1Suggested LIA-2 section 5.3:elementary transcendental operationson floating point type valuesIn this document �invalid� is used instead of �undefined�. The reason is that�undefined� should be interpreted as �invalid� or �pole� (a.k.a. �divide-by-zero�). They werejoined in LIA-1 because some hardware still in use cannot make the distinction. But when theycan be distinguished, they are allowed, in LIA-1, to be distinguished (see sections A.6.1.2 andC.2 of LIA-1). For LIA-2, I see no reason to join them up.The term �subnormal� is used to mean denormal orzero (including negative zero).5.3 Elementary transcendental floating point operationsI is an LIA-1 conforming integer type. F is an LIA-1 conforming floating point type.The operations in this section are specified using the trans_resultF helper function and anapproximation helper function for each operation. The approximation helper functions return aresult in R. They may be literally undefined for some arguments, just like, e.g., arcsin(2) isundefined. The operations return a result in F ¨ {�—¥�,�—0�,�+¥�} or cause a notification. They aredefined for all arguments in F (and I in the case of ipowerFI), plus all IEC 559 special values(infinities, negative zero and NaNs).Note:The approximating helper functions never deal with notifications or IEC 559 special values. One can thusthink of the approximating helper functions as aversion of the corresponding mathematical function,that just need not always be exact. Notifications a r e dealt with either explicitly in the operationdefinitions (invalid, pole, angle_too_big), or via the trans_resultF helper function detailed below(floating_overflow, underflow). IEC 559 special values are dealt with explicitly in the operationdefinitions.The approximation helper functions for the individual operations in this subclause havemaximum error parameters that describe the maximum relative error of the helper functioncomposed with nearestF, for normalised results. The maximum error p! arameter also describe themaximum absolute error for subnormal continuation values if denormF=true. The maximumerror parameters shall be available to programs.That for an helper function hF, approximating f, the maximum error is max_error_opF meansthat|f(x, ...) — nearestF(hF(x, ...))| £ max_error_opF * reF(f(x, ...))—pNote:Partially conforming implementations may have greater values for maximum error parameters thanstipulated below.The results of the approximating helper functions in this clause must be exact for certainarguments, and may be exact for all arguments. If the approximating helper function is exact forall arg! uments, then the corresponding maximum error parameter should be 0.5.The approximation helper functions in this clause are required to be monotonous on thesame intervals as the mathematical function they are approximating are (strictly) monotonous.There is no general requirement that the approximation helper functions are strictlymonotonous, however. The unit argument trigonometric and inverse trigonometricapproximating helper functions are excepted from the monotonicity requirement for the unitargument (but not for the other argument(s)). For the radian trigonometric helper functions, thisrequirement is imposed only for arguments, x, such that |x| £ big_anglerF.The approximation helper functions are required to be zero exactly at the points where theapproximated mathematical function is exactly zero. At points where the approximation helperfunctions are not zero, they are required to h! ave the same sign as the approximatedmathematical function at that point. For the radian trigonometric helper functions, thisrequirement is imposed only for arguments, x, such that |x| £ big_anglerF.Note:For the operations the continuation value after an underflow may be zero (or negative zero) as given bytrans_resultF, even though the approximation helper function is not zero at that point. Such zero resultsare required to be accompanied by an underflow notification. When appropriate zero may also bereturned for IEC 559 infinities arguments. See the individual specifications.

25.3.1 The trans_resultF helper functiontrans_resultF is like resultF extended with specifications for the continuation value on overflow,but simplified concerning underflow: it always underflows for nonzero results that have anF. It also returns �—0� for negative underflows that round (or areflushed) to zero, if possible.Also, the rounding is fixed to nearestF. This is user visible only in t h e cases where theoperation�s approximation helper function is (required to be) exact, but where that value is notrepresentable in F, e.g. e or p.[One could, e.g., parametrise trans_resultF like resultF on the rounding function.There may be reason to do so for the unit arg. inv. trig. ops.] trans_resultF : R fi F ¨{underflow, floating_overflow} trans_resultF(x) = nearestF(x)if fminNF £ |nearest¨FD(x)| £ fmaxF trans_resultF(x) = 0if x = 0 trans_resultF(x) = floating_overflow(�+¥�)if nearestF(x) > fmaxF trans_resultF(x) = floating_overflow(�—¥�)if nearestF(x) < —fmaxF trans_resultF(x) = underflow(nearestF(x))if denormF=true and (nearestF(x) < 0 or x > 0) and |nearestF(x)| < fminNF trans_resultF(x) = underflow(�—0�)if denormF=true and �—0� is available and nearestF(x) = 0 and x < 0 trans_resultF(x) = underflow(0)if denormF=true and �—0� is not available and nearestF(x) = 0 and x < 0 trans_resultF(x) = underflow(0)if denormF=false and 0 < x and nearestF¨FD(x) < fminNF trans_resultF(x) = underflow(�—0�)if denormF� Dfalse and �—0� is available and —fminNF < nearestF¨FD(x) and x < 0 trans_resultF(x) = underflow(0)if denormF=false and �—0� is not availableand —fminNF < nearestF¨FD(x) and x < 0Note:This specifies underflow after rounding (considering denormal values even if denormF=false).5.3.2 Operations for exponentiationsThe power*F and powerm1*F helper functions below need be defined only for first arguments thatare ‡0, and need not be defined when both of the arguments are zero.Note:There are two advantages with expm1F (and powerm1F) operation below: Firstly, expm1F(x) (andpowerm1F(b,x)) is much more accurate than subF(expF(x),1) (and subF(powerm1F(b,x),1)) when theexponent argument is close to zero. Secondly, the expm1F operation does not underflow for �very�negative exponent arguments. Something which may be advantageous if underflow handling is slow, andhigh accuracy for �very� negative arguments is not needed.There are two maximum error parameters for approximate exponentiations:max_error_expF ˛ Fmax_error_powerF ˛ FThe max_error_expF parameter is required to be in the interval[0.5, 1.5*rnd_errorF].The max_error_powerF parameter is required to be in the interval[max_error_expF,˚2*rnd_errorF].[Any ranges of arguments for which the accuracy requirements maybe should be relaxed? Make themax_error_powerF parameter depend upon the arguments (cmp. Ada.)? And/or a notification when the accuracymay be very degraded?

3Ada (but no accessible parameter): max_error_powerF(x,y) ˛ [0.5, 4+|y*ln(x)/32|], if x > 0.What about max_error_powerF(x,y) ˛ [max_error_expF, 2*rnd_errorF+|y*ln(x)/32|]???]5.3.2.1 Power—of argument baseThe power*F approximation helper function: power*F : F · R fi R[split into power*F:F·FfiR and ipower*FI:F·IfiR?] power*F(x,y) returns a close approximation to xy in R,with maximum error max_error_powerF.Further requirements on the power*F approximation helper function: power*F(1,y) = 1if y ˛ R power*F(x,0) = 1if x ˛ F and x > 0 power*F(x,1) = xif x ˛ F and x ‡ 0 power*F(x,y) < fminDF/2if x ˛ F and x > 0 and ˛ R and xy < fminDF/3The powerF operation: powerF : F · F fi F ¨ {invalid, underflow, f l o a t i n g _ o v e r f l o w , pole} powerF(x,y) = trans_resultF(power*F(x,y))if x ˛ F and x>0 and y ˛ F = powerF(0,y)if x = �—0� and y ˛ F ¨ {�—¥�, �—0�, �+¥�} = powerF(x,0)if y = �—0� and x ˛ F ¨ {�—¥�, �+¥�} = 0if x = 0 and y ˛ F and y>0 = invalid(1)if x = 0 and y = 0 [no notification?] = pole(�+¥�)if x = 0 and y ˛ F and y<0 = 0if x ˛ F and 0£x<1 and y=�+¥� = �+¥�if x ˛ F and 0£x<1 and y¥� = invalid(1)if x =1 and (y=�+¥� or y=�—¥�) [no notification?] = �+¥�if x ˛ F and x>1 and y=�+¥� = 0if x ˛ F and x>1 and y=�—¥� = �+¥�if x=�+¥� and ((y ˛ F and y>0) or y=�+¥�) = invalid(1)if x=�+¥� and y = 0 [no notification?] = 0if x=�+¥� and ((y ˛ F and y<0) or y=�—¥�) = invalid(qNaN)if ((x ˛ F and x<0) or x=�—¥�) and y ˛ F ¨ {�+¥�,�—¥�} = qNaNif x is a quiet NaN and y is not a signalling NaN = qNaNif y is a quiet NaN and x is not a signalling NaN = invalid(qNaN)if x is a signalling NaN or y is a signalling NaNNote: powerF(x,y) will overflow approximately when xy > fmaxF, i.e., if x > 1, approximately when y >logx(fmaxF), and if 0 < x < 1, approximately when y < logx(fmaxF) (which is a negative number). It will notoverflow when x = 0 or when x˚= 1.

4The ipowerFI operation: ipowerFI : F · I fi F ¨ {invalid, underflow, floating_overflow, pole} ipowerFI(x,y) = trans_resultF(power*F(x,y)) if x ˛ F and x>0 and y ˛ I = trans_resultF(power*F(—x,y)) if x ˛ F and x<0 and y ˛ I and 2|y = trans_resultF(—power*F(—x,y)) if x ˛ F and x<0 and y ˛ I and not 2|y = 0if x = 0 and y ˛ I and y > 0 = invalid(1)if x = 0 and y = 0 [no notification?] = pole(�+¥�)if x = 0 and y ˛ I and y < 0 = 0if x = �—0� and y ˛ I and y > 0 and 2|y = �—0�if x = �—0� and y ˛ I and y > 0 and not 2|y = invalid(1)if x = �—0� and y = 0[no notification?] = pole(�+¥�)if x = �—0� and y ˛ I and y < 0 and 2|y = pole(�—¥�)if x = �—0� and y ˛ I and y < 0 and not 2|y = �+¥�if x = �+¥� and y ˛ I and y>0 = invalid(1)if x = �+¥� and y = 0 [no notification?] = 0if x = �+¥� and y ˛ I and y < 0 = �+¥�if x = �—¥� and y ˛ I and y > 0 and 2|y = �—¥�if x = �—¥� and y ˛ I and y > 0 and not 2|y = invalid(1)if x = �—¥� and y = 0 [no notification?] = 0if x = �—¥� and y ˛ I and y < 0 and 2|y = �—0�if x = �—¥� and y ˛ I and y < 0 and not 2|y = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaNNote: powerI (in clause 5.1) does not allow negative exponents since the exact result then is not in I.powerF (here) does not allow (any) negative bases since the (exact) result is not in R unless the exponentis integer. ipowerFI takes care of this latter case. A binding may combine powerF and ipowerFI apoweroperation that checks if the floating point exponent has an integer value when the base argument isnegative.Note: ipowerF(x,y) will overflow approximately when xy > fmaxF, i.e., if x > 1, approximately when y >logx(fmaxF), and if 0 < x < 1, approximately when y < logx(fmaxF). It will not overflow when = 0or whenx˚= 1.5.3.2.2 Power—of argument base, minus oneThe powerm1*F approximation helper function: powerm1*F : F · F fi R powerm1*F(x, y) returns a close approximation to xy—1 in R,with maximum error max_error_powerF.Further requirements on the powerm1*F approximation helper function: powerm1*F(0, y) = —1if y ˛ F and y > 0 powerm1*F(x, y) = —1if ˛ F and x > 0 and y ˛ F and powerm1*F(x,y) „ xy—1 and xy < epsilonF/(3*rF) powerm1*F(x, 1) = x—1if x ˛ F and x ‡ 0 powerm1*F(x, y) £ power*F(x, y)if x ˛ F and x > 0 and y ˛ FNote: powerm1*F(x, y) » y*ln xif x ˛ F and x > 0 and y ˛ F and |y*ln x| < epsilonF/rF

5The powerm1F operation: powerm1F : F · F fi F ¨ {invalid, underflow, floating_overflow, pole} powerm1F(x,y) = trans_resultF(powerm1*F(x,y))if x ˛ F and x>0 and y ˛ F and y „ 0 = powerm1F(0,y)if x = �—0� and y ˛ F ¨ {�—¥�, �—0�, �+¥�} = �—0�if y = 0 and x ˛ F and 0 < x < 1 = 0if y = 0 and x ˛ F and 1 £ x = 0if y = 0 and x = �+¥� = 0if y = �—0� and x ˛ F and 0 < x < 1 = �—0�if y = �—0� and x ˛ F and 1 £ x = �—0�if y = �—0� and x = �+¥� = —1if x = 0 and y ˛ F and y>0 = invalid(�—0�)if x = 0 and y = 0 [no notification?] = invalid(0)if x = 0 and y = �—0� [no notification?] = pole(�+¥�)if x = 0 and y ˛ F and y<0 = —1if x ˛ F and 0£x<1 and y=�+¥� = �+¥�if x ˛ F and 0£x<1 and y=�—¥� = invalid(0)if x =1 and (y=�+¥� or y=�—¥�) [no notification?] = �+¥�if x ˛ F and x>1 and y=�+¥� = —1if x F a n d x>1 and y=�—¥� = �+¥�if x=�+¥� and ((y ˛ F and y>0) or y=�+¥�) = invalid(0)if x=�+¥� and y = 0 [no notification?] = —1if x=�+¥� and ((y ˛ F and y<0) or y=�—¥�) = invalid(qNaN)if ((x ˛ F and x<0) or x=�—¥�) and y ˛ F ¨ {�+¥�,�—0�,�—¥�} = qNaNif x is a quiet NaN and y is not a signalling NaN = qNaNif y is a quiet NaN an x is not a signalling NaN = invalid(qNaN)if x is a signalling NaN or y is a signalling NaNNote: powerm1F(x,y) will overflow approximately when xy > fmaxF, i.e., if x > 1, approximately wheny˚>˚logx(fmaxF), and if 0 < x < 1, approximately when y < logx(fmaxF). It will not overflow when x = 0orwhen x˚= 1.5.3.2.3 Power—of 2The exp2*F approximation helper function: exp2*F : F fi R exp2*F(x) returns a close approximation to 2x in R,with maximum error max_error_expF.Further requirements on the exp2*F approximation helper function: exp2*F(x) = 1if x ˛ F and exp2*F(x) „ 2x and log2(1—(epsilonF/(2*rF))) < x < log2(1+(epsilonF/2)) exp2*F(x) = 2xif x ˛ (F ˙ Z) and 2x˛ exp2*F(x) < fminDF/2if x ˛ F and x < log2(fminDF)—3

6The exp2F operation: exp2F : F fi F ¨ {underflow, floating_overflow} exp2F(x) = trans_resultF(exp2*F(x))if x ˛ F = 1if x = �—0� = �+¥�if x = �+¥� = 0if x = �—¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaNNote: exp2F(x) will overflow approximately when x > log2(fmaxF).5.3.2.4 Power—of 10The exp10*F approximation helper function: exp10*F : F fiR *F(x) returns a close approximation to 10x in R,with maximum error max_error_expF.Further requirements on the exp10*F approximation helper function: exp10*F(x) = 1if x ˛ F and exp10*F(x) „ 10x and log10(1—(epsilonF/(2*rF))) < x < log10(1+(epsilonF/2)) exp10*F(x) = 10xif x ˛ (F ˙Z) and 10x ˛ F exp10*F(x) < fminDF/2if x ˛ F and x < log10(fminDF)—3The exp10F operation: exp10F : F fi F ¨ {underflow, floating_overflow} exp10F(x) = trans_resultF(exp10*F(x))if x ˛ F = 1if x = �—0� = �+¥�if x = �+¥� = 0if x = �—¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaNN o t e : exp10F(x) will overflow approximately when x > log10(fmaxF).5.3.2.5 Power—of e (natural exponentiation) The exp*F approximation helper function: exp*F : F fi R exp*F(x) returns a close approximation to ex in R,with maximum error max_error_expF.Further requirements on the exp*F approximation helper function: exp*F(1) = e exp*F(x) = 1if x ˛ F and exp*F(x) „ ex and ln(1—(epsilonF/(2*rF))) < x < ln(1+(epsilonF/2)) exp*F(x) < fminDF/2if x ˛ F and x < ln(fminDF)—3

7The expF operation: expF : F fi F ¨ {underflow, floating_overflow} expF(x) = trans_resultF(exp*F(x))if x ˛ F = 1if x = �—0� = �+¥�if x = �+¥� = 0if x = �—¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaNN o t e : expF(1) = nearestF(e).Note: expF(x) will overflow approximately when x > ln(fmaxF).5.3.2.6 Power—of e, minus one (natural exponentiation, minus one)The expm1*F approximat! ing helper function: expm1*F : F fi R expm1*F(x) returns a close approximation to ex—1 in R,with maximum error max_error_expF.Further requirements on the expm1*F approximation helper function: expm1*F(1) = e—1 expm1*F(x) = xif x ˛ F and expm1*F(x) „ ex—1 and —epsilonF/rF £ x < 0.5*epsilonF/rF [0.5?] expm1*F(x) = —1if x ˛ F and expm1*F(x) „ ex—1 and x < ln(epsilonF/(3*rF)) expm1*F(x) £ exp*F(x)if x ˛ FThe expm1F operation: expm1F : F fi F ¨ {underflow, floating_overflow} expm1F(x) = trans_resultF(expm1*F(x))if x ˛ F and |x| ‡ 0.5*epsilonF/rF = x[don’t have as spec. case!?]if x ˛ F and |x| < 0.5*epsilonF/rF = �—0�if x = �—0� = �+¥�if x = �+¥� = —1if x = �—¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaNN o t e : underflow is explicitly avoided, when possible. LIA-1 requires that fminNF £ epsilonF, but doesnot require that fminNF £ epsilonF/rF. A requirement that expm1F(x) = x if x ˛ F and |x| £ fminNF, wouldthus be requireing results for some arguments of some (very rare) floating point type that are more than0.5 ulp in error. For such arguments in such floating point types, underflow is still appropriate, and it isalways appropriate to allow results that are at most 0.5 ulp! in error.Note: expm1F(1) = nearestF(e—1).Note: expm1F(x) will overflow approximately when x > ln(fmaxF).[I think one should not �avoid� underflow like this for any operation, especially not expm1F and ln1pF.]5.3! .3 O p e r a t i o n s f o r l o g a r i t h m s There are two maximum error paramet ers for approximate logarithms:

8max_error_lnF ˛ Fmax_error_logbaseF ˛ FThe max_error_lnF parameter is required to be in the interval[0.5, 1.5*rnd_errorF].The max_error_logbaseF parameter is required to be in the interval[max_error_lnF, 2*rnd_errorF].[Any ranges of arguments for which the accuracy requirements maybe should be relaxed? Make themax_error_logbaseF parameter depend upon the arguments (cmp. Ada and exponentiation)? Notification?]Ada: max_error_powerF(x,y) ˛ [0.5, 4+|y*ln(x)/32|], but no such dependency mentioned for log op.What about max_error_logbaseF(x,y) ˛ [max_error_lnF, 2*rnd_errorF+...x...y...]????????]5.3.3.1 Argument base logarithm—ofThe logbase*F approximating helper function: logbase*F : F · F fi R logbase*F(x, y) returns a close approximation to log(y) in R,with maximum error max_error_logbaseF.Further requirements on the logbase*F approximation helper function: logbase*F(x, x) = 1if x ˛ F and x > 0 and x „ 1The logbaseF operation: logbaseF : F · F fi F ¨ {invalid, pole} logbaseF(x,y) = trans_resultF(logbase*F(x,y))if x ˛ F and x > 0 and x „ 1 and y ˛ F and y > 0 = logbaseF(0,y)if x =�—0� and y ˛ F ¨ {�—¥�,�—0�,�+¥�} = logbaseF(x,0)if y =�—0� and x ˛ F ¨ {�—¥�, �+¥�} = pole(�+¥�)if x ˛ F and 0<x<1 and y = 0 = pole(�—¥�)if x ˛ F and 1<x and y = 0 = �—¥�if x ˛ F and 0<x<1 and y = �+¥� = �+¥�if x ˛ F and 1<x and y = �+¥� = invalid(1)if x = �+¥� and y=�+¥� [no notification?] = 0if x = � + ¥� and y ˛ F and y ‡ 1 = �—0�if x = �+¥� and y ˛ F and 0<y<1 = invalid(—1)if x = �+¥� and y=0 [no notification?] = �+¥�if x = 1 and y = �+¥� = pole(�+¥�)if x = 1 and y ˛ F and y > 1 = invalid(qNaN)if x = 1 and y = 1 = pole(�—¥�)if x = 1 and y ˛ F and 0 £ y < 1 = invalid(qNaN)if ((x ˛ F and x£0) or x=�—¥�) and y ˛ F ¨ {�+¥ �,�—¥�} = invalid(qNaN)if ((y ˛ F and y<0) or y=�—¥�) and x ˛ F ¨ {�+¥�,�—¥�} = qNaNif x is a quiet NaN and y is not a signalli! ng NaN = qNaNif y is a quiet NaN and x i not a signalling NaN = invalid(qNaN)if x is a signalling NaN or y is a signalling NaN

95.3.3.2 Argument base logarithm—of one plus second argument The logbase1p*F approximating helper function: logbase1p*F : F · F fi R logbase1p*F(x,y) returns a close approximation to logx(1+y) in R,with ! maximum error max_error_logbaseF.Further requirements on logbase1p*F approximating helper function: logbase1p*F(x,x—1) = 1if x,x—1 ˛ F and x > 0 and x „ 1 logbase1p*F(x,y) £ logbase*F(x,y)if x ˛ F and 0 < x < 1 and y ˛ F and y > 0 logbase1p*F(x,y) ‡ logbase*(x,y)if x ˛ F and 1 < x and y ˛ F and y > 0Note: logbase1p*F(x, y) » y/ln(x)if x ˛ F! and x > 0 and x „ 1 and y ˛ F and |y/ln(x)| < epsilonF/rFThe logbase1pF operation: logbase1pF : F · F fi F ¨ {invalid, underflow, pole} logbase1pF(x,y) = trans_resultF(logbase1p*F(x,y))if x ˛ F and x > 0 and x „ 1 and y ˛ F and y > —1 and y „ 0 = logbase1pF(0,y)if x =�—0� and y ˛ F ¨ {�—¥�,�—0�,�+¥�} = �—0�if y = 0 and x ˛ F and 0 < x < 1 = 0if y = 0 and x ˛ F and 1 < x = 0if y = 0 and x = �+¥� = 0if y = �—0� and x ˛ F and 0 < x < 1 = �—0�if y = �—0� and x ˛ F and 1 < x = �—0�if y = �—0� and x = �+¥� = invalid(qNaN)if (y =�—0� or y = 0) and x = 1 = pole(�+¥�)if x ˛ F and 0<x<1 and y = —1 = pole(�—¥�)if x ˛ F and 1<x and y = —1 = �—¥�if x ˛ F and 0<x<1 and y = �+¥� = �+¥�if x ˛ F and 1<x and y = �+¥� = invalid(1)if x = �+¥� and y=�+¥� [no notification?] = 0if x � D �+¥� and y ˛ F and y ‡ 0 = �—0�if x = �+¥� and y ˛ F and —1<y<0 = invalid(—1)if x = �+¥� and y=—1 [no notification?] = �+¥�if x = 1 and y = �+¥� = pole(�+¥�)if x = 1 and y ˛ F and y > 0 = invalid(qNaN)if x = 1 and y = 0 = pole(�—¥�)if x = 1 and y ˛ F and —1 £ y < 0 = invalid(qNaN)if ((x ˛ F and x£0) or x=�—¥�) and y ˛ F ¨ {�+¥�,�—0�,�—¥�} = invalid(qNaN)if ((y ˛ F and y<—1) or y=�—¥�) and x ˛ F ¨ {�+¥�,�—¥�} = qNaNif x is a quiet NaN and y is not a signalling NaN = qNaNif y is a quiet NaN and x is ! not a signalling NaN = invalid(qNaN)if x is a signallng NaN or y is a signalling NaN

105.3.33 2—Logarithm—ofThe log2*F approximation helper function: log2*F : F fi R log2*F(x) returns a close approximation to log2(x) in R,with maximum error max_error_lnF.Further requirements on the log2*F approximation helper function: log2*F(x) = log2(x)if x ˛ F and log2(x) ˛ ZThe log2F operation: log2F : F fi F ¨ {invalid, pole} log2F(x) = trans_resultF(log2*F(x))if x ˛ F and x > 0 = pole(�—¥�)if x = 0 = pole(�—¥�)if x = �—0� = �+¥�if x = �+¥� = invalid(qNaN)if (x ˛ F and x < 0) or x = �—¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaN5.3.3.4 10—Logarithm—ofThe log10*F approximation helper function: log10*F : F fi R log10*F(x) returns a close approximation to log10(x) in R,with maximum error max_error_lnF.Further requirements on the log10*F approximation helper function: log10*F(x) = log10(x)if x ˛ F and log10(x) ˛ ZThe log10F operation: log10F : F fi F ¨ {invalid, pole} log10F(x) = trans_resultF(log10*F(x))if x ˛ F and x > 0 = pole(�—¥�)if x = 0 = pole(�—¥�)if x = �—0� = �+¥�if x = �+¥� = invalid(qNaN)if (x ˛ F and x < 0) or x = �—¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaN5.3.3.5 Natural logarithm—ofThe ln*F approximation helper function: ln*F : R fi R ln*F(x) returns a close approximation to ln(x) in R,with maximum error max_error_lnF.

11Further requirements on the ln*F approximation helper function: ln*F(e) = 1The lnF operation: lnF : F fi F ¨ {invalid, pole} lnF(x) = trans_resultF(ln*F(x))if x ˛ F and x > 0 = pole(�—¥�)if x = 0 = pole(�—¥�)if x = �—0� = �+¥�if x = �+¥� = invalid(qNaN)if (x ˛ F and x < 0) or x = �—¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaN5.3.3.6 Natural logarithm—of one plus the argumentThe ln1p*F approximation helper function: ln1p*F : R fi R ln1p*F(x) returns a close approximation to ln(1+x) in R,with maximum error max_error_lnF.Further requirements on the ln1p*F approximation helper function: ln1p*F(e—1) = 1 ln1p*F(x) = xif x ˛ F and ln1p*F(x) „ ln(1+x —0.5*epsilonF/rF < x £ epsilonF/rF [0.5?] ln1p*F(x) ‡ ln*F(x)if x ˛ F and x > 0Th e ln1pF operation: ln1pF : F fi F ¨ {invalid, pole, underflow} ln1pF(x) = trans_resultF(ln1p*F(x))if x ˛ F and x > —1 and |x| ‡ 0.5*epsilonF/rF = x[don’t have as spec. case!?] if x ˛ F and |x| < 0.5*F/rF = �—0�if x = �—0� = pole(�—¥�)if x = —1 = �+¥�if x = �+¥� = invalid(qNaN)if (x ˛ F and x < —1) or x = �—¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaNNote: underflow is explicitly avoided, when possible. LIA-1 requires that fminNF £ epsilonF, but does! not require th at fminNF £ epsilonF/rF. A requirement that ln1pF(x) = x if x ˛ F and |x| £ fminNF wouldthus be requireing results fo! r some arguments of some (very rare) floating point type that are more than0.5 ulp in error. For such arguments in such floating point types, underflow is still appropriate, and it isalways appropriate to allow results that are at most 0.5 ulp in error.5.3.4 Operations for hyperbolics There are three maximum error parameters for approximate hyperbolics:max_error_sinhF ˛ Fmax_error_tanhF ˛ Fmax_error_sechF ˛ F

12The max_error_sinhF parameter is required to be in the interval[0.5, 2*rnd_errorF].The max_error_tanhF parameter is required to be in the interval[max_error_sinhF, 2*rnd_errorF].The max_error_sechF parameter is required to be in the interval[max_error_sinhF, 2*rnd_errorF].5.3.4.1 Sinus hyperbolicusThe sinh*F approximation helper function: sinh*F : F fi R sinh*F(x) returns a close approximation to sinh(! x) in R,with maximum error max_error_sinhF.Further requirements on the sinh*F approximation helper function: sinh*F(x) = xif x ˛ F and sinh*F(x) „ sinh(x) and |x| < �(2*epsilonF/rF)[2?] sinh*F(—x) = —sinh*F(x)if x ˛ F sinh*F(x) £ cosh*F(x) if x ˛ FThe sinhF operation: sinhF : F fi F ¨ {floating_overflow}[underflow, ?] sinhF(x) = trans_resultF(sinh*F(x))if x ˛ F and |x| > fminNF = x[don’t have as spec. case?]if x ˛ F and |x| £ fminNF = �—0�if x = �—0� = �—¥�if x = �—¥� = �+¥�if x = �+¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaNNote: underflow is explicitly avoided.[I suggest removing this �avoidance�.]Note: sinhF(x) will overflow approximately when |x| > ln(2*fmaxF).5.3.4.2 Cosinus hyperbolicusThe cosh*F approximation helper function: cosh*F : F fi R! cosh*F(x) returns a close approximation to cosh(x) in R,with maximum error max_error_sinhF.Further requirements on the cosh*F approximation helper function: cosh*F(x) = 1if x ˛ F and cosh*F(x) „ cosh(x) and |x| < �(F) cosh*F(—x) = cosh*F(x)if x ˛ F

13 cosh*F(x) ‡ sinh*(x) if x ˛ FThe coshF operation: coshF : F fi F ¨ {floating_overflow} coshF(x) = trans_resultF(cosh*F(x))if x ˛ F = 1if x = �—0� = �+¥�if x = �—¥� = �+¥�if x = �+¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling N! aNNote: coshF(x) overflows approximately when |x| > ln(2*fmaxF).5.3.4.3 Tangent hyperbolicusThe tanh*F approximation helper function: tanh*F : F fi R F(x) returns a close approximation to tanh(x) in R,with maximum error max_error_tanhF. Further requirements on the tanh*F approximation helper function: tanh*F(x) = xif x ˛ F and tanh*F(x) „ tanh(x) and |x| £ �(1.5*epsilonF/rF) tanh*F(x) = 1if x ˛ F and tanh*F(x) „ tanh(x) and x > arctanh(1—(epsilonF/(3*rF))) tanh*F(—x) = —tanh*F(x)if x ˛ FThe tanhF operation: tanhF : F fi F[ ¨ {u n d e r f l o w }?] tanhF(x) = trans_resultF(tanh*F(x))if x ˛ F and |x| > fminNF = x[don’t have as spec. case?]if x ˛ F and |x| £ fminNF = �—0�if x = �—0� = —1if x = �—¥� = 1if x = �+¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaNNote: is explicitly avoided.[I suggest removing this �avoidance�.]5.3.4.4 Cotangent hyperbolicusThe coth*F approximation helper function: coth*F : F fi R coth*F(x) returns a close approximation to coth(x) in R,with maximum error m a x _ e r r o r _ t a n h F.Further requirements on the coth*F approximation helper function:

14 coth*F(x) = 1if x ˛ F and coth*F(x) „ coth(x) and x > arccoth(1+(epsilonF/4)) coth*F(—x) = —coth*F(x)if x ˛ FThe cothF operation: cothF : F fi F ¨ {pole, floating_overflow} cothF(x) = trans_resultF(coth*F(x))if x ˛ F and x „ 0 = pole(�+¥�)if x = 0 = pole(�—¥�)if x = �—0� = —1if x = �—¥� = 1if x = �+¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaNNote: cothF(x) overflow approximately when |1/x| > fmaxF.5.3.4.5 Secant hyperbolicusThe sech*F approximation helper function: sech*F : F fi R sech*F(x) returns a close approximation to sech(x) in R,with maximum error max_error_sechF.Further requirements on the sech*F approximation helper function: sech*F(x) = 1if x ˛ F and sech*F(x) „ sech(x) and |x| < �epsilonF/rF) sech*F(—x) = sech*F(x)if x ˛ F sech*F(x) £ csch*F(xif x ˛ F and x > 0 sech*F(x) < fminDF/2if x ˛ F and x > 2—ln(fminDF/4)The sechF operation: sechF : F fi F ¨ {underflow} sechF(x) = trans_resultF(sech*F(x))if x ˛ F = 1if x = �—0� = 0if x = �—¥� = 0if x = �+¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaN5..4.6 Cosecant hyperbolicusThe csch*F approximation helper function: csch*F : F fi R csch*F(x) returns a close approximation to csch(x) in R,with maximum error max_error_sechF.Further requirements on the csch*F approximation helper function:

15 csch*F(—x) = —csch*F(x)if x ˛ F ! csch*F(x) ‡ sech*F(x) if x ˛ F and x > 0 csch*F(x) < fminDF/2if x ˛ F and x > 2—ln(fminDF/4)The cschF operation: cschF : F fi F ¨ {underflow, floating_overflow, pole} cschF(x) = trans_resultF(csch*F(x))if x ˛ F and x „ 0 = pole(�+¥�)if x = 0 = pole(�—¥�)if x = �—0� = �—0�if x = �—¥� = 0if x = �+¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaNNote: F(x) overflows approximately when |1/x| > fmaxF.5.3.5 Operations for inverse hyperbolics[In sect. 4: The principle values are chosen such that, when the function is defined:arccosh(x) ˛ [1, ¥[arcsech(x) ˛ ]0, 1](see [appropriate references])]Note: The approximation helper functions for the inverse hyperbolic operations need not be inverses of theapproximation helper functions for the hyperbolic operations and the inverse hyperbolic operationscannot be inverses of the hyperbolic operations.There are three! maximum error parameters for inverse hyperbolic operations:max_error_arcsinhF ˛ Fmax_error_arctanhF ˛ Fmax_error_arcsechF ˛ FThe max_error_arcsinhF parameter is required to be in the interval[0.5, 2*rnd_errorF].The max_error_arctanhF parameter is required to be in the interval[max_error_arcsinhF, 2*rnd_errorF].The max_error_arcsechF parameter is required to be in the interval[max_error_arcsinhF, 2*rnd_errorF].5.3.5.1 Arcus sinus hyperbolicusThe arcsinh*F approximation helper function: arcsinh*F : F fi R arcsinh*F(x) returns a close approximation to arcsinh! (x) in R,with maximum error max_error_arcsinhF.Further requirements on the arcsinh*F approximation helper function:

16 arcsinh*F(x) = xif x ˛ F and arcsinh*F(x) „ arcsinh(x) and |x| £ �(3*epsilonF/rF) arcsinh*F(—x) = —arcsinh*F(x)if x ˛ FThe F arcsinhF : F fi F[ ¨ {underflow} ?] arcsinhF(x) = trans_resultF(arcsinh*F(x))if x ˛ F and |x| > fminNF = x[don’t have as spec. case?]if x ˛ F and |x| £ fminNF = �—0�x = �—0� = �—¥�if x = �—¥� = �+¥�if x = �+¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaNNote: underflow is explicitly avoided.[I suggest removing this �avoidance�.]5.3.5.2 Arcus cosinus hyperbolicusThe arccosh*F approximation helper function: arccosh*F : F fi R arccosh*F(x) returns a close approximation to arccosh(x) in R,with maximum error max_error_arcsinhF. The arccoshF operation: arccoshF : F fi F ¨ {invalid} arccoshF(x) = trans_resultF(arccosh*F(x))if x ˛ F and x ‡ 1 = �+¥�if x = �+¥� = invalid(qNaN)if x ˛ F and x < 1 = invalid(qNaN)if x = �—0� = invalid(qNaN)if x = �—¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaN5.3.5.3 Arcus tangent hyperbolicusThe arctanh*F approximation helper function: arctanh*F : F fi R arctanh*F(x) returns a close approximation to arctanh(x) in R,with maximum error max_error_arctanhF.Further requirements on the arctanh*F approximation helper function: arctanh*F(x) = xif x ˛ F and arctanh*F(x) „ arctanh(x) and |x| < �(1*epsilo! nF/rF)[1?] arctanh*F(—x) = —arctanh*F(x)if x ˛ F

17The arctanhF operation: ! arctanhF : F fi F ¨ {invalid, pole}[, underflow ?] arctanhF(x) = trans_resultF(arctanh*F(x))if x ˛ F and fminNF < |x| < 1 = x[don’t have as spec. case!?]if x ˛ F and |x| £ fminNF = p o l e (�+¥�)if x = 1 = pole(�—¥�)if x = —1 = �—0�if x = �—0� = invalid(qNaN)if x ˛ F and |x| > 1 = invalid(qNaN)if x = �—¥� or x = �+¥� = qNaNif x i s a q u i e t NaN = invalid(qNaN)if x is a signalling NaNNote: underflow is explicitly avoided.[I suggest removing this �avoidance�.]5.3.5.4 Arcus cotangent hyperbolicusThe arccoth*F approximation helper function: arccoth*F : F fi R arccoth*F(x) returns a close approximation to arccoth(x) in R,with maximum error ! max_error_arctanhF.Further requirements on the arccoth*F approximation helper function: arccoth*F(—x) = —arccoth*F(x)if x ˛ FThe arccothF operation: arccothF : F fi F ¨{invalid, underflow, pole} arccothF(x) = trans_resultF(arccoth*F(x))if x ˛ F and |x| > 1 = pole(�+¥�)if x = 1 = pole(�—¥�)if x = —1 = �—0�if x = �—¥� = 0if x = �+¥� = invalid(qNaN)if x ˛ F and —1 < x < 1 = invalid(qNaN)if x = �—0� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaNNote: There is no underflow for this operation for most kinds of floating point types, e.g. IEC 559 ones.5.3.5.5 Ar! cus secant hyperbolicusThe arcsech*F approximation helper function: arcsech*F : F fi R arcsech*F(x) returns a close approximation to arcsech(x) in R,with maximum error max_error_arcsechF.

18The arcsechF operation: arcsechF : F fi F ¨ {invalid, pole} arcsechF(x) = trans_resultF(arcsech*F(x))if x ˛ F and 0 < x £ 1 = pole(�+¥�)if x = 0 = pole(�+¥�)if x = �—0� = invalid(qNaN)if x ˛ F and (x < 0 or x > 1) = invalid(qNaN)if x = �—¥� or x = �+¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaN5.3.5.6 Arcus cosecant hyperbolicusThe arccsch*F approximation helper function: arccsch*F : F fi R arccsch*F(x) returns a close approximation to arccsch(x) in R,with maximum error max_error_arcsechF.Further requirements on the arccsch*F approximation helper function: arccsch*F(1) = arcsinh*F(1) arccsch*F(—x) = —arccsch*F(x)if x ˛ FThe arccschF operation: arccschF : F fi F ¨ {underflow, pole} arccschF(x) = trans_resultF(arccsch*F(x))if x ˛ F and x „ 0 = pole(�+¥�)if x = 0 = pole(�—¥�)if x = �—0� = �—0�if x = �—¥� = 0if x = �+¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaNunderflow for this operation for most kinds of floating point types, e.g. IEC 559 ones.5.3.6 Angular normalisations and angular unit conversionsAll of the unit argument trigonometric and unit argument inverse trigonometric approximationhelper functions (including those for normalisation, anglular unit conversion, and arc) areexempted from the monotonicity requirement for the unit (first) argument.The radian trigonometric approximation helper functions (including those for normalisationand conversion to/from radians) need have the same zero points as the approximatedmathematical function only if the absolute value of the argument is less than big_anglerF.Likewise, the radian trigonometric approximation helper functions need have the same sign asthe approximated mathematical function only if the absolute value of the argument is less thanor equal to big_anglerF.Let T = {1, 360, 400, 6400, 21600, 1296000}. T consists of angle values for exactly onerevolution for some common non—radian angular units (revoultions, degrees, grades, mils, arcminutes, and arc seconds respectively).The mathematical trigonometric functions are perfectly cyclic. Their numerical counterpartsare not that perfect, for two reasons:

19Firstly, the radian normalisation cannot be exact, even though it can be made very goodgiven very many digits for the approximation(s) of p used in the normalisation, returning anoffset from the nearest axis, and including guard digits. As it happens, the unit argumentnormalisation can be made exact regardless of the (non—zero and, in case denormF=false, not toosmall) unit and the original angle, returning only a plain angle in F, and is so required below.Secondly, the lenght of one revolution is of course constant, but the density of floating pointvalues gets sparser the larger the magnitude of the values are. This means that the number offloating point values gets sparser per revolution the larger the magnitude of the angle. thisr eason the notification �angle_too_big� is introduced. This notification is given when themagnitude of the angle value is �too big�. Exactly when the representable angle values get toosparse may depend upon the application at hand, and it may be possible for the programmer totighten (but perhaps not widen) the big angle parameters below.Note:angle_too_big notifications as well as underflow notifications should be handled via recording ofindicators, unless there is an explicit request to do otherwise.There are two big angle parameters:big_angleuF ˛ Fbig_anglerF ˛ FThey are required to have the following default values:big_angleuF = Ø(rF^ºpF/2ß)/6ø[Ada: not mentioned.]big_anglerF = 6*big_angleuF [Ada: something not less than rF^ºpF/2.]Note:The user may be allowed to narrow these values, but should not be allowed to widen them beyond thevalues given here.There is one derived parameter signifying the minumum allowed angular unit:min_angular_unitF = rF*fminNF/epsilonF = rF^(eminF—1+pF)It is there for two reasons. Firstly, if the type F has no denormal values (denormF = false),some angle values in F are not representable after normalisation (this gives the firm limitabove). Secondly, even if F has denormal values (denormF = true), very tiny angular units do notallow the representable to be particularly dense, not even if the angular value is withinthe first cycle. By fiat, no negative angular units are allowed. [but there is no technical reason for thislast one]To make the requirements a bit easier to express, let GF = {x ˛ F | x ‡ min_angul! ar_unitF}.In order to make the operation specifications easier to read, the continuation value upon anangle_too_big notification is as given by the cases in the operation specification given prior tothe angle_too_big case. In addition, writing c.v. in front of an operation, e.g. c.v.unitF(u,x), isused to mean the continuation value. If there is no notification, it is the ordinary result, if thereis a notification, like underflow or angle_too_big, the notification is ignored and only thecontinuation value is referred to.There is one maximum error parameter for trigonometric normalisation and conversionoperations:max_error_radF ˛FThe max_error_radF parameter is required to be in the interval[0.5, 1.5*rnd_errorF].

205.3.6.1 Argument angular-unit angle normalisationThe unitF operation: unitF : F ! · F fi F¨{�—0�, angle_too_big, invalid} unitF(u,x) = iremrF(x,u)if u ˛ GF and x ˛ F¨{�—0�} = angle_too_bigif u ˛ GF and x ˛ F and |x/u| > big_angleuF = invalid(qNaN)if u ˛ F and u < min_angular_unitF and x ˛ F¨{�—0�} = invalid(qNaN)if u ˛ F and x ˛ {�—¥�,�+¥�} = invalid(qNaN)if u ˛ {�—¥�,�—0�,�+¥�} and x ˛ F¨{�—¥�,�—0�,�+¥�} = qNaNif x is a quiet NaN and u is not a signalling NaN = qNaNif u is a quiet NaN and x is not a signalling NaN = invalid(qNaN)if x is a signalling NaN or u is a signalling NaNThe continuation value for angle_too_big shall be as specified in the first case.Note: unitF(u,x) has a result in the interval [downF(—u/2),upF(u/2)]. A zero resulting angle is negative ifthe original angle is negative.Note: unitF is an exact operation.Note: The unitF operation is used also in the specifications of the unit argument trigonometric operationsin sections 5.3.7.1—5.3.7.6.5.3.6.2 Radian angle normalisationDefine the following mathematical functions: nearest_axis : R fi {1,2,3,4} offset_axis : R fi R rad : R fi R nearest_axis(x)= 1if cos(x) ‡ 1/�(2)= 2if sin(x) > 1/�(2)= 3if cos(x) £ —1/�(2)= 4if sin(x) < —1/�(2) offset_axis(x)= arcsin(sin(x))if |cos(x)| ‡ 1/�(2)= arcsin(cos())if |cos(x)| < 1/�(2) rad(x)= arccos(cos(x))if sin(x) ‡ 0= —arccos(cos(x))if sin(x) < 0The rad_nearest_axis*F, rad_offset_axis*F , and rad*F approximation helper functions: rad_nearest_axis*F : R fi {1,2,3,4} rad_offset_axis*F : R fi R rad*F : R fi R rad_nearest_axis*F(x) returns a close approximation to nearest_axis(x) in Z,if x £ big_anglerF. Borderline cases may return the indication forthe �other� axis. rad_offset_axis*F(x) returns a close approximation to offset_axis(x) in Rif x £ big_anglerF, with maximum error max_error_radF. Borderlinecases may return the offset from the �other� axis, but it is the offsetfrom the axis indicated by rad_nearest_axis*F(x). The maximum erroris relative the offset from the so indicated axis, even if that axis is notreally the nearest axis. rad*F(x) returns a close approximation to rad(x) in Rif |x| £ big_anglerF, with maximum error max_error_radF.

21Further requirements on the rad_offset_axis*F , and rad*F approximation helper functions: rad_offset_axis*F(x) = rad*F(x)if rad_nearest_axis*F(x) = 1 rad*F(x) = xif |x| < pThe rad_nearest_axisF, rad_offset_axisF, and radF operations: rad_nearest_axisF : F fi F¨{angle_too_big} rad_nearest_axisF(x) = rad_nearest_axis*F(x)if x ˛ F = 1if x = �—0� = angle_too_bigif x ˛ F and |x| > big_anglerF = invalid(qNaN)if x ˛ {�—¥�,�+¥�} = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaN rad_offset_axisF: F fi F¨{underflow, angle_too_big} rad_offset_axisF(x) = trans_resultF(rad_offset_axis*F(x))if x ˛ F and |x| > fminNF = xif x ˛ F and |x| £ fminNF = �—0�if x = �—0� = angle_too_bigif x ˛ F and |x| > big_anglerF = invalid(qNaN)if x ˛ {�—¥�,�+¥�} = qNaNif x is a quiet NaN = invalid(qNaN)if x is a snalling NaN radF: F fi F¨{underflow, angle_too_big} radF(x) = trans_resultF(rad*F(x))if x ˛ F and |x| > fminNF = xif x ˛ F and |x| £ fminNF = �—0�if x = �—0� = angle_too_bigif x ˛ F and |x| > big_anglerF = invalid(qNaN)if x ˛ {�—¥�,�+¥�} = qNaNif x is a quiet NaN = invalid(qNaN)if x is a snalling NaN5.3.6.3 Converting radian angle to argument angular-unit angleDefine the mathematical function: rad_to_unit : R · R fi R rad_to_unit(x,v)= arccos(cos(x) ) * v/(2*p)if sin(x) ‡ 0= —arccos(cos(x))*v/(2*p)if sin(x) < 0The rad_to_unit*F approximation helper function: rad_to_unit*F : R · F fi R rad_to_unit*F(x,v) returns a close approximation to rad_to_unit(v) in R,with maximum error max_error_radF, if |x| £ big_anglerF.Further requirements on the rad_to_unit*F approximation helper function: rad_to_unit*F(n*2*p+p/6, v) = v/12if n ˛ Z and |n*2*p+p/6| £ big_anglerF rad_to_unit*F(n*2*p+p/4, v) = v/8if n ˛ Z and |n*2*p+p/4| £ big_angler

22 rad_to_unit*F(n*2*p+p/3, v) = v/6if n ˛ Z and |n*2*p+p/3| £ big_anglerFrad_to_unit*F(n*2*p+p/2, v) = v/4if n ˛ Z and |n*2*p+p/2| £ big_anglerF rad_to_unit*F(n*2*p+2*p/3, v) = v/3if n Z and |n*2*p+2*p/3| £ big_anglerF rad_to_unit*F(n*2*p+3*p/4, v) = 3*v/8if n ˛ Z and |n*2*p+3*/4| £ big_anglerF rad_to_unit*F(n*2*p+5*p/6, v) = 5*v/12if n ˛ Z and |n*2*p+5*p/6| £ big_anglerF rad_to_unit*F(n*2*p+p, v) = v/2if n ˛ Z and |n*2*p+p| £ big_anglerF rad_to_unit*F(—x, v) = —rad_to_unit*F(x, v)if rad_to_unit(x, v) „ v/2The rad_to_unitF operation: rad_to_unitF : F · F fi F¨{underflow, angle_too_big, invalid} rad_to_unitF(x,v) = trans_resultF(rad_to_unit*F(x,v))if v ˛ GF and x ˛ F = �—0�if v ˛ GF and x = �—0� = angle_too_bigif v ˛ GF and x ˛ F and |x| > big_anglerF = invalid(qNaN)if v ˛ GF and x ˛ {�—¥�,�+¥�} = invalid(qNaN)if v ˛ F and v < min_angular_unitF and x ˛ F ¨ {�—¥�,�—0�,�+¥�} = invalid(qNaN)if v ˛ {�—¥�,�—0�,�+¥�} and x ˛ F ¨ {�—¥�,�—0�,�+¥�} = qNaNif x is a quiet NaN and v is not a signalling NaN = qNaNif v is a quiet NaN and x is not a signalling NaN = invalid(qNaN)if x is a signalling NaN or v is a signalling NaNNote: Both the notifications underflow! and angle_too_big can occur simultaneously for somearguments to radF and also for rad_to_unitF.5.3.6.4 Converting argument angular-unit angle to radian angleDefine the mathematical function: unit_to_rad : R · R fi R unit_to_rad(u,x)= arccos(cos(x*2*p/u))if sin(x*2*p/u) ‡ 0= —arccos(cos(x*2*p/u))if sin(x*2*p/u) < 0The unit_to_rad*F approximation helper function: unit_to_rad*F : F · R fi R unit_to_rad*F(u,x) returns a close approximation to unit_to_rad(u,x) in R, if u „ 0,with maximum error max_error_radF.Further requirements on the unit_to_rad*F approximation helper function: unit_to_rad*F(u,n*u+x) = unit_to_rad*F(u,x)if n ˛ Z unit_to_rad*F(u,u/12) = p/6 unit_to_rad*F(u,u/8) = p/4 unit_to_rad*F(u,u/6) = p/3 unit_to_rad*F(u,u/4) = p/2 unit_to_rad*F(u,u/3) = 2*p/3 unit_to_rad*F(u,3*u/8) = 3*p/4 unit_to_rad*F(u,5*u/12) = 5*p/6 u n i t _ t o _ r a d *F(u,u/2) = p

23 unit_to_rad*F(u, —x) = —unit_to_rad*F(u, x)if unit_to_rad(u, x) „ pThe unit_to_radF operation: unit_to_radF: F · F fi F¨{�—0�, underflow, angle_too_big, invalid} unit_to_radF(u,x) = trans_resultF(unit_to_rad*F(u,x))if c.v.unitF(u,x) ˛ F = �—0�if c.v.unitF(u,x) = �—0� = angle_too_bigif unitF(u,x) = angle_too_big = invalid(qNaN)if unitF(u,x) = invalid = qNaNif unitF(u,x) is a quiet NaN5.3.6.5 Converting argument angular-unit angle to (another) argumentangular-unit angleDefine the mathematical function: unit_to_unit : R · R · R fi R unit_to_unit(u,xv)= arccos(cos(x*2*p/u))*v/(2*p)if sin(x*2*p/u) ‡ 0= —arccos(cos(x*2*p/u))*v/(2*p)if sin(x*2*p/u) < 0The unit_to_unit*F approximation helper function: unit_to_unit*F : F · R · F fi R unit_to_unit*F(u,x,v) returns a close approximation to unit_to_unit(u,x,v) in Rif u „ 0 and |x/u| £ big_angleuF, with maximum error max_error_radF.Further requirements on the unit_to_unit*F approximation helper function: unit_to_unit*F(u,n*u+x,v) = unit_to_unit*F(u,x,v)if n ˛ Z unit_to_unit*F(u,u/12,v) = v/12 unit_to_unit*F(u,u/8,v) = v/8 unit_to_unit*F(u,u/6,v) = v/6 unit_to_unit*F(u,u/4,v) = v/4 unit_to_unit*F(u,u/3,v) = v/3 unit_to_unit*F(u,3*u/8,v) = 3*v/8 unit_to_unit*F(u,5*u/12,v) = 5*v/12 unit_to_unit*F(u,u/2,v) = v/2 unit_to_unit*F(u, —x,v) = —unit_to_unit*F(u, x,v)if unit_to_unit(u, x, v) „ v/2The unit_to_unitF operation: unit_to_unitF: F · F · F fi F¨{�—0�, underflow, angle_too_big, invalid} unit_to_unitF(u,x,v) = trans_resultF(unit_to_unit*F(u,x,v))if v ˛ GF and c.v.unitF(u,x) ˛ F = �—0�if v ˛ GF and c.v.unitF(u,x) = �—0� = angle_too_bigif v ˛ GF and unitF(u,x) = angle_too_big = invalid(qNaN)if v ˛ GF and unitF(u,x) = invalid = invalid(qNaN)if v ˛ F and v < min_angular_unitF and u,x ˛ F ¨ {�—¥�,�—0�,�+¥�} = invalid(qNaN)if v ˛ {�—¥�,�—0�,�+¥�} and

24 u,x ˛ F ¨ {�—¥�,�—0�,�+¥�} = qNaNif unitF(u,x) is a quiet NaN and v is not a signalling NaN = qNaNif v is a quiet NaN and unitF(u,x) „ invalid = invalid(qNaN)if v is a signalling NaN5.3.6.6 Degree normalisation and conversions degF : F fi F¨{�—0�, angle_too_big} degF(x) = unitF(360,x) rad_to_degF : F fi F¨{underflow, angle_too_big} rad_to_degF(x) = rad_to_unitF(x,360) deg_to_radF : F fi F¨{�—0�, underflow, angle_too_big} deg_to_radF(x) = unit_to_radF(360,x) unit_to_degF : F · F fi F¨{�—0�, underflow, angle_too_big, invalid} unit_to_degF(u,x) = unit_to_unitF(u,x,360) deg_to_unitF : F · F fi F¨{�—0�, underflow, angle_too_big, invalid} deg_to_unitF(x,v) = unit_to_unitF(360,x,v)5.3.7 The arcus (angle, phase) and hypotenuse operationsDefine the mathematical arc function: arc : R · R fi R arc(x,y)= arccos(x/�(x2+y2))if y ‡0= —arccos(x/�(x2+y2))if y < 0[This is the most elegant mathematical definition of this function I can think of.Formulations involving arctan or arccot are much less appealing, there are too manyspecial cases.][The "arc" operations are sometimes referred to as "arccot2" or "arctan2"(with the co—ordinate arguments swapped). Since the ! mathematical definitionis in terms arccos, and they compute the angle, or phase, of a vector, names thatrefer to tangent or cotangent seems inappropriate and limited.][Note also that a too naive implementation of, e.g., arcrF in terms ofarctanrF may leak internal overflows (from the division), which the specificationhere does not allow.]There are three max error parameters for the arcus and hypotenuse operations:max_error_arcF ˛ Fmax_error_arcuF(u) ˛ FfiF ¨ {invalid}max_error_hypotF ˛ FThe max_error_arcF parameter is required to be in the interval[max_error_arctanF , 2*rnd_errorF].[2??]For u ˛ GF, the max_error_arcuF(u) parameter is required to be in the interval[max_error_arcF, 4].The max_error_arcuF(u) parameter is required to be equal to max_error_arcF if u ˛ T.The max_error_arcuF(u) parameter returns invalid if u ˛ F and u < min_angular_unitF or ifu ˛ {�—¥�,�—0�,�+¥�} or if u is a NaN.

25The max_error_hypotF parameter is required to be in the interval[0.5, 1].5.3.7.1 Unit argument arcusThe arcu*F approximation helper function: arcu*F : F · F · F fi R arc! u*F(u,x,y) returns a close approximation to arc(x,y)*u/(2*p) in R,with maximum error max_error_arcuF(u).Further requirements on the arcu*F approximation helper function: arcu*F(u, x, x) = u/8if x > 0 arcu*F(u, 0, y) = if y > 0 arcu*F(u, x, —x) = 3*u/8if x < 0 arcu*F(u, x, 0) = u/2if x < 0 arcu*F(u, x, —y) = —arcu*F(u, x, y)if y „ 0 or x > 0The arcuF operation: arcuF : F · F ·F fi F ¨ {underflow, invalid} arcuF(u,x,y) = trans_resultF(arcu*F(u,x,y))if u ˛ GF and x,y ˛ F and (x „ 0 or y „ 0) = invalid! (0)if u ˛ GF and x = 0 and y = 0 = arcuF(u,0,y)if u ˛ GF and x=�—0� and y ˛ F¨{�—¥�,�—0�,�+¥�} = negF(arcuF(u,x,0))if u ˛ GF and y=�—0� and x ˛ F¨{�—¥�,�+¥�} = arcuF(u,1,0)if u ˛ GF and x = �+¥� and y ˛ F and y ‡ 0 = arcuF(u,1,1)if u ˛ GF and x = �+¥� and y = �+¥� = arcuF(u,0,1)if u ˛ GF and x ˛ F and y = �+¥� = arcuF(u,—1,1)if u ˛ GF and x = �—¥� and y = �+¥� = arcuF(u,—1,0)if u ˛ GF and x = �—¥� and y ˛ F and y ‡ 0 = arcuF(u,—1,�—0�)if u ˛ GF and x = �—¥� and y ˛ F and y < 0 = arcuF(u,—1,—1)if u ˛ GF and x = �—¥� and y = �—¥� = arcuF(u,0,—1)if u ˛ GF and x ˛ F and y = �—¥� = arcuF(u,1,—1)if u ˛ GF and x = �+¥� and y = �—¥� = arcuF(u,1,�—0�)if u ˛ GF and x = �+¥� and y ˛ F and y < 0 = invalid(qNaN)if u ˛ F and u < min_angular_unitF and x ˛ F¨{�—¥�,�—0�,�+¥�} = invalid(qNaN)if u ˛ {�—¥�,�—0�,�+¥�} and x,y ˛ F ¨ {�—¥�,�—0�,�+¥�} = qNaNif u is a quiet NaN and not x nor y is a signalling NaN = qNaNif x is a quiet NaN and not u nor y is a signalling NaN = qNaNif y is a quiet NaN and not u nor x is a signalling NaN = invalid(qNaN)if u is a signalling NaN or x is a signalling NaN or y is a signalling NaN

265.3.7.2 Degree arcus[should be left to bindings, need not be explicit in LIA—2]: arc360F : F · F fi F ¨ {underflow, invalid} arc360F(x,y) = arcuF(360,x,y)5.3.7.3 Radian arcusThe arc*F approximation helper function: arc*F : F · F fi R arc*F(x,y) returns a close approximation! to arc(x,y) in R, w i t h m a x i m u m e r r o r max_error_arcF.Further requirements on the arc*F approximation helper function: arc*F(x, 0) = 0if x > 0 arc*F(x, x) = p/4if x > 0 arc*F(0, y) = p/2if y > 0 arc*F(x, —x) = 3*p/4if x < 0 arc*F(x, 0) = pif x < 0 arc*Fx, —y) = —arc*F(x, y)if y „ 0 or x > 0The arcrF operation: arcrF : F · F fi F ¨ {underflow, invalid} arcrF(x,y) = trans_resultF(arc*F(x,y))if x,y ˛ F and (x „ 0 or y „ 0) = invalid(0)if x = 0 and y = 0 = arcrF(0,y)if x = �—0� and y ˛ F ¨ {�—¥�,�—0�,�+¥�} = negF(arcrF(x,0))if y = �—0� and x ˛ F ¨ {�—¥�,�+¥�}� = arcrF(1,0)if x = �+¥� and y ˛ F and y ‡ 0 = arcrF(1,1)if x = �+¥� and y = �+¥� = arcrF(0,1)if x ˛ F and y = �+¥� = arcrF(—1,1)if x = �—¥� and y = �+¥� = arcrF(—1,0)if x = �—¥� and y ˛ F and y ‡ 0 = arcrF(—1,�—0�)if x = �—¥� and y ˛ F and y < 0 = arcrF(—1,—1)if x = �—¥� and y = �—¥� = arcrF(0,—1)if x ˛ F and y = �—¥� = arcrF(1,—1)if x = �+¥� and y = �—¥� = arcrF(1,�—0�)if x = �+¥� and y ˛ F and y < 0 = qNaNif x is a quiet NaN and y is not a signalling NaN = qNaNif y is a quiet NaN and x is not a signalling NaN = invalid(qNaN)i x is a signalling NaN or y is a signalling NaN5.3.7.4 HypotenuseThe hypot*F approximation helper function: hypot*F : F · Ffi R hypot*F(x,y) returns a close approximation to �(x2+y2) in R,with maximum error max_error_hypotF.Further requirements on the hypot*F approximation helper function:

27 hypot*F(x,y) = hypot*F(y,x) hypot*Fx,y) = hypot*F(x,y) hypot*F(x,y) ‡ max{|x|,|y|} hypot*F(x,y) £ |x| + |y| hypot*Fx,y) ‡ 1if �(x2+y2) ‡ 1 hypot*F(x,y) £ 1if �(x2+y2) £ 1The hypotF operation: hypotF : F · F fi F¨{underflow, floating_overflow} hypotF(x,y) = trans_resultF(hypot*F(x,y))if x,y ˛ F = hypotF(0,y)if x = �—0� and y ˛ F ¨ {�—¥�,�—0�,�+¥�} = hypotF(x,0)if y = �—0� and x ˛ F ¨ {�—¥�,�+¥�} = �+¥�if x ˛ {�—¥�,�+¥�} and y ˛ F ¨ {�—¥�,�+¥�} = �+¥�if y ˛ {�—¥�,�+¥�} and x ˛ F = qNaNif x is a qu iet NaN and y is not a signalling NaN = qNaNif y is a quiet NaN and x is not a signalling NaN = invalid(qNaN)if x is a signalling NaN or y is a signalling NaN5.3.8 Operations for trigonometricsThere are six maximum error parameters for trigonometric operations, three of which are in turnparametrised:max_error_sinF ˛Fmax_error_tanF ˛ Fmax_error_secF ˛ Fmax_error_sinuF : F fi F ¨ {invalid}max_error_tanuF : F fi F ¨ {invalid}max_error_secuF : F fi F ¨ {invalid}The max_error_sinF parameter is required to be in the interval[0.5, 1.5*rnd_errorF].The max_error_tanF parameter is required to be in the interval[max_error_sinF , 2*rnd_errorF].The max_error_secF parameter is required to be in the interval[max_error_sinF , 2*rnd_errorF].For u ˛ GF, the max_error_sinuF(u) parameter is required to be in the interval[max_error_sinF, 2].For u ˛ GF, the max_error_tanuF(u) parameter is required to be in the interval[max_error_tanF, 4].For u ˛ GF, the max_error_secuF(u) parameter is required to be in the interval[max_error_secF, 4].

28The max_error_sinuF(u) parameter is required to be equal to max_error_sinF if u ˛ T.The max_error_tanuF(u) parameter is required to be equal to max_error_tanF if u ˛ T.The max_error_secuF(u) parameter is required to be equal to max_error_secF if u ˛ T.The max_error_sinuF(u), max_error_tanuF(u), and max_error_secuF(u) parameters returninvalid if u ˛ F and u < min_angular_unitF. or if u ˛ {�—¥�,�—0�,�+¥�} or if u is a NaN.5.3.8.1 Unit argument sinusThe sinu*F approximation helper function: sinu*F : F · R fi R sinu*F(u,x) returns! a close approximation to sin(x*2*p/u) in R if u „ 0,with maximum error max_error_sinuF(u).Further requirements on the sinu*F approximation helper function: sinu*F(u, n*u+x) = sinu*F(u, x)if n ˛ Z and u ˛ F and u „ 0 sinu*F(u, u/12) = 1/2if u ˛ F and u „ 0 sinu*F(uu/4) = 1if u ˛ F and u „ 0 sinu*F(u, 5*u/12) = 1/2if u ˛ F and u „ 0 sinu*F(u, —x) = —sinu*F(u, x)if u ˛ F and u „ 0Note: sinu*F(u, x) » x*2*p/uif |x*2*p/u| < ! fminNFThe sinuF operation: sinuF : F · F fi F ¨ {�—0�, underflow, invalid, angle_too_big} sinuF(u,x) = trans_resultF(sinu*F(u, x))if c.v.unitF(u,x) ˛ F = �—0�if c.v.unitF(u,x) = �—0� = angle_too_bigif unitF(u,x) = angle_too_big = invalid(qNaN)if unitF(u,x) = invalid = qNaNif unitF(u,x) is a quiet NaN5.3.8.2 Unit argument cosinusThe! cosu*F approximation helper function: cosu*F : F · R fi R cosu*F(u,x) returns a close approximation to cos(x*2*p/u) in R if u „ 0,with maximum error max_error_sinuF(u).Further requirements on the cosu*F approximation helper function: cosu*F(u, n*u+x) = cosu*F(u, x)if n ˛ Z and u ˛ F and u „ 0 cosu*F(u, 0) = 1if u ˛ F and u „ 0 cosu*F(u, u/6) ! = 1/2if u ˛ F and u „ 0 cosu*F(u, u/3) = —1/2if u ˛ F and u „ 0 cosu*F(u, u/2) ! = —1if u ˛ F and u „ 0 cosu*F(u, —x) = cosu*F(u, x)if u ˛ F and u „ 0

29 Note: cosu*F(u, x) = 1should hold if |x*2*p/u| < �(epsilonF/rF)[make normative?]The cosuF operation: cosuF : F · F fi F ¨ {underflow, invalid, angle_too_big} cosuF(u,x) = trans_resultF(cosu*F(u, x))if c.v.unitF(u,x) ˛ F = 1if c.v.unitF(u,x) = �—0� = angle_too_bigif unitF(u,x) = angle_too_big = invalid(qNaN)if unitF(u,x) = invalid = qNaNif unitF(u,x) is a quiet NaN5.3.8.3 Unit argument tangent! The tanu*F approximation helper function: tanu*F : F · R fi R tanu*F(u,x) returns a close approximation to tan(x*2*p/u) in R if u „ 0,with maximum! error max_error_tanuF(u).Further requirements on the tanu*F approximation helper function: tanu*F(u, n*u+x) = tanu*F(u, x)if n ˛ Z and u ˛ F and u „ 0 tanu*F(u, u/8) = 1if u ˛ F and u „ 0 tanu*F(u, 3*u/8) = —1if u ˛ F and u „ 0 tanu*F(u, —x) = —tanu*F(u, x)if u ˛ F and u „ 0Note: tanu! *F(u, x) » x*2*p/uif |x*2*p/u| < fminNFThe tanuF operation: tanuF : F·F fiF¨{�—0�,pole,floating_overflow,underflow,invalid,angle_too_big} tanuF(u,x) = trans_resultF(tanu*F(u, x))if c.v.unitF(u,x) ˛ F and c.v.unitF(u,x) ˇ {—u/4,u/4} = �—0�if c.v.unitF(u,x) = �—0� = pole(�+¥�)if c.v.unitF(u,x) = u/4 = pole(�—¥�) if c.v.unitF(u,x) = —u/4 = angle_too_bigif unitF(u,x) = angle_too_big = invalid(qNaN)if unitF(u,x) = invalid = qNaNif unitF(u,x) is a quiet NaNNote: The pole notification can arise for tanuF(u,x) only when u/4 is in F.5.3.8.4 Unit argument cotangentThe cotu*F approximation helper function: cotu*F : F · R fi R cotu*F(u,x) ret urns a close approximation to cot(x*2*p/u) in R if u „ 0,with maximum error max_error_tanuF(u).Further requirements on the cotu*F approximation helper function:

30 cotu*F(u, n*u+x) = cotu*F(u, x)if n ˛ Z and u ˛ F and u „ 0 cotu*F(u, u/8) = 1if u ˛ F and u „ 0 cotu*F(u, 3*u/8) = —1if u ˛ F and u „ 0 cotu*F(u, —x) = —cotu*F(u, x)if u ˛ F and u „ 0The cotuF operation: cotuF : F·F fi F¨{pole, floating_overflow, underflow, invalid, angle_too_big} cotuF(u,x) = trans_resultF(cotu*F(u, x))if c.v.unitF(u,x) ˛ F and c.v.unitF(u,x) ˇ {—u/2,0,u/2} = pole(�+¥�)if c.v.unitF(u,x) = 0 = pole(�—¥�)if c.v.unitF(u,x) = �—0� = pole(�+¥�)if c.v.unitF(u,x) = u/2 = pole(�—¥�)if c.v.unitF(u,x) = —u/2 = angle_too_bigif unitF(u,x) = angle_too_big = invalid(qNaN)if unitF(u,x) = invalid = qNaNif unitF(u,x) is a quiet NaN5.3.8.5 Unit argument secantThe secu*F approximation helper function: secu*F : F · R fi R secu*F(u,x) returns a close approximation to sec(x*2*p/u) in R if u „ 0,with maximum error max_error_secuF(u).Further requirements on the secu*F approximation helper function: secu*F(u, n*u+x) = secu*F(u, x)if n ˛ Z and u ˛ F and u „ 0 secu*F(u, 0) = 1if u ˛ F and u „ 0 secu*F(u, u/6) = 2i f u F and u „ 0 secu*F(u, u/3) = —2if u ˛ F and u „ 0 secu*F(u, u/2) = —1u ˛ F and u „ 0 secu*F(u, —x) = secu*F(u, x)if u ˛ F and u „ 0Note: secuF(u, x) = 1should hold if |x*2*p/u| < �(epsilonF)[make normative?]The secuF operation: secuF : F · F fi F ¨ {pole, floating_overflow, invalid, angle_too_big} secuF(u,x) = trans_resultF(secu*F(u, x))if c.v.unitF(u,x) ˛ F and c.v.unitF(u,x) ˇ {—u/4,u/4} = 1if c.v.unitF(u,x) = �—0� = pole(�+¥�)if c.v.unitF(u,x) = u/4 = pole(�+¥�)if c.v.unitF(u,x) = —u/4 = angle_too_bigif unitF(u,x) = angle_too_big = invalid(qNaN)if unitF(u,x) = invalid = qNaNif unitF(u,x) is a quiet NaN

315.3.8.6 Unit argument cosecantThe cscu*F approximation helper function: cscu*F : F · R fi R cscu*F(u,x) returns a close approximation to csc(x*2*p/u) in R if u 0,with maximum error max_error_secuF(u).Further requirements on the cscu*F approximation helper function: cscu*F(u, n*u+x) = cscu*F(u, x)if n ˛ Z and u ˛ F and u „ 0 cscu*F(u, u/12) = 2if u ˛ F and u „ 0 cscu*F(u, u/4) = 1if u ˛ F and u „ 0 cscu*F(u, 5*u/12) = 2if u ˛ F and u „ 0 cscu*F(u, —x) = —cscu*F(u, x)if u ˛ F and u „ 0The cscuF operation: cscuF : F · F fi F ¨ {pole, floating_overflow, invalid, angle_too_big} cscuF(u,x) = trans_resultF(cscu*F(u, x))if c.v.unitF(u,x) ˛ F and c.v.unitF(u,x) ˇ {—u/2,0,u/2} = pole(�+¥�)if c.v.unitF(u,x) = 0 = pole(�—¥�)if c.v.unitF(u,x) = �—0� = pole(�+¥�)if c.v.unitF(u,x) = u/2 = pole(�—¥�)if c.v.unitF(u,x) = —u/2 = angle_too_bigif unitF(u,x) = angle_too_big = invalid(qNaN)if unitF(u,x) = invalid = qNaNif unitF(u,x) is a quiet NaN5.3.8.7 Degree operations[I ! don’t see why these need to be singled out in LIA—2 at all. Leave it to the bindings.]sin360F : F fi F ¨ {�—0�, underflow, angle_too_big}sin360F(x) = sinuF(360,x)cos360F : F fi F ¨ {underflow, angle_too_big}cos360F(x) = cosuF(360,x)tan360F : F fi F ¨ {�—0�, pole, floating_overflow, underflow, angle_too_big}tan360F(x) = tanuF(360,x)cot360F : F fi F ¨ {pole, floating_overflow, underflow, angle_too_big}cot360F(x) = cotuF(360,x)sec360F : F fi F ¨ {pole, floating_overflow, angle_too_big}sec360F(x) = secuF(360,x)csc360F : F fi F ¨ {pole, floating_overflow, angle_too_big}csc360F(x) = cscuF(360,x)5.3.8.8 Radian sinusThe sin*F approximation helper function: sin*F : R! fi R

32 sin*F(x) returns a close approximation to sin(x) in R if |x| £ big_anglerF,with maximum error max_error_sinF.Further requirements on the sin*F approximation helper function: sin*F(n*2*p+p/6) = 1/2if n ˛ Z and |n*2*p+p/6| £ big_anglerF sin*F(n*2*p+p/4) = 1if n ˛ Z and |n*2*p+p/4| £ big_anglerF sin*F(n*2*p+5*p/6) = 1/2if n ˛ Z and |n! *2*p+5*p/6| £ big_anglerF sin*F(x) = xif sin*F(x) „ sin(x) and |x| £ �(3*epsilonF/rF) sin*F(—x) = —sin*F(x)The sinrF operation: sinrF : F fi F ¨ {underflow, angle_too_big} sinrF(x) = trans_resultF(sin*F(x))if x ˛ F and fminNF < |x|= xif x ˛ F and |x| £ fminNF= �—0�if x = �—0�= angle_too_bigif |x| > big_anglerF= invalid(qNaN)if x ˛ {�—¥�, �+¥�}= qNaNif x is a quiet NaN= invalid(qNaN)if x is a signalling NaNNote: underflow is here explicitly avoided for denormal arguments, but the operation may underflow forother arguments.[I suggest removing this �avoidance�.]5.3.8.9 Radian cosinusThe cos*F approximation helper function: cos*F : R fi R cos*F(x) returns a close approximation to cos(x) in R if |x| £ bi! g_anglerF,with maximum error max_error_sinF.Further requirements on the cos*F approximation helper function: cos*F(n*2*p) = 1if n ˛ Z and |n*2*p| £ big_anglerF cos*F(n*2*p+p/3) = 1/2if n ˛ Z and |n*2*p+p/3| £ big_anglerF cos*F(n*2*p+2*p/3) = —1/2if n ˛ Z and |n*2*p+2*p£ big_anglerF cos*F(n*2*p+p) = —1if n ˛ Z and |n*2*p+p| £ big_anglerF cos*F(x) = 1 if cos*F(x) „ cos(x) and |x| < �(epsilonF/rF) cos*F(—x) = cos*F(x)The cosrF operation: cosrF : F fi F ¨ {underflow, angle_too_big} cosrF(x) = trans_resultF(cos*F(x))if x ˛ F= 1if x = �—0�= angle_too_bigif |x| > big_anglerF= invalid(qNaN)if x ˛ {�—¥�, �+¥�}= qNaNif x is a quiet NaN= invalid(qNaNif x is a signalling NaN

335.3.8.10 Radian tangentThe tan*F approximation helper function: tan*F : R fi R tan*F(x) returns a close approximation to tan(x) in R if |x| £ big_anglerF,with maximum error max_error_tanF.Further requirements on the tan*F approximation helper function: tan*F(n*2*p+p/4) = 1if n ˛ Z and |n*2*p+p/4| £ big_anglerF tan*F(n*2*p+3*p/4) = —1if n ˛ Z and |n*2*p+3*p/4| £ big_anglerF tan*F(x) = xif tan*F(x) „ tan(x) and |x| < �(epsilonF/rF)[1?] tan*F(—x) = —tan*F(x)The tanrF operation: tanrF : F fi F ¨ {underflow, floating_overflow, angle_too_big} tanrF(x) = trans_resultF(tan*F(x))if x ˛ F and fminNF < |x|= xif x ˛ F and |x| £ fminNF= �—0�if x = �—0�= angle_too_bigif |x| > big_anglerF= invalid(qNaN)if x ˛ {�—¥�, �+¥�}= qNaNif x is a quiet NaN= invalid(qNaN)if x is a signalling NaNNote: underflow is explicitly avoided for denormal arguments, but the operation may underflow forother arguments.[I suggest removing this �avoidance�.]5.3.8.11 Radian cotangentThe cot*F approximation helper function: cot*F : R fi R cot*F(x) returns a close approximation to cot(x) in R if |x| £ big_anglerF,with maximum error max_error_tanF.Further requirements on the cot*F approximation helper function: cot*F(n*2*p+p/4) = 1if n ˛ Z and |n*2*p+p/4| £ big_anglerF cot* F(n*2*p+3*p/4) = —1if n ˛ Z and |n*2*p+3*p/4| £ big_anglerF cot*F(—x) = —cot*F(x)The cotrF operation: cotrF : F fi F ¨ {underflow, floating_overflow, pole, angle_too_big} cotrF(x) = trans_resultF(cot*F(x))if x ˛ F and x „ 0= pole(�+¥�)if x = 0= pole(�—¥�)if x = �—0�= angle_too_bigif |x| > big_anglerF= invalid(qNaN)if x ˛ {�—¥�, �+¥�}= qNaNif x is a quiet NaN= invalid(qNaNif x is a signalling NaN

345.3.8.12 Radian secantThe sec*F approximation helper function: sec*F : R fi R sec*F(x) returns a close approximation to sec(x) in R if |x| £ big_anglerF,with maximum error max_error_secF.Further requirements on the sec*F approximation helper function: sec*F(n*2*p) = 1if n ˛ Z and |n*2*p| £ big_anglerF sec*F(n*2*p+p/3) = 2if n ˛ Z and |n*2*p+p/3| £ big_anglerF sec*F(n*2*p+2*p/3) = —2if n ˛ Z and |n*2*p+2*p/3| £ b i g _ a n g l e rF sec*F(n*2*p+p) = —1if n ˛ Z and |n*2*p+p| £ big_anglerF sec*F(x) = 1if s e c *F(x) „ sec(x) and |x| < �(epsilonF) sec*F(—x) = sec*F(x)The secrF operation: secrF : Ffi F ¨ {floating_overflow, angle_too_big} secrF (x) = trans_resultF(sec*F(x))if x ˛ F= 1if x = �—0�= angle_too_bigif |x| > big_anglerF= invalid(qNaN)if x ˛ {�—¥�, �+¥�}= qNaNif x is a quiet NaN= invalid(qNaNif x is a signalling NaN5.3.8.13 Radian cosecantThe csc*F approximation helper function: csc*F : R fi R csc*F(x) returns a close approximation to csc(x) in R if |x| £ big_anglerF,with maximum error max_error_secF.Further requirements on the csc*F approximation helper function: csc*F(n*2*p+p/6) = 2if n ˛ Z and |n*2*p+p/6| £ big_anglerF csc*F(n*2*p+p/2) = 1if n ˛ Z and |n*2*p+p/2| £ big_anglerF csc*F(n*2*p+5*p/6) = 2if n ˛ Z and |n*2*pp/6| £ big_anglerF csc*F(—x) = —csc*F(x)The cscrF operation: cscrF : F fi F ¨ {floating_overflow, pole, angle_too_big} cscrF (x) = trans_resultF(csc*F(x))if x ˛ F and x „ 0= pole(�+¥�)if x = 0= pole(�—¥�)if x = �—0�= angle_too_bigif |x| > big_anglerF= invalid(qNaN)if x ˛ {�—¥�, �+¥�}

35= qNaNif x is a quiet NaN= invalid(qNaN)if x is a signalling NaN5.3.9 Operations for inverse trigonometrics[In sect. 4: The principle values are chosen such that, when the function is defined:arcsin(x) ˛ [—p/2, p/2]arccos(x) ˛ [0, p]arctan(x) ˛ [—p/2, p/2]arccot(x) ˛ [0, p]arcctg(x) ˛ [—p/2, p/2]arcsec(x) ˛ [0, p]arccsc(x) ˛ [—p/2, p/2](! see [appropriate references])]There are six maximum error parameters for inverse trigonometric operations, three of whichare in turn parametrised:max_error_arcsinF ˛ Fmax_error_arctanF ˛ Fmax_error_arcsecF ˛ Fmax_error_arcsinuF : F fi F ¨ {invalid}max_error_arctanuF : F fi F ¨ {invalid}max_error_arcsecuF : F fi F ¨ {invalid}The max_error_arcsinF parameter is required to be in the interval[0.5, 2*rnd_errorF].The max_error_arctanF parameter is required to be in the interval[max_error_arcsinF , 2*rnd_errorF].The max_error_arcsecF parameter is required to be in the interval[max_error_arcsinF , 2*rnd_errorF].For u ˛ GF, the max_error_arcsinuF(u) parameter is required to be in the interval[max_error_arcsinF, 4].For u ˛ GF, the max_error_arctanuF(u) parameter is required to be in the interval[max_error_arctanF, 4].For u ˛ GF, the max_error_arcsecuF(u) parameter is required to be in the interval[max_error_arcsecF, 4].The max_error_arcsinuF(u) parameter is required to be equal to max_error_arcsinF if u ˛ T.The max_error_arctanuF(u) parameter is required to be equal to max_error_arctanF if u ˛ T.The max_error_arcsecuF(u) parameter is required to be equal to max_error_arcsecF if u ˛ T.The max_error_arcsinuF(u), max_error_arctanuF(u), and max_error_arcsecuF(u) parametersreturn invalid if u ˛ F and u < min_angular_unitF or if u ˛ {�—¥�,�—0�,�+¥�} or if u is a NaN.[nearestF(u/4), e.g., may be greater than u/4. So arcsinuF(u, 1), e.g.,may be slightly greater than u/4. This is an intentional difference from the currentLIA—2 draft, but in accordance with Ada (which uses some handwaving here, not taking "£"seriously; LIA takes "£" etc. seriously, and so it must be done without handwaving here).Even when the final result is not exact, these requirements are still higher accuracy

36requirements and should not be removed (made conditional upon membership in F) even then.]5.3.9.1 Unit argument arcus sinusThe arcsinu*F approximation helper function: arcsinu*F · F fi R arcsinu*F(u, x) returns a close approximation to arcsin(x)*u/(2*p) in R,with maximum error max_error_arcsinuF(u).Further requirements on the arcsinu*F approximation helper function: arcsinu*F(u, 1/2) = u/12 arcsinu*F(u, 1) = u/4 arcsinu*F(u, —x*F(u, x)Note: arcsinu*F(u, x) » u/(2*p)if |x| < fminNFThe arcsinuF operation: arcsinuF : F · F fi F ¨ {underflow, invalid} arcsinuF(u,x) = trans_resultF(arcsinu*F(u, x))if u ˛ GF and x ˛ F and |x| £ 1 = �—0�if u ˛ GF and x = �—0� = invalid(qNaN)if u ˛ GF and x ˛ F and |x| > 1 = invalid(qNaN)if u ˛ GF and x ˛ {�—¥�,�+¥�} = invalid(qNaN)if u ˛ F and u < min_angular_unitF and x ˛ F ¨ {�—¥�,�—0�,�+¥�} = invalid(qNaN)if u ˛ {�—¥�,�—0�,�+¥�} and x ˛ F ¨ {�—¥�,�—0�,�+¥�} = qNaNif x is a quiet NaN and u is not ! a signalling NaN = qNaNif u is a quiet NaN and x is not a signalling NaN = invalid(qNaN)if x is a signalling NaN or u is a signalling NaN5.3.9.2 Unit argument arcus cosinusThe arccosu*F approximation helper function: arccosu*F : F · F fiR arccosu*F(u, x) returns a close approximation to arccos(x)*u/(2*p) in R,with maximum error max_error_arcsinuF(u).Further requirements on the arccosu*F approximation helper function: arccosu*F(u, 1/2) = u/6 arccosu*F(u, 0) = u/4 arccosu*F(u, —1/2) = u! /3 arccosu*F(u, —1) = u/2The arccosuF operation: arccosuF : F · F fi F ¨ {underflow, invalid} uF(u,x) = trans_resultF(arccosu*F(u, x))if u ˛ GF and x ˛ F and |x| £ 1

37 = tra! ns_resultF(u/4)if u ˛ GF and x = �—0�[arccosuF(u,0)] = invalid(qNaN)if u ˛ GF and x ˛ F and |x| > 1 = invalid(qNaN)if u ˛ GF and x ˛ {�—¥�,�+¥�} = invalid(qNaN)if u ˛ F and u < min_angular_unitF and x ˛ F ¨ {�—¥�,�—0�,�+¥�} = invalid(qNaN)if u ˛ {�—¥�,�—0�,�+¥�} and x ˛ F ¨ {�—¥�,�—0�,�+¥�} = qNaNif x is a quiet NaN and u is not ! a signalling NaN = qNaNif u is a quiet NaN and x is not a signalling NaN = invalid(qNaN)if x is a signalling NaN or u is a signalling NaN5.3.9.3 Unit argument arcus tangentThe arctanu*F approximation helper function: arctanu*F : F · F fi R arctanu*F(u, x) returns a close approximation to arctan(x)*u/(2*p) in R,with maximum error max_error_arctanuF(u).Further requirements on the arctanu*F approximation helper function: arctanu*F(u, 1) = u/8 arctanu*F(u, x) = u/4if arctanu*F(u,x)„arctan(x)*u/(2*p) and x > ...[?] arctanu*F(u, —x) = —arctanu*F(u, x)Note: arctanu*F(u, x) » u/(2*pif |x| < fminNFThe arctanuF operation: arctanuF : F · F fi F ¨ {invalid, underflow} arctanuF(u,x) = trans_resultF(arctanu*F(u, x))if u ˛ GF and x ˛ F = �—0�if u ˛ GF and x = �—0� = trans_resultF(—u/4)if u ˛ GF and x = �—¥� = trans_resultF(u/4)if u ˛ GF and x = �+¥� = invalid(qNaN)if u ˛ F and u < min_angular_unitF and x ˛ F ¨ {�—¥�,�—0�,�+¥�} = invalid(qNaN)if u ˛ {�—¥�,�—0�,�+¥�} and x ˛ F ¨ {�—¥�,�—0�,�+¥�} = qNaNif x is a quiet NaN and u is not ! a signalling NaN = qNaNif u is a quiet NaN and x is not a signalling NaN = invalid(qNaN)if x is a signalling NaN or u is a signalling NaNNote: arctanuF(u,x) » arcuF(u,1,x)5.3.9.4 Unit argument arcus cotangentThe arccotu*F and arcctgu*F approximation helper functions: arccotu*F : F · F fi R arcctgu*F : F · F fi R arccotu*(u, x) returns a close approximation to arccot(x)*u/(2*p) in R,with maximum error max_error_arctanuF(u). arcctgu*F(u, x) returns a close approximation to arcctg(x)*u/(2*p) in R,

38with maximum error max_error_arctanuF(u).[There are two reasonable ways of selecting the principle value for the inverse of the cot oper.I think it is best to leave it to the user/programmer to decide which one is the most appropriatein a particular application. I suggest that LIA—2 specifies both of them. Selecting just oneis probably premature at the LIA level.]Further requirements on the arccotu*F and arccotu*F approximation helper functions: arccotu*F(u, 1) = u/8 arccotu*F(u, 0) = u/4 arccotu*F(u, —1) = 3*u/8 arccotu*F(u,x) £ u/2 arccotu*F(,x) = u/2if arccotu*F(u,x) „ arccot(x)*u/(2*p) and x < ... [??] arcctgu*F(u, x) = arccotu*F(u, x)if x ‡ arcctgu*F(u, —x) = —arcctgu*F(u, —x)The arccotuF operation: arccotuF : F · F fi F ¨invalid, underflow} arcco tuF(u,x) = trans_resultF(arccotu*F(u, x))if u ˛ GF and x ˛ F = trans_resultF(u/4)if u ˛ GF and x = �—0�[arccotuF(u,0)] = trans_resultF(u/2)if u ˛ GF and x = �—¥� = 0if u ˛ GF and x = �+¥� = invalid(qNaN)if u ˛ F and u < min_angular_unitF and x ˛ F ¨ {�—¥�,�—0�,�+¥�} = invalid(qNaN)if u ˛ {�—¥�,�—0�,�+¥�} and x ˛ F ¨ {�—¥�,�—0�,�+¥�} = qNaNif x is a quiet NaN and u is not ! a signalling NaN = qNaNif u is a quiet NaN and x is not a signalling NaN = invalid(qNaN)if x is a signalling NaN or u is a signalling NaNNote: arccotuF(u,x) » arcuF(u,x,1)The arcctguF operation: arcctguF : F · F fi F ¨ {invalid, underflow} arcctguF(u,x) = trans_resultF(arcctgu*F(u, x))if u ˛ GF and x ˛ F = trans_resultF(—u/4)if u ˛ GF and x = �—0�[—arcctguF(u,0)] = �—0�if u ˛ GF and x = �—¥� = 0if u ˛ GF and x = �+¥� = invalid(qNaN)if u ˛ F and u < min_angular_unitF and x ˛ F ¨ {�—¥�,�—0�,�+¥�} = invalid(qNaN)if u ˛ {�—¥�,�—0�,�+¥�} and x ˛ F ¨ {�—¥�,�—0�,�+¥�} = qNaNif x is a quiet NaN and u is not ! a signalling NaN = qNaNif u is a quiet NaN and x is not a signalling NaN = invalid(qNaN)if x is a signalling NaN or u is a signalling NaN

395.3.9.5 Unit argument arcus secantThe arcsecu*F approximation helper function: arcsecu*F · F fi R arcsecu*F(u, x) returns a close approximation to arcsec(x)*u/(2*p) in R,with maximum error max_error_arcsecuF(u).Further requirements on the arcsecu*F approximation helper function: arcsecu*F(u, 2) = u/6 arcsecu*F(u, —2) = u/3 arcsecu*F(u, —1) = u/2 arcsecu*F(u, x) £ u/4if x > 0 arcsecu*F(u, x) ‡ u/4if x < 0 arcsecu*F(u, x) = ! u/4if arcsecu*F(u,x) „ arcsec(x)*u/(2*p) and (x < ... or x > [...?])The arcsecuF operation: arcsecuF : F · F fi F ¨ {underflow, invalid} arcsecuF(u,x) = trans_resultF(arcsecu*F(u, x))if u ˛ GF and x ˛ F and (x £ —1 or x ‡ 1) = invalid(qNaN)if u ˛ GF and x ˛ F and —1 < x < 1 = invalid(qNaN)if u ˛ GF and x = �—0� = trans_resultF(u/4)if u ˛ GF and x = �—¥� = trans_resultF(u/4)if u ˛ GF and x = �+¥� = invalid(qNaN)if u ˛ F and u < min_angular_unitF and x ˛ F ¨ {�—¥�,�—0�,�+¥�} = invalid(qNaN)if u ˛ {�—¥�,�—0�,�+¥�} and x ˛ F ¨ {�—¥�,�—0�,�+¥�} = qNaNif x is a quiet NaN and u is not ! a signalling NaN = qNaNif u is a quiet NaN and x is not a signalling NaN = invalid(qNaN)if x is a signalling NaN or u is a signalling NaN5.3.9.6 Unit argument arcus cosecantThe arccscu*F approximation helper function: arccscu*F : F · F fi R a r c c s c u *F(u, x) returns a close approximation to arccsc(x)*u/(2*p) in R,with maximum error max_error_arccscuF(u).Further requirements on the arccscu*F approximation helper function: arccscu*F(u, 2) = u/12 arccscu*F(u, 1) = u/4 arccscu*F(u, —x) = —arccscu*F(u, x)The arccscuF operation: arccscuF : F · F F ¨ {underflow, invalid} arccscuF(u,x) = trans_resultF(arccscu*F(u, x))

40if u ˛ GF and x ˛ F and (x ‡ 1 or x £ —1) = invalid(qNaN)if u ˛ GF and x ˛ F and —1 < x < 1 = invalid(qNaN)if u ˛ GF and x = �—0� = �—0�if u ˛ GF and x = �—¥� = 0if u ˛ GF and x = �+¥� = invalid(qNaN)if u ˛ F and u < min_angular_unitF and x ˛ F ¨ {�—¥�,�—0�,�+¥�} = invalid(qNaN)if u ˛ {�—¥�,�—0�,�+¥�} and x ˛ F ¨ {�—¥�,�—0�,�+¥�} = qNaNif x is a quiet NaN and u is not a signalling NaN = qNaNif u is a quiet NaN and x is not a si! gnalling NaN = invalid(qNaN)if x is a signalling NaN or u is asignalling NaN5.3.9.7 Degree operations[Should be left to bindings, need not be explicit in LIA—2] arcsin360F : F fi F ¨underflow, invalid} arcsin360F(x) = arcsinuF(360,x) arccos360F : F fi F ¨ {invalid} arccos360F() = arccosuF(360,x) arctan360F : F fi F ¨ {underflow} arctan360F(x) = arctanuF(360,x) arccot360F : F F ¨ {underflow} arccot360F(x) = arccotuF(360,x) arcctg360F : F fi F ¨ {underflow} arcctg3 6 0 F(x) = arcctguF(360,x) arcsec360F : F fi F ¨ {invalid} arcsec360F(x) = arcsecuF) arccsc360F : F fi F ¨ {underflow, invalid} arccsc360F(x) = arccscuF(360,x)5.3.9.8 Radian arcus sinusThe arcsin*F approximation helper function: arcsin*F : F fi R arcsin*F(x) returns a close approximation to arcsin(x) in R,with maximum error max_error_arcsinF.Further requirements on the arcsin*F approximation helper function: arcsin*F(1/2) = p/6 arcsin*F(1) = p/2 arcsin*(x) = xif arcsin*F(x) „ arcsin(x) and |x| < �(2*epsilonF/rF)[2?] arcsin*F(—x)! = —arcsin*F(x)The arcsinrF operation: arcsinrF : F fi F ¨ {invalid}[underflow?]

arcsinrF(x) = trans_resultF(arcsin*F(x))if x ˛ F and fminNF < |x| £ 1 = xif x ˛ F and |x| £ fminNF = �—0�if x = �—0� = invalid(qNaN)if x ˛ F and (x < —1 or x > 1) = invalid(qNaN)if x ˛ {�—¥�,�+¥�} = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaNNote: underflow is explicitly avoided.[I suggest removing this �avoidance�.]5.3.9.9 Radian arcus cosinusThe arccos*F approximation helper function: arccos*F : F fi R arccos*F(x) returns a close approximation to arccos(x) in R,with maximum error max_error_arcsinF.Further requirements on the arccos*F approximation helper function: arccos*F(1/2) = p/3 arccos*F(0) = p/2 arccos*F(—1/2) = 2*p/3 arccos*F(—1) = pThe arccosrF operation: arccosrF : F fiF ¨ {invalid} arccosrF(x) = trans_resultF(arccos*F(x))if x ˛ F and —1 £ x £ 1 = trans_resultF(p/2)if x = �—0�[arccosrF(0)] = invalid(qNaN)if x ˛ F and (x < —1 or x > 1) = invalid(qNaN)if x ˛ {�—¥�,�+¥�} = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaN5.3.9.10 Radian arcus tangentThe arctan*F approximation helper function: arctan* : Ffi R arctan*F(x) returns a close approximation to arctan(x) in R,with maximum error max_error_arctanF.Further requirements on the arctan*F approximation helper function: arctan*F(1) = p/4 arctan*F(x) = xif arctan*F(x)„arctan(x) and |x| £�(1.5*epsilonF/rF) arctan*F(x) = p/2if arctan*F(x)„arctan(x) and x > ...[?] arctan*F(—x) = —arctan*F(x)The arctanrF operation:

42 arctanrF : F fi F[ ¨ {underflow}?] arctanrF(x) = trans_resultF(arctan*F(x))if x ˛ F and fminNF < |x| = xif x ˛ F and |x| £ fminNF = �—0�if x = �—0� = trans_resultF(—p/2)if x = �—¥� = trans_resultF(p/2)if x = �+¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaNNote: arctanrF(x) » arcrF(1,x)Note: underflow is explicitly avoided.[I suggest removing this �avoidance�.]5.3.9.11 Radian arcus cotangentThe arccot*F and arcctg*F approximation helper functions: arccot*F : F fi R arcctg*F : F fi R arccot*F(x) returns a close approximation to arccot(x) in R,with maximum error max_error_arctanF. arcctg*F(x) returns a close approximation to arcctg(x) in R,with maximum error max_error_arctanF.Further requirements on the arccot*F and arcctg*F approximation helper functions: arccot*F(1) = p/4 arccot*F(0) = p/2 arccot*F(—1) = 3*p/4 arccot*F(x) = pif arccot*F(x) „ arccot(x) and x < ...[?] arcctg*F(x) = arccot*F(x)if x ‡ 0 arcctg*F(—x) = —arcctg*F(—x)The arccotrF operation: arccotrF : F fi F ¨ {underflow} arccotrF(x) = trans_resultF(arccot*F(x))if x ˛ F = trans_resultF(p/2)if x = �—0� = trans_resultF(p)if x = �—¥� = 0if x = �+¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaNNote: arccotF(x) » arcrF(x,1)Note: There is no �jump� at zero for arccotrF.The arcctgrF operation: arcctgrF : F fi F ¨ {underflow} arcctgrF(x) = trans_resultF(arcctg*F( x))if x ˛ F = trans_resultF(—p/2)if x = �—0� = �—0�if x = �—¥�

43 = 0if x = �+¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaNNote: arcctgrF(negF! (x)) = negF(arcctgrF(x))5.3.9.12 Radian arcus secantThe arcsec*F approximation helper function: arcsec*F : F fi R arcsec*(x) returns a close approximation to arcsec(x) in R,with maximum error max_error_arcsecF.Further requirements on the arcsec*F approximation helper function: arcsec*F(2) = p/3 arcsec*F(—2) = 2*p/3 arcsec*F(—1) = p arcsec*F(x) £ p/2if x > 0 arcsec*F(x) ‡ p/2if x < 0The arcsecrF operation: arcsecrF : F fi F ¨ {invalid} arcsecrF(x) = trans_resultF(arcsec*F(x))if x ˛ F and (x £ —1 or x ‡ 1) = invalid(qNaN)if x ˛ F and —1 < x < 1 = invalid(qNaN)if x = �—0� = trans_resultF(p/2)if x = �—¥� = trans_resultF(p/2)if x = �+¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaN5.3.9.13 Radian arcus cosecantThe arccsc*F approximation helper function: arccsc*F : F fi R arccsc*F(x) returns a close approximation to arccsc(x) in R,with maximum error max_error_arcsecF.Further requirements on the arccsc*F approximation helper function: arccsc*F(2) = p/6 arccsc*F(1) = p/2 arccsc*F(—x) = —arccsc*F(x)The a! rccscrF operation: arccscrF : F fi F ¨ {underflow, invalid} arccscrF(x) = trans_resultF(arccsc*F(x))if x ˛ F and |x| ‡ 1

44 = invalid(qNaN)if x ˛ F and —1 < x < 1 = invalid(qNaN)if x = �—0� = �—0�if x = �—¥� = 0if x = �+¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaN