sch(F (‘T y)
subi() o(F) (T, Y)
sube(r) i(F) (T, Y)
Sch(F) ('T’ y)

muly g (T, y)

)
phaseup(u, x)

phaseu;(py(u, r)
phaseupy(u, )

signump(x)
signum;(g) ()
signume(g) ()

polarp(z,y)
polarup(u,z,y)

8
+
<

8 8 8 8 8 8 8 8
|
L e e e w

T *xy
T *xy
T *xy
ScalarMult(z, y)
T *y

*

8 8 8
* %
e

88 88 8 8 8 &8

N NN NN NN N
L e e e

abs ()
abs ()

arg(x)
arg(x)
arg(x)
argu(z, u)
argu(z, u)
argu(z, u)

Signum(z)
Signum(x)
Signum(z)

polarToComplex(x, y)
polarToComplex(x, y, w)

Working draft
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where z, y and z are expressions of type FLT, and where xs is an expression of type array []
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The LIA-3 parameters for operations approximating real valued transcendental functions can
be accessed by the following syntax:

box_error_mode_mul.

mazx_err-muly p

box _error_mode_-div.

maz-err-dive p

Max-err_erpq(r)
Max-err_power ()

MAT_€TT_SiN(F)
max_err_tan(g)

box_err mul ()
err_mul (z)

box_err_div(z)
err_div(x)

err_exp(x)
err_power (x)

err_sin(x)
err_tan(x)

t
t

where x and u are expressions of type FLT. Several of the parameter functions are constant for
each type (and library), the argument is then used only to differentiate among the floating point
types.

The LIA-3 elementary floating point operations are listed below, along with the syntax used
to invoke them:

POweTuFUJ(xay)

eTPi(F)—c(F) (T)
expe(r)(T)

POWET p_c(F) (.T, y)
power;g(z,y)
poweripy p(b,y)
power () (b, T)
powerc(F),F(bv y)
power g o(py(b, T)
power;(gy, (F( )
POWET¢(F) i(F) (
powerqr)(z,y)

8qrtp_e(r)(T)
8qrti(p)—c(F) ()
sqrte(ry(x)

lnF—»c .%')
lnFHc $)
In; PUA»dP‘(x)
Ini(py—e(ry(T)
Ingry(z)

lo.gba‘seF—)c(F) (b7 .7))
logbase;(py(b, )

C.9 Modula-2

T KRk Yy

exp(x)
exp (x)

powerc(z, )
power (z, y)
power (b, y)
power (b, )
power (b, y)
power (b, x)
power (b, y)
power (b, x)
power(z, y)

sqrtc(x)
sqrt (z)
sqrt (z)

logc(x)
Log(abs(x))+I*Arctan(Im(z),z))
log(x)
Log(abs(z))+I*Arctan(Im(z) ,Re(x))
1n(x)

logc(x, b) (note parameter order)
log(xz, b) (note parameter order)

* — = — — * — — — = — — ¥ — — — —+ *
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logbase;r) p (b, T)
logbasep;r) (b, z)
logbase.ry r (b, T)
logbasep(r)(b, )
logbasei(py c(r) (b, T)
logbase(ry i(r) (b, T)

logbase(r) (b, x)

radupg(x)
radcgg(x)

csce(p) ()

arcsing_q(r) ()
arcsing gy (z)
arcsing gy (z)
arccosF_*(pg(x)
arccosi(py—c(r)(T)
arccosq(p) ()
arctan;(p ( )
arctan;(py—.c
arctang gy (z
arccoty g )( )
arccoty(py—c(
arccoty(ry(z)
arcsecy _o(r)
arcsec( Y—c(
arcsecy(py ()
arccscFHC(F)( x)
arcesc(py(T)

) (@)
)
F)(ﬁf)

(z)
P ()

arcescy(py ()

radhp(z)
radhﬁpg(x)
radhcuq(z)

log(x, b)
log(x, b)
log(x, b)
log(z, b)
log(x, b)
log(x, b)
log(x, b)

rad(z)
rad(x)

sin(x)
sin(x)
cos(x)
cos(x)
tan(x)
tan(x)
cot (x)
cot(x)
sec(x)
sec(x)
csc(x)
csc(x)

arcsinc(z)
arcsin(x)
arcsin(x)
arccosc(x)
arccos (x)
arccos (x)
arctan(x)
arctanc (x)
arctan(x)
arccot (x)
arccotc(x)
arccot (x)
arcsecc(x)
arcsec(x)
arcsec(x)
arccscc(z)
arccsc(x)
arccsc(x)

radh(z)
radh(z)
radh(z)

note parameter order
p

(note parameter order)
(note parameter order)
(note parameter order)
(note parameter order)
(note parameter order)
(note parameter order)
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sinhi g () sinh(z) T
sinhe(py(z) sinh(x) T
coship () cosh(x) T
coshe(p) () cosh(x) T
tanh; gy (z) tanh (x) T
tanhepy(z) tanh (x) T
coth(g) () coth(x) T
cothe(ry(z) coth(x) T
sechy ) () sech(x) T
sechq(p) () sech(x) T
cschipy () csch(z) T
csche(py () csch(x) T
arcsinhpy(z) arcsinh(x) T
aresinhipy e (T) arcsinhc (z) T
arcsinhe gy () arcsinh(x) T
arccoshF_)C(F) (x) arccoshc(x) ]
arccoshipy—q(r)(T) arccosh(x) T
arccoshe(py () arccosh(z) T
arctanhp_.p) () arctanhc (z) T
arctanh; gy () arctanh(x) T
arctanhe(py(z) arctanh(x) T
arccothp_q(r) () arccothc (x) T
arccothi( g () arccoth(x) T
arccoth, F)( x) arccoth(x) T
arcsechp_q(py () arcsechc (z) T
arcsechi(py_.q(r)(T) arcsech(x) T
arcsechq(r) () arcsech(x) T
arccschl(p (x) arccsch(x) T
arceschi(py—e(r) () arccschc (x) T
arcesche(p) () arccsch(x) T

where b, x, y, u, and v are expressions of type CFLT.

Arithmetic value conversions in Modula-2 are can be explicit or implicit. The rules for when
implicit conversions are applied is not repeated here. The explicit arithmetic value conversions
are usually expressed as ‘casts’, except when converting to/from strings.

converty_qp) () (INT _Complex)x T
convertyry_.c(r)(z) (INT _Complex)x T
converti i) () (INT2 _Imaginary)z T
converte(ry—c(1y(T) (INT2 _Complex)zx T
convertp_,c(p) () (FLT _Complex)x *
convert py_.e(r) () (FLT _Complex)x (%)
convert; py_ir () (FLT2 _Imaginary)x (%)
convertp )_,C(F/) (x) (FLT2 _Complex)x *
converty pimy_i(r)(T) sscanf...x (%)
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convert o g _q(r)(T) sscanf...r
converty gy i () sprintf...x
convert o py_e(rry(T) sprintf...x
converty py_ir)(z) sscanf...(...x)
converte py—(r)(T) sscanf...(...x)
convert; py_i(p)(z) sprintf...(...x)
converty(py—q(p) () sprintf...(...x)

EDITOR’S NOTE — complex 1077

Working draft

where x is an expression of type INT, y is an expression of type FLT, and z is an expression of
type FXD, where FXD is a fixed point type. INT2 is the integer datatype that corresponds to I’.
A 7 above indicates that the parameter is optional. e is greater than 0.

Numerals:
imaginary-unit IT or _Imaginary II 1
imaginary unityr ((II)) or _Complex_II T
imaginary _unit; i(F) I or _Imaginary_I (*)
imaginary unitep ((I)) or _Complex_I *
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C.10 PL/I

The programming language PL/I is defined by ANSI X3.53-1976 (R1998), Programming languages
— PL/T [39], and endorsed by ISO 6160:1979, Programming languages — PL/I [25]. The program-
ming language General Purpose PL/I is defined by ISO/IEC 6522:1992, Information technology —
Programming languages — PL/I general-purpose subset [26], also: ANSI X3.74-1987 (R1998).

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-3 for that operation. For each of the
marked items a suggested identifier is provided.

The LIA datatype Boolean is implemented in the PL/I datatype BIT(1) (1 = true and 0 =
false).

An implementation of PL/I provides at least one integer data type, and at least one floating
point data type. The attribute FIXED(n,0) selects a signed integer datatype with at least n

(decimal or binary) digits of storage. The attribute FLOAT (k) selects a floating point datatype
with at least n (decimal or binary) digits of precision.

The LIA-3 integer operations are listed below, along with the syntax used to invoke them:

6111(1)(9579) T =Yy T
QQI,i(I)<x7y) T =y T
eqi(n),1(z,y) T =y f
6C]I,C(I)(xvy) r =Y T
QQC(I),I(xvy) r =Y T
e%([),c(])(xay) r =Y T
eqe(n)i(n) (T, y) T =y f
€qc(1) .I,y) r =Y T
neql([)(x7y) T /=y T
neqLi(I)(CUay) T /=y T
negir),r(x,y) z /=y f
neqr (1) (SU,y) T /=y T
ne(IC(I),I(:’Uay) T /=y T
negir),o(n) (T, y) T /=y f
neqe(r),i(n) (T, y) /=y ]
neqer) (T, y T /=y T
Issiry(z,y) r <y T
legiry(z,y) r <=y T
gtrin (z,y) T >y f
geqin(z,y) T >=y f
itimes_i(r)(z) II * ¢ T
itimes; () II * ¢ T
itimes(r) () II * ¢ T
rer(x) REALPART () T
rein () REALPART () T
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T€c(1) (.1,‘)
imy(x)

im;(ry ()
2‘Tnjc(I) (1’)

plusitimes.r)(z,y)

Negi(1) (z)
Nege(1) (:Z:)
conjr(x)
conjip(v)
conjo(ry(x)

abs;(p (z)
signumy(x)
signum;(r) ()

divides;ry(z,y)
dividesy i) (7, y)
divides; () (7, y)

ma;() (z,y)

REALPART (z)
IMAGPART ()
IMAGPART ()
IMAGPART ()
r + II x y
=T

-

CONJ (x)
CONJ ()
CONJ (x)

8 8 8 8 8 8 8 8
+ + + + + + + 4+
celkreeR e

8 8 8 8 8 8 8 8
|
L e e e e w

¥ X X X X X X% ¥

8 8 8 8 8 8 8 8
S SISO SN S SN S

abs (x)
signum(x)
signum(z)

divides(z, )
divides(z, )
divides(z, y)

max(z, y)
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min ) (,y) min(z, y) T
maz_segi(ry(s) maxseq(xs) T
min_seqp)(vs) maxseq(xs) T

where x and y are expressions of type CINT.

The LIA-3 non-transcendental floating point operations are listed below, along with the syntax
used to invoke them:

eqi(r) (2, y) T =y f
egFl(F)(x Y) T =y T
eqi(r),r (2, Y) T =y t
6ch ) (2, 9) T =y *
eqe(r),F(Z,Y) T =y *
eqi(ry,e(F) (T, Y) T =y ]
GQC(F),i(F)(fU Yy r =Y T
eqe(r) (T, y) T =y *
neqi(r)(,y) x /=y f
neqri(r )(.T,y) T /=y T
negir )F(«T,y) T /=y T
neqec(r )(l‘,y) T /=y *
neqe(ry,r(T,y) x /=y *
ne(Ji(F),c(F)(xay) T /=y T
neqC(F),i(F)(xay) T /=y T
neqe(r) (T, y) x /=y *
Lssi(ry(@, y) T <y f
legiry(z,Yy) T <=y f
gtriey (T, y) T >y f
geqiry(z,y) T >=y f
itimesp_;(r)(7) i*xax or jx*xux T
itimes;(py—p () i*xx or jx*xux T
itimesg(r)(z) i*xz or j*xua T
rep(x) REALPART (z) T
reyr) () REALPART () t
recr) () REALPART (z) *
imp () IMAGPART (x) T
imy(p) () IMAGPART () *
ime(py(T) IMAGPART () *
plusitimesqp) (7, y) COMPLEX (x,y) *
negr)() - i
nege(r) () ~x *
conjp(z) CONJ () T
conji(ry () CONJ (z) T
conjo(r) () CONJ (z) *
add; gy (z,y) Tty T
addp;ry(z,y) Tty T

C.10 PL/I 171



ISO/IEC CD 10967-3.2:2004(E) Working draft

addi gy, r(7,y) Tty T
addF,c(F)(:Cay) Tty *
addy(ry, (T, ) Tty *
addy( gy () (T, ) Tty T
adde(ry i) (T, ) Tty T
add(py(z,y) Tty *
sub(ry(z,y) T -y f
SUbFl (33 y) r -y T
SUbl(F ( ) r -y T
subpo(r)(T,Y) z -y *
sube(r), (7, Y) T -y *
subi(py o7y (T, Y) T -y T
Sch(F),i(F)(ffay r -y T
sube(ry(2,y) T -y *
muli gy (7, y) T kY T
mUZFI ( ) R T
muli gy, p (7, y) T ok y T
mulpc y(z,9) T Ky *
mule gy (2, Y) T kY *
77%611(1:),c(1~“)(m Y) T *y T
mule(p) i(ry (T,Y) T *y T
mule(p) (@, y) Tk y *
divy(ry (2, 9y) z/y f
divFl ( ) x / Yy T
divy( gy, p (7, y) z /vy f
d'“)Fc ( z,Yy) /'y f
div, F)F(:U Y) x /vy *
divi(p),c(r) (2, Y) r/y T
divc(F),i(F)(xay) z /vy T
dive ) (7, y) x /vy *
abs;(p) () abs () T
abse(p)(z) abs (x) *
phaser(z) ARG () T
phase;py(z) ARG (x) T
phasec ) () ARG () *
phaseuF(u x) ARG (x, wu) T
phaseu; gy (u, ) ARG(z, w) T
phaseu g (u, x) ARG(z, w) T
signump(x) SIGN(x) T
signum; g () SIGN(x) T
signume gy () SIGN(x) T
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where z, y and z are expressions of type FLT, and where xs is an expression of type array of
FLT.

The parameters for operations approximating real valued transcendental functions can be ac-
cessed by the following syntax:

box _error_mode-mul box_err mul (x) T
maz_err-muly(p) err mul (z) T
box _error_mode_div, ) box_err_div(z) ]
maz-err dive r err_div(x) ]
MaT_err_eTP.(F) err_exp(z) T
MAT_erT_Power .y err_power (z) T
Max-err_sing ) err_sin(x) ]
maz_err_tan. ) err_tan(x) ]

where x and u are expressions of type CFLT. Several of the parameter functions are constant for
each type (and library), the argument is then used only to differentiate among the floating point
types.

The LIA-3 elementary floating point operations are listed below, along with the syntax used
to invoke them:

powerip) (T, y) TRk Y T
powerypy 1(T,y) T ¥k g *?7 Not LIA-3
eTP;(F)—e(F) (T) EXP () ]
expe(r) () EXP(x)

powerp_,c(p)(x,y) T Rkk Yy T
poweripy(z,y) TRk Y ]
power;r) p(b,y) b ** y T
powerp,i(p)(b, x) b *xx T
powere gy, (b, y) b xx y *?
power g (b, x) b *x g *7
poweri(py o(r) (b, y) b xx y f
powerc(p),l(p)(b x) b *x g T
powerpy (T, y) T kk gy *
sqrtp_c(r)(T) SQRTC(x) T
8qrti(F)—c(F) (T) SQRT () f
sqrtepy () SQRT (x) *
Inp_c(r)(T) LOGC (x) T
lnF_)C(F (z) LOG(ABS(x))+I*arctan2(IMAGPART (x),x)) %
Ini(F)—c(r) (2) LOG () t
Ini(py—e(F) (T) LOG(ABS(x))+I*arctan2(IMAGPART (x) ,REAL{PART (x))
ln( )( ) LOG(x) *
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logbasep_.q(r)(b, ) LOGC(x, b) (note parameter order) T
logbase; ) (b, ) LOG(z, b) (note parameter order) T
logbase;ry r (b, T) LOG(z, b) (note parameter order) T
logbaser ;) (b, ) LOG(z, b) (note parameter order) T
logbasec(py,r (b, ) LOG(z, b) (note parameter order) T
logbase () (b, ) LOG(z, b) (note parameter order) T
logbase;(py c(r) (b, T) LOG(x, b) (note parameter order) T
logbasec(ry i(ry (b, T) LOG(x, b) (note parameter order) T
logbasec(r (b, x) LOG(x, b) (note parameter order) T
rad;py(v) RAD(z) T
rade ) () RAD(x) T
sin;(py () SIN(z) T
sine(py () SIN(x) *
cos;(p)(x CoS(x) T
cosq(py () Cos(x) *
tan; ) () TAN(x) T
tanypy(v) TAN(z) *
coty(py(7) COT (z) T
coto(py () COT (z) *
seci(py () SEC(x) T
sece(r) () SEC(x) T
csciry () CSC(x) T
cscory(z) CSC(xz) T
arcsing_q(r) () ARCSINC(x) T
arcsing gy (z) ARCSIN(x) T
arcsingry(z) ARCSIN(x) *
arccos p_,o(p) () ARCCOSC(z) T
arccos;(py—e(r)(T) ARCCOS () T
arccosq(ry () ARCCOS () *
arctan;(p ( ) ARCTAN () T
arctany py—q(r)(T) ARCTAN (x) T
arctany gy () ARCTAN (x) *
arccotypy(z) ARCCOT () T
arccoty py—o(r)(2) ARCCOT () T
arccot e g () ARCCOT () *
arcsecy_q(py () ARCSECC () T
arcseci(p)—o(r)(T) ARCSEC () T
arcsecy(py () ARCSEC () T
arcescp_.q(r)(T) ARCCSCC(x) T
arcesci(py(T) ARCCSC () T
arcesce(py () ARCCSC (x) T
radhp(x) RADH () T
radh; gy(z) RADH () T
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radhe py() RADH (x) T
sinhipy(z) SINH(x) T
sinhepy () SINH(x) *
coshi gy () COSH(x) T
coshe(p) () COSH(x) *
tanhi(p) () TANH(x) T
tanhe gy () TANH () *
cothi(p)() COTH(z) T
cothe ) () COTH(x) *
sech(py(z) SECH(x) T
seche(py () SECH(z) T
cschypy(z) CSCH(x) T
cschepy () CSCH(x) T
arcsinhipy(z) ARCSINH(x) T
arcsmh 7 )HC(F)(QS) ARCSINHC(x) T
arcsinhe gy () ARCSINH(x) *
arccoshFHC(F) (z) ARCCOSHC () T
arccoshi py—q(r) () ARCCOSH(x) T
arccoshqpy(z) ARCCOSH () *
arctanhp_q(p) () ARCTANHC () T
arctanh; gy () ARCTANH () T
arctanhepy(z) ARCTANH () *
arccothp_q(r) () ARCCOTHC () T
arccoth(g)(z) ARCCOTH (x) T
arccoth,. F)( x) ARCCOTH (x) *
arcsechp_.q(p (1) ARCSECHC () T
arcsechipy—.o(r)(x) ARCSECH (x) T
arcsechq(py () ARCSECH () T
arceschipy () ARCCSCH (x) T
arceschi(py—.c(r) () ARCCSCHC () T
arcesche(py () ARCCSCH(x) T

where b, x, y, u, and v are expressions of type CFLT.

Arithmetic value conversions in PL/I are can be explicit or implicit. The rules for when implicit
conversions are applied is not repeated here. The explicit arithmetic value conversions are usually
expressed as ‘casts’, except when converting to/from strings.

(mockup so far!)

converty_qp) () Compose_From _Cartesian(z) T
convert; I)HC([)(QJ) Compose_From _Cartesian(z) ]
converti i) () Compose From Cartesian(z) T
converter)—e(rry () Compose From Cartesian(z) T
convertp_(ry(z) Compose From Cartesian(z) *
convertp_(ry(T) x +1ix*x Im(x) or x + j * Im(x) T
convert py_.e(r) () Compose_From_Cartesian(x) *
convert py_.e(r) () REALPART (z) + x *
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convert; gy i) () Compose_From Cartesian(x) T
convert gy _c(rr)(T) Compose_From_Cartesian(x) T
converti(F)Hi(D)(x) Compose_From _Cartesian(z) T
converte gy —e(p)(T) Compose _From Cartesian(z) T
convert; py_ir)(z) Compose_From Cartesian(x) ]
converty py—e(r) () Compose_From Cartesian(x) T

EDITOR’S NOTE - complex I/0!!!

where x is an expression of type INT, y is an expression of type FLT, and z is an expression of
type FXD, where FXD is a fixed point type. INT2 is the integer datatype that corresponds to I’.
A 7 above indicates that the parameter is optional. a is greater than 0.

EDITOR’S NOTE — Numerals...:

imaginary-unit;y 1
imaginary-unite(r 1
imaginary-unit; g i or j *
imaginary-unit. g -0+i or -0+j *
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C.11 SML

The programming language SML is defined by The Definition of Standard ML (Revised) [59].
An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “{” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-3 for that operation. For each of the
marked items a suggested identifier is provided.

The SML datatype Boolean corresponds to the LIA datatype Boolean.

Every implementation of SML has at least one integer datatype, int, and at least one floating
point datatype, real. The notation INT is used to stand for the name of one of the integer
datatypes, and FLT is used to stand for the name of one of the floating point datatypes in what
follows.

The LIA-2 integer operations are listed below, along with the syntax used to invoke them:

eqiry(z,y) T ==y f
eqri(r)(,y) T ==y t
eqin),1(z,y) T ==y t
eqr,c(r) (%, y) T ==y t
eqe(n),1(,y) T ==y f
eqi(r ),c(I)(SE,y) T ==y ]
6’%(1),1(1)(5573/) r ==Yy T
eQC(I)(xay) r =Y T
neqi( )( 7y) r =y T
ne(:l[,l(])(x’y) r =y T
negir),r(x,y) T 1=y f
ne(ﬂc(])(xay) r =y T
neqe(r),1(7,y) T 1=y ]
neg;r),o(n) (T, y) T 1=y ]
neqe(r),i(r) (T, y) T =y T
neqe(r)(z,y T =y T
Lssi(r)(,y) T <y t
legiry(z,y) T <=y f
gtricn (T, y) T >y f
geqin(z,y) T >=y f
itimes_;r)(z) Iz T
itimesi(r)— () Ix*xzx T
itimese () I*xx T
rer(x) real x T
rein () real z T
reqr)(T) real z T
’Lm[(x) imag x T

mi(r) () imag x T
ch n(z) imag x T
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plusitimes(ry(z,y)

negy(r)(x)
nege(r) ()
conjr(x)
conjipy ()
conje(r)(z)

Smel (z,9)
SUblmlﬂ . Y)
SUbl(I ( y)
SUbIcI)( Y)
Sch([ ( )
subi(ry,e(1) (33 Y)
sube(r) i) (%, Y)
Sch(I) (.T, y)

absK[)(x)
signumy(x)

signum;p) ()
divides;ry(z,y)
dividesy (7, y)
divides;ry1(7,y)

maxi(r)(z,y)

y)
maz_seqry(s)
min_seqyr )(ZL‘S)

minl(] (:E

r+ I x*xy
-z

-
conj x
conj x
conj x

8 8 8 8 8 8 8 8
+ + + + + + + +
e e R e

8 8 8 8 8 8 8 8
|
L e e e e w

8 8 8 8 8 8 8 8
* oK K X X X X ¥
SRS SRS AN

abs x
signum
signum z

divides (z, y)
divides (z, y)
divides (z, y)

max (z, y)
min (z, y)
maxseq IS
maxseq IS

where x and y are expressions of type CINT.
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The LIA-3 non-transcendental floating point operations are listed below, along with the syntax
used to invoke them:

€qi(F) ($,y)
GQFl(F)(l“ Y)
eqir),r(,Y)
eQFC ( )
€qc(F),F (m y)
€4i(F),o(F) (; Y)
€qc(F),i )(
eqc(F)( 2 Y)
neg;(r) (2, y)
neqr;(r) (2, y)
negi(ry,r (2, y)
”6QFC F) (z,9)
neqe(r), (2, y)

negi(r),e(r) (T, Y)
neqe(r) i) (T, Y)
neqc(F)(

itimesp(x)
itimes;(p)— ()
itimesq(r)(T)
rep(x)

reir) (@)

rec(r) ()
imp(z)

im; Pj(x)
Zﬂi(Ej(x)

plusitimesp(x,y)

negir)(z)
nege(ry()
conjp(x)
conji(r)(z)
conje(r) ()

a’ddl(F) ('T y)
addF i( (LU, y)
addy ), p (7, y)
addp, c(F) ($7 y)
addc(F (l‘, y)

addl(F )( ) y)

C.11 SML
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I x«x
I *x=x
I x=x
real
real

imag

imag

imag
complex (x, y)
'~z

T
T
real x
T
T

'~z

conj x
conj x
conj

8 8 8 8 8 8
+ + + 4+ + o+
ere R

— = — — — —
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addy(r)i(r)(T,y)
add F( 7y)

SU’bI(F) (.%' y)
SUbFl (.’L‘ y)
SU‘bl(F ( )
subp.o(r)(Z,Y)
Sch(F (‘T y)
subi() o(F) (T, Y)
sube(r) i(r) (T, Y)
Sch(F) ('T’ y)

muly g (T, y)

)
phaseup(u, x)

phaseu;(py(u, r)
phaseupy(u, )

signump(x)
signum;(g) ()
signume(g)(z)

polarp(z,y)
polarup(u,z,y)

8
+
<

8 8 8 8 8 8 8 8
|
L e e e w

T *xy
T * oy
T *x oy
T * oy
T kY
T * oy
T * oy
T oy
x/y
x/y
x/y
x/y
x/y
x /vy
/vy
/vy
abs x
abs x
arg «
arg
arg T

argu (u, x)
argu (u, x)
argu (u, x)

sign x
sign x
sign x

polar (z,y)
polaru (u, x,y)

where z, y and z are expressions of type CFLT.
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The binding for the floor, round, and ceiling operations here take advantage of the unlimited
Integer type in SML, and that Integer is the default integer type.

The parameters for operations approximating real valued transcendental functions can be ac-
cessed by the following syntax:

box _error_mode-mule box_err mul x T
maz-err-muly g errmul x ]
box _error_mode_diver) box_err div x T
mazx-err -divg(py err div x T
Max_err_eTpy(r) err_exp T
MAT_ErT_POWEr err_power T T
Mazx-err_singr) err_sin x ]
max_err_tane py err_tan x T

where = and u are expressions of type FLT. Several of the parameter functions are constant for
each type (and library), the argument is then used only to differentiate among the floating point
types.

The LIA-3 elementary floating point operations are listed below, along with the syntax used
to invoke them:

powery gy 1(b, y) poweri (b, y) ]
expi() (2) exp 1 :
epe(r) (2) exp @ :
pOWﬁ?‘F—»i(F)(fL’al/) powc (z, y) *
powery gy (T, y) pow (z, y) ]
powery(g), ¢ (b, y) pow (b, y) ]
powerg;py(b, ) pow (b, x) T
poweTc(F),F(bvy) pow (b, y) T
powerg .(py(b, T) pow (b, x) T
powery g o(r) (b, y) pow (b, ¥) T
powery gy i(r) (b, T) pow (b, x) T
powery (b, y) b pow y f
sqrtp_c(r)(T) sqrtc = T
8qrti(py—c(r) () sqrt ]
sqrte(py () sqrt x T
Inp_c(r)(T) log (abs z) +: arctan2 (imag =, =)
Ini(py—e(ry(T) log (abs x) +: arctan2 (imag z, real x) T
Ini(F)—e(r) (2) log @ T
l”c(F)(fU) log = 1
logbasep_.q(r)(b, ) Logc (z, b) (note parameter order) T
logbase; gy (b, ) Log (z, b) (note parameter order) T
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logbase;r) p (b, T) Log (x, b) (note parameter order) T
logbasep; ) (b, z) Log (x, b) (note parameter order) T
logbase,ry r (b, T) Log (x, b) (note parameter order) T
logbasep(r)(b, ) Log (x, b) (note parameter order) T
logbasei(py c(r) (b, T) Log (x, b) (note parameter order) T
logbase(ry i(ry (b, T) Log (x, b) (note parameter order) T
logbase(r (b, x) Log (z, b) T
rad; gy () radian x T
rade ) () radian x T
sini(r) () sin x T
sing(r) () sin x T
cos;(p) () cos x T
cosq(py () cos T T
tanipy(z) tan x T
tanypy () tan x T
coty(py(7) cot w T
coto(py () cot x T
seci(py(T) sec ¥ T
secq(ry(T) sec x T
eseipy () csc x T
cscep) () csc x T
arcsing_q(r) () arcsinc x T
arcsing gy (z) arcsin x T
arcsing gy (z) arcsin z T
arccosF_,C(F)( x) arccosc T T
arccosq(p) () arccos T
arctan; F)(ZL') arctan x T
arctany(py—q(r) () atanc x T
arctang gy () arctan x T
arccotl(p)( x) arccot = T
arccoty py—q(r)(T) acotc x T
arccoty(ry(z) arccot = T
arcsecy_q(p () arcsecc T
arcsecipy—c(r)(T) arcsecc T T
arcsece(py () arcsec T T
arccscFHC(F)( x) arccscc T T
arcesc(py(T) arccsc T T
arcescy(py () arccsc T T
radhp(z) radianh x T
radh; gy (z) radianh z T
radhqpy(z) radianh z T
sinhiry(z) sinh x T
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sinhe(py(z) sinh x T
coship () cosh x T
coshe(p) () cosh = T
tanh; g () tanh z T
tanhepy(z) tanh x T
coth(g) () coth z T
cothe(ry(z) coth x T
sechy ) () sech x T
seche(p) () sech x T
cschypy(z) csch x T
csche(ry(T) csch x T
arcsinhpy(z) arcsinh x T
aresinhipy e () arcsinhc z T
arcsinhe gy () arcsinh x T
arccoshF_)C( y(2) arccoshc = T
arccoshipye(r)(z) arccosh x T
arccoshe(py(z) arccosh x T
arctanhp_q() () arctanhc = T
arctanh; g () arctanh z T
arctanhe gy(z) arctanh z T
arccothp_q(r) () arccothc = T
arccothy gy () arccoth x T
arccoth, F)(x) arccoth x T
arcsechp_q(py () arcsechc = T
arcsechi(py_.c(r)(T) arcsech x T
arcsechq(r) () arcsech x T
arceschy gy () arccsch x T
arceschi_q(r) () arccsche z T
arcesche gy () arccsch x T

where b, x, y, u, and v are expressions of type FLT, and z is an expressions of type INT

Type conversions in SML are always explicit.

converty_qp) () ..o T
convertyry_.c(r)(z) ..o T
convertp_py() x - I*0 or x - _Imaginary I * O T
converty py_c(r) () -0 +x T

EDITOR’S NOTE - complex 10...77

where x is an expression of type INT, y is an expression of type FLT, and z is an expression of
type FXD, where FXD is a fixed point type. INT2 is the integer datatype that corresponds to I’.

EDITOR’S NOTE — Numerals...:

imaginary umtl(]) IT or _Imaginary_IT T
imaginary_uniter ((II)) or _Complex II T
imaginary unit; p I or _Imaginary.I (%)
imaginary unit. g ((I)) or _Complex_I *
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Annex E
(informative)

Possible changes to part 2

This annex indicates possible changes to ISO/IEC 10967-2:2001. A revision of part 2 is not
limited to the items listed below, nor guaranteed to be done as described below.

a) For the radp operation, clause 5.3.8.1, a range limitation function should be defined as
follows, so that the returned angle is for the proper quadrant:

rad}% (x)

= max{upp(—n), min{rady.(x), downp(—m/2)}}

if cos(z) < 0 and sin(x) < 0 and |z| < big_angle_rp

= max{upp(—n/2), min{rady,(z), downp(r/2)}}

if cos(x) > 0 and |z| < big_angle_rp

= max{upp(r/2), min{radj(x), downp(m)}}

= rady,(z)

if cos(z) < 0 and sin(x) > 0 and |z| < big_angle_rp
otherwise

and the radp specification should say (using the range limitation helper function):

radp(x) = result}(mdﬁf (x),nearestr)

=T

if x € F and |z| > fminNp and |z| < big_angle_rp
if (x € F and |z| < fminNp) or z = —0

= absolute_precision_underflow(gqNaN)

= no_resultp(x)

if x € F and |x| > big_angle_rp
otherwise

b) For the arcp operation, clause 5.3.8.15, the range limitation function should be redefined as
follows, so that the returned angle is for the proper quadrant:

arcﬁ (z,y)

= max{upp(—n), min{arch(z,y), downp(—m/2)}}

ifz<0Oand y <0

= max{upp(—m/2), min{arcy(z, y), downp(w/2)}}

ifxz>0

= max{upp(7/2), min{arci(z,y), downp(r)}}

ifr<Oandy >0

and the arcp specification should say (correcting the range limitation):

arcp(z,y) s

=0

= downp(m)

— upr(n/2)

= downp(—m/2)

= negr(arcp(z,0))
=0

=-0

= nearestp(m/4)

E. Possible changes to part 2

= resulty,(arch(x,y), nearestr)

if z,y € F and (z # 0 or y # 0)
ifr=0andy=0

ifr=—0andy=0

if r=—0and ((y € F and y > 0) or y = 400)
ifxr=—0and ((y € Fand y <0) or y = —00)
ify=-—0and z € FU{—00,—0,+00}
ifr=4occandy € Fandy >0
ifr=4oc0candy € Fand y <0

if x =400 and y = 400
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= upp(m/2) ifreFandy=+o00andz <0
= downp(m/2) ifre Fandy=4o00and 2z >0
= nearestp(3 - 7/4) it = —o0 and y = 400

= downp(m) ifr=—occandy € Fandy>0
= upp(—m) ifr=—-occandye Fandy<0
= nearestp(—3 - w/4) if = —o00 and y = —o00

= downp(—m/2) ifreFandy=-—oo0andz <0
= upp(—m/2) ifre Fandy=—oo0 and z >0
= nearestp(—m/4) if x = 400 and y = —o0

= no_result2r(z,y) otherwise

¢) For the arcur operation, clause 5.3.9.15, the range limitation function should be redefined
as follows, so that the returned angle is for the proper quadrant:

arcuﬁ(u, z,y) = max{upp(—u/2), min{arcu}.(u,z,y), downp(—u/4)}}
ifr<0and y <0
= max{upr(—u/4), min{arcuj.(u, z,y), downp(u/4)}}
ifz>0
= max{upr(u/4), min{arcu}y,(u, z,y), downp(u/2)}}
ifr<Oandy >0

and the arcup specification should say (correcting the < vs. # typo as well as the range

limitation):
arcup(u,x,y) = result} (arcuﬁ(u, x,y),nearesty)
ifue Gpand z,y € F and (z #0 or y #0)

= mulp(u,0) ifueGrandr € Fandx >0and y=0
= downp(u/2) ifueGpand x =—0and y=0and u >0
= upr(u/2) ifueGrpandz=—-0and y=0and u<0
= upr(u/4) ifu e Gp and z = —0 and

((y € Fand y > 0) or y =~400) and u > 0
= downp(—u/4) if u € Gp and x = —0 and

((ye Fand y <0) or y=—00) and u > 0
= downp(u/4) if u € Gp and x = —0 and

((y€e Fand y > 0) or y =~400) and u < 0
= upp(—u/4) if u e Gp and z = —0 and

((ye Fand y <0) or y=—00) and u < 0
= negr(arcup(u,z,0)) ifu e Gpandy=—0and z € FU{—00,—0,+00}

= mulp(0,u) ifueGrpandzr =4occandy € Fandy >0

= mulp(0, —u) ifueGrpand x =400 and y € Fand y <0

= nearestp(u/8) ifue Gp and x = 400 and y = 400

= upp(u/4) ifueGrpandx € F and y =400 and x-u < 0

= downp(u/4) ifueGpandx € F and y=4o00 and x-u >0

= nearestp(3 - u/8) ifue Gr and x = —o00 and y = +00

= downp(u/2) ifue Gp and x = —00 and y € F and
y=>0and u>0

= upp(—u/2) ifue Gp and x = —o0 and y € F and
y<0and u>0

= upp(u/2) ifue Gp and x = —00 and y € F and

y>0and u <0
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= downp(—u/2)

nearestp(—3 - u/8)
downp(—u/4)

= upp(—u/4)

= nearestp(—u/8)

= no_result3r(u, x,y)

E. Possible changes to part 2

ISO/IEC CD 10967-3.2:2004(E)

ifue Gp and x = —00 and y € F and
y<0and u<0

ifue G and x = —o00 and y = —o0

ifueGrandz e Fandy=—ocoand z-u <0

ifueGrpandx e Fand y=—ocoand z-u >0

ifu € Gp and £ = 400 and y = —00

otherwise
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