1Suggested LIA—2 sections 5.1 and 5.2:additional operations on integer type valuesand on floating point type values5.1 Additional integer operationsLIA—1’s clause 5.1 specifies a number of integer operations. In this clause some additionalinteger operations are specified.I is an LIA—1 conforming integer type.[(where, preferably, moduloI = false).]LIA—1 conforming integer types usually do not contain any NaN or infinity values, so hereare no specifications for such values as arguments. String formats for integer values usually docontain (signalling) NaNs, however, when that string format is regarded as an (non—LIA—1)integer type. See section 5.4 on conversions.The resultI helper function: resultI : Z fi I ¨ {integer_overflow} resultI(x) = xif x ˛ I = integer_overflowif x ˇ I, x ˛ ZThe wrapI helper function (from LIA-1) is defined only if boundedI=true: wrapI : Z fi I wrapI(x) = x — (n*! (maxintI—minintI+1))if x ˛ Z where n ˛ Z is chosen such that the result is in I, i.e., n = º(x—minintI)/(maxintI—minintI+1! ß = Ø(x—maxintI)/(maxintI—minintI+1)ø, if x ˛ Z.Note: For some wrapping basic arithmetic operations this n is computed by the �_ov� operations in 5.1.85.1.1 Max and min maxI : I · I fi I maxI(x,y) = max{x,y}if x,y ˛ I minI : I · I fi I minI(x,y) = min{x,y}if x,y ˛ INote:These operations cover both two-argument max/min operations, as well as syntactic varieties for theseoperations that allow two or more arguments ! (like in Fortran); e.g. MAX(x1, x2, ..., xn) can be bound tomaxI(x1,maxI(x2,maxI(...,xn))). However, they do not directly cover list max/min operations, like those inCommon Lisp or ISLisp.5.1.2 Positive difference (monus) dimI : I · I fi I ¨ {integer_overflow} dimI(x,y) = resultI(max{0, x—y})if x,y ˛ INote: dimI cannot be implemented as maxI(0, subI(x,y)) for limited integer types, since this latterexpression has other overflow properties.5.1.3 Integer square root (rounded to nearest integer) sqrtI : I fi I ¨ {invalid}sqrtI(x) = round(�x) if x ˛ I and x ‡ 0 = invalidif x ˛ I and x < 0

25.1.4 Integer power powerI : I · I fi I ¨ {integer_overflow, invalid} powerI(x,y) = resultI(xy)if x,y ˛ I and y > 0 = 1if x ˛ I and y = 0 and x „ 0 = invalid(1)if y = 0 and x = 0[no invalid?] = invalidif x,y ˛ I and y < 05.1.5 Arithmetic shifts shift2I : I · I fi I ¨ {integer_overflow} shift2I(n,x) = resultI(ºx/2nß)if x,n ˛ INote: If minintI = —maxintI—1, and the integer radix is 2, then shift2I may give access to some hardwarearithmetic shift instruction. shift10I : I · I fi I ¨ {integer_overflow} shift10I(n,x) = resultI(ºx/10nß)if x,n ˛ I5.1.6 Additional roundings for integer division and remainder divrI : · I fi I ¨ {integer_overflow, invalid} divrI(x,y) = resultI(round(x/y))if x,y ˛ I and y „ 0 = invalidif x ˛ I and y = 0 divcI : I · I fi I ¨ {integer_overflow, invalid} divcI(x,y) = resultI(Øx/yø)if x,y ˛ I and y „ 0 = invalidif x ˛ I and y = 0Note: divfI is in LIA—1. remrI : I · I fi I ¨ {integer_overflow, invalid} remrI(x,y) = resultI(x — (round(x/y)*y))if x,y ˛ I and y „ 0 = invalidx ˛ I and y = 0Note: remrI can overflow only for unsigned integer types. remcI : I · I fi I ¨ {integer_overflow, invalid} remcI(x,y) = resultI(x — (Øx/yø*y))if x,y ˛ I and y „ 0 = invalidif x ˛ I and y = 0Note: remcI can overflow only for unsigned integer types. negremcI : I · I fi I ¨ {invalid} negremcI(x,y) = (Øx/yøy) — xif x,y ˛ I and y „ 0 = invalidif x ˛ I and y = 0Note: remfI is in LIA—1.5.1.7 Divisibility and even/odd tests dividesI : I · I fi Boolean dividesI(x,y) = trueif x,y ˛ I and x|y

3 = falseif x,y ˛ I and not x|yNote: dividesI(0,0) = false, since 0 does not divide anything, not even ! 0.[check in section 4...]Note: dividesI cannot be implemented as, e.g., eqI(0, remfI(y,x)), since the remainder functions are invalidfor a zero second argument. evenI : I fi Boolean evenI! (x) = trueif x ˛ I and 2|x = falseif x ˛ I and not 2|x oddI : I fi Boolean oddI(x) = trueif x ˛ I and not 2|x = falseif x ˛ I and 2|x5.1.8 Greatest common divisor and least common multiple gcdI : I · I fi I ¨ {integer_overflow, invalid} gcdI(x,y) = resultI(max{v ˛ Z | v|x and v|y})if x,y ˛ I and (x „ 0 or y „ 0) = invalidif x = 0 and y = 0Note: Returning 0for gcdI(0,0) would be incorrect, since the greatest common divisor for 0and 0isinfinity. This makes the computation of the gcd of a list of numbers only slightly more difficult: the zeroelements must be ignored.Note: gcdI will overflow only if boundedI=true, minintI=—maxintI—1, and both arguments to gcdI areminintI. ! The greatest common divisor is then —I, which is then not in I. lcmI : I · I fi I ¨ {integer_overflow} lcmI(x,y) = resultI(min{v ˛ Z | x|v and y|v and v > 0})if x,y ˛ I and x „ 0 and y „ 0 = 0if x,y ˛ I and (x = 0 or y = 0)Note: lcmI(x,y) easily overflows for many arguments: e.g., if x and y are (positive) relative primes, then theleast common multiple is x*y, which may be greater than maxintI.5.1.9 Integer operations supporting extended rangeThe following six operations are specified only if boundedI = true, since wrapI is not definedotherwise. These operations can be used to implement extended range integer types, andunbounded integer types. add_wrapI : I · I fi I add_wrapI(x,y) = wrapI(x+y)if x,y ˛ I add_ovI : I · I fi I add_ovI(x,y) = ((x+y) — add_wrapI(x,y))/(maxintI — minintI + 1)if x,y ˛ I sub_wrap I : I · I fi I sub_wrapI(x,y) = wrapI(x—y)if x,y ˛ I sub_ovI : I · I I sub_ovI(x,y) = ((x—y) — sub_wrapI(x,y))/(maxintI — minintI + 1)if x,y ˛ I mul_wrapI : I · I fi I mul_wrapI(x,y) = wrapI(x*y)if x,y ˛ I mul_ovI : I · I fi Imul_ovI(x,y) = ((x*y) — mul_wrapI(x,y))/(maxintI — minintI + 1)if x,y ˛ I

45.1.10 Operations supporting LID modulo integer typesHere operations for addition, subtraction, multiplication, negation, and equality modulo a givenargument, avoiding �intermediate overflows�, are specified. These would implement operationson the LID �modulo(x)� types. add_modI : I · I · I fi I ¨ {invalid} add_modI(y,z) = (y+z)—(º(y+z)/xß*x)if x,y,z ˛ I and x „ 0 = invalidif y,z ˛ I and x = 0 sub_modI : I · I · I fi I ¨ {invalid} sub_modI(x,y,z) = (y—z)—(º(y—z)/xß*x)if x,y,z ˛ I and x „ 0 = invalidif y,z ˛ I and x = 0 mul_modI : I · I · I fi I ¨ {invalid} mul_modI(x,y,z) = (y*z)—(º(y*z)/xß*x)if x,y,z ˛ I and x „ 0 = invalidif y,z ˛ I and x = 0 neg_modI : I · I fi I ¨ {invalid} neg_modI(x,y) = negremcI(y,x)Note: (—y)—(º—/xß*x) = (—y)+(Øy/xø*x) = (Øy/xø*x) — y = negremcI(y,x), if x,y ˛ I, x „ 0. eq_modI : I · I · I fi Boolean ¨ {invalid} eq_modI(x,y,z) = eqI(remfI(y,x),remfI(z,x))if x,y,z ˛ I and x „ 0 = invalidif y,z ˛ I and x = 05.2 Additional basic floating point operationsLIA—1’s clause 5.2 specifies a number of floating point operations. In this clause someadditional floating point operations are s! pecified. Further floating point operations, forelementary numerical functions, are specified in clause 5.3.F is an LIA—1 conforming floating point type.Floating point rounding helper functions: downF : R fi F* is a rounding function, rounds towards negative infinity. upF : R fi F* is a rounding function , rounds towards positive infi nity. nearestF : R fi F* is a rounding function, rounds to nearest. The handling of ties isimplementation defined, but must be sign symmetric. If iec_559F = true, then ties are rounded to even last digit.5.2.1 Max and minWhat the max and min operations should return on one NaN input depend on the Sometimes NaN is the appropriate result, sometimes the non—NaN argument is the appropriateresult. Therefore, two variants (each) of the floating point max and min operation are specifiedhere, and the user can decide which one is appropriate to use at each particular place of usage. maxF : F · Ffi F maxF(x,y) = max{x,y}if x,y ˛ F = yif x = �—0� and y ˛ F and y ‡ 0 = �—0�if x = �—0� and y ˛ F and y < 0 = �—0�if x = �—0� and y = �—0�

5 = xif y = �—0� and x ˛ F and x ‡ 0 = �—0�if y = �—0� and x ˛ F and x < 0 = �+¥�if x = �+¥� and y ˛ F¨{�—¥�,�—0�} = xif y = �—¥� and x ˛ F¨{�—¥�,�—0�} = yif x = �—¥� and y ˛ F¨{�+¥�,�—0�} = �+¥�if y = �+¥� and x ˛ F¨{�+¥�,�—0�} = qNaNif x is a quiet NaN and y is not a si! gnalling NaN = qNaNif y is a quiet NaN and x is not a signalling NaN = invalid(qNaN)if x is a signaling NaN or y is a signalling NaN minF : F · F fi minF(x,y) = min{x,y}if x,y ˛ F = �—0�if x = �—0� and y ˛ F and y ‡ 0 = yif x = �—0� and y ˛ F and y < 0 = �—0�if x = �—0� and y = �—0� = �—0�if y = �—0� and x ˛ F and x ‡ 0 = xif y = �—0� and x ˛ F and x < 0 = yif x = �+¥� and y ˛ F¨{�—¥�,�—0�} = �—¥�if y = �—¥� and x ˛ F¨{�—¥�,�—0�} = �—¥�if x = �—¥� and y ˛ F¨{�+¥�,�—0�} = xif y = �+¥� and x ˛ F¨{�+¥�,�—0�} = qNaNif x is a quiet NaN and y is not a si! gnalling NaN = qNaNif y is a quiet NaN and x is not a signalling NaN = invalid(qNaN)if x is a signaling NaN or y is a signalling NaN mmaxF : F · Ffi F mmaxF(x,y) = maxF(x,y)if x,y ˛ F¨{�+¥�,�—0�,�—¥�} = xif x ˛ F¨{�+¥�,�—0�,�—¥�} and y is a quiet NaN = yif y ˛ F¨{�+¥�,�—0�,�—¥�} and x is a quiet NaN = qNaNif x is a quiet NaN and y is a quiet NaN = invalid(qNaN)if x is a signalling NaN or y is a signalling NaN mminF : F · F fi F mminF(x,y) = minF(x,y)if x,y ˛ F¨{�+¥�,�—0�,�—¥�} = xif x ˛ F¨{�+¥�,�—0,�—¥�} and y is a quiet NaN = yif y ˛ F¨{�+¥�,�—0,�—¥�} and x is a quiet NaN = qNaNif x is a quiet NaN and y is a quiet NaN = invalid(qNaN)if x is a signalling NaN or y is a signalling NaNNote: If one of the arguments to mmaxF or mminF is a quiet NaN, that argument is ignored.Note:These opera tions cover both two-argument max/min operations, as well as syntactic varieties for theseoperations that allow two or more arguments (like in Fortran); e.g. MAX(x1, x2, ! ..., xn) can be bound tomaxF(x1,maxF(x2,maxF(...,xn))). However, they do not directly cover list max/min operations, like those inCommon Lisp or ISLisp.5.2.2 Positive differencedimF : F · F fi F¨{floating_overflow, underflow}dimF(x,y) = resultF(max{0, add*F(x,—y))}, rndF)if x,y ˛ F= dimF(0,y)i f x = �—0� and y ˛ F ¨ {�—¥�,�—0�,�+¥�}= dimF(x,0)if y = �—0� and x ˛ F ¨ {�—¥�,�+¥�}= �+¥�if x = �+¥� and y ˛ F¨{�—¥�}= �+¥�if y = �—¥� and x ˛ F= 0if x = �—¥� and y ˛ F¨{�+¥= 0if y = �+¥� and x ˛ F= invalid(qNaN)if x = �+¥� and y = �+¥�= invalid(qNaN)if x = �—¥� and y = �—¥�= qNaNif x is a quiet NaN and y is not a signalling NaN

6= qNaNif y is a quiet NaN and x is not a signalling NaN= invalid(qNaN)if x is signalling NaN or y is a signalling NaNNote: dimF cannot be implemented by max! F(0, subF(x,y)), since this latter expression has other overflowproperties. Note: This operation does not return underflow if iec_559F = true.5.2.3 Add—three—numbers, multiply—add, and multiply—convert add3F : F · F · F fi F¨{floating_overflow, underflow} add3F(x,y,z) = resultF((x+y)+z, rndF)if x,y,z ˛ F = addF(addF(x,y),z)if x ˛ {�—¥�,�—0�,�+¥�} and y,z ˛ F¨{�—¥�,�—0�,�+¥�} = addF(addF(x,y),z)if y ˛ {�—¥�,�—0�,�+¥�} and x ˛ F and z ˛ F¨{�—¥�,�—0�,�+¥�} = addF(addF(x,y),z)if z ˛ {�—¥�,�—0�,�+¥�} and x,y ˛ F = qNaNif x is a quiet NaN and not y nor z is a signalling NaN = qNaNif y is a quiet NaN and not x nor z is a signalling NaN = ! qNaNif z is a quiet NaN and not x nor y is a signalling NaN = invalid(qNaN)if x is a signalling NaN or y is a signalling NaN or z is a signalling NaNNote: add3F(x,y,! z) = add(addF(x,y),z)if x ˇ F or y ˇ F or z ˇ F, thus add3F(�—0�,�—0�,�—0�) = �—0�. Note: This operation does not return underflow if iec_559F = true. add3_midF : F · F · F fi F¨{floating_overflow, underflow} add3_midF(x,y,z) = resultF(((x+y)+z)—c.v.add3F(x,y,z), rndF)if x,y,z,c.v.add3F(x,y,z) ˛ F = floating_overflow(�—¥�)if add3F(x,y,z) = floating_overflow(�+¥�) = floating_overflow(�+¥�)if add3F(x,y,z) = floating_overflow(�—¥�) = underflowif add3F(x,y,z) = underflow = add3_midF(0,y,z)if x = �—0� and y,z ˛ F ¨ {�—¥�,�—0�,�+¥�} = add3_midF(x,0,z)if y = �—0� and x ˛ F ¨ {�—¥�,�+¥�} and z ˛ F ¨ {�—¥�,�—0�,�+¥�} = add3_midF(x,y,0)if z = �—0� and x,y ˛ F ¨ {�—¥�,�+¥�} = invalid(qNaN)if x ˛ {�—¥�,�+¥�} and y,z ˛ F¨{�—�,�+¥�} = invalid(qNaN)if y ˛ {�—¥�,�+¥�} and x ˛ F and z ˛ F¨{�—¥�,�+¥�} = ! invalid(qNa N)if z ˛ {�—¥�,�+¥�} and x,y ˛ F = qNaNif x is a quiet NaN and not y nor z is a signalling NaN = qNaNif y is a quiet NaN and not x nor z is a signalling NaN = qNaNif z is a quiet NaN and not x nor y is a signalling NaN = invalid(qNaN)if x is a signalling NaN or y is a signalling NaN or z is a signalling NaN Note: This operation does not return underflow_559F = true. mul_addF : F · F · F fi F¨{floating_overflow, underflow} mul_addF(x,y,z) = resultF((x*y)+z, rndF)if x,y,z ˛ F and x„0 and y0 and z„0

7 = addF(mulF(x,y),z)if x ˛ {�—¥�,�—0�,0,�+¥�} and y,z ˛ F ¨ {�—¥�,�—0�,�+¥�} = addF(mulF(x,y),z)if y ˛ {�—¥�,�—0�,0,�+¥�} and x ˛ F and x „ 0 and z ˛ F ¨ {�—¥�,�—0�,�+¥�} = addF(mulF(x,y),z)if z ˛ {�—¥�,�—0�,0,�+¥�} and x,y ˛ F and x „ 0 and y „ 0 = qNaNif x is a quiet NaN and not y nor z is a signalling NaN = qNaNif y is a quiet NaN and not x nor z is a signalling NaN = qNaNif z is a quiet NaN and not x nor y is a signalling NaN = invalid(qNaN)if x is a signalling NaN or y is a! signalling NaN or z is a signalling NaNNote: mul_addF(x,y,z) = addF(mulF(x,y),z) if x ˇ F or y ˇ F or z ˇ F or x=0 or y=0 or z=0.E.g.! , mul_addF(�—0�,1,�—0�) = �—0�.F’ is a floating point type conforming to LIA-1. mulFfiF’ : F · F fi F’ ¨ {�—0�, floating_overflow, underflow} mulFfiF’(x,y) = resultF’(x*y, rndF’)if x,y ˛ F and x „ 0 and y „ 0 = cvtFfiF’(mulF(x,y))if x ˛ {�—¥�,�—0�,0,�+¥�} and y ˛ F ¨ {�—¥�,�—0�,�+¥�} = cvtFfiF’(mulF(x,y))if y ˛ {�—¥�,�—0�,0,�+¥�} and x ˛ F and x „ 0 = cvtFfiF’(qNaN)if x is a quiet NaN and y is not a signalling NaN = cvtFfiF’(qNaN)if y is a quiet NaN and x is not a signalling NaN = cvtFfiF’(sNaN)if x is a signalling NaN or y is a signalling NaNNote: Converting a signalling NaN results in a notification of invalid. See clause 5.4.5.2.4 Floor, ceiling, and round floorF : F fi F[intpartfF] floorF(x) = ºxß if x ˛ F = �—0�if x = �—0� = �+¥�if x = �+¥� = �—¥�if x = �—¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaN! roundingF : F fi F¨{—0}[intpartrF] roundingF(x) = round(x) if x ˛ F and (x >= 0 or round(x) „ 0) = negF(0) if x ˛ F and x < 0 and round(x) = 0 = �—0�if x = �—0� = �+¥�if x = �+¥� = �—¥�if x = �—¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaN ceilingF : F fi F¨{—0}[intpartcF] ceilingF(x) = Øxøif x ˛ F and (x = 0 or Øxø „ 0) = negF(0)if ˛ F and x „ 0 and Øxø = 0 = �—0�if x = �—0� = �+¥�if x = �+¥� = �—¥�if x = �—¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaN

8Note: The result in the second case for roundingF and ceilingF is 0, if �—0� is not in the type correspondingto F, otherwise it is �—0�.Note:floorF(x) = negF(ceilingF(negF(x))), ceilingF(x) = negF(floorF(negFx))), androundingF(x) = negF(roundingF(negF(x))). Negative zeroes, if available, are handed in such a way as to maintain these identites.Note: Truncation is already in LIA-1, by the name intpartF. floor_restF : F fi F[fractpartfF] floor_restF(x) = x—ºxßif x ˛ F = 0if x = �—0� = invalid(qNaN)if x = �+¥� = invalid(qNaN)if x = �—¥� = qNaNif x is a quiet NaN = invalid(qNaN)! if x is a signalling NaN rounding_restF : F fi F[fractpartrF] rounding_restF(x) = x—round(x) if x ˛ F = 0if x = �—0� = invalid(qNaN)if x = �+¥� = invalid(qNaN)if x = �—¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaN ceiling_restF : F fi F[fractpartcF] ceiling_restF(x) = x—Øxøif x ˛ F = 0if x = �—0� = invalid(qNaN)if x = �+¥� = invalid(qNaN)if x = �—¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaNNote: The rest after truncation is already in LIA-1, by the name fractpartF.5.2.5 Divide—and—floor, —ceiling, —round idivfF : F · F fi F¨{�—0�, floating_overflow, invalid} idivfF(x,y) = resultF(ºx/yß, downF) if x,y ˛ F and x „ 0 and y „ 0 = divF(x,y)if x ˇ F or y ˇ F or x = 0 or y = 0 idivrF : F · F fi F¨{�—0�, floating_overflow, invalid} idivrF(x,y) = resultF(round(x/y), nearestF) if x,y ˛ F and x „ 0 and y „ 0 = divF(x,y)if x ˇ F or y ˇ F or x = 0 or y = 0 idivcF : F · F fi F¨{�—0�, floating_overflow, invalid} idivcF(x,y) = resultF(Øx/yø, upF) if x,y ˛ F and x „ 0 and y„ 0 = divF(x,y)if x ˇ F or y ˇ F or x = 0 or y = 0Note:idivcF(x,y) = negF(idivfF(negF(x),y)), idivcF(x,y) = negF(idivfF(x,negF(y))),idivfF(x,y) = negF(idivcF(negF(x),y)), idivfF,y) = negF(idivcF(x,negF(y))),idivrF(x,y) = negF(idivrF(negF(x),y)),rF(x,y) = negF(idivrF(x,negF(y))).["floating modulo", if denormF=true] iremfF : F · F fi F¨{und erflow, invalid}[no underflow if iec_559F=true] iremfF(x,y) = resultF(x—(ºx/yß*y), rndF)if x,y ˛ F and y „ 0 = iremfF(0,y)if x = �—0� and y ˛ {�—¥�,�—0�,�+¥�} = iremfF(x,0)if y = �—0� and x ˛ {�—¥�,�+¥�}

9 = invalid(qNaN)if x ˛ F¨{�—¥�,�+¥�} and y = 0 = invalid(qNaN)if x ˛ {�—¥�,�+¥�} and y ˛ F¨{�—¥�,�+¥�} = �+¥�if y = �+¥� and x ˛ F! and x < 0 = �—¥�if y = �—¥� and x ˛ F and x < 0 = xif y ˛ {�—¥�,�+¥�} and x ˛ F and x ‡ 0aNif x is a quiet NaN and y is not a sign! alling NaN = qNaNif y is a quiet NaN and x is not a signalling NaN = invalid(qNaN)if x is a signalling NaN or y is a signalling NaNNote: iremfF is exact if both arguments have the same sign and there is no underflow.[IEC 559 rem, if denormF=true] iremrF : F · F fi F¨{�—0�, underflow, invalid}[no underflow if iec_559F=true] iremrF(x,y) = resultF(x—(round(x/y)*y), rndF)if x,y ˛ F and y „ 0 and (x ‡ 0 or x—(round(x/y)*y)„ 0) = �—0�if x,y ˛ F and y „ 0 and x < 0 and x—(round(x/y)*y) = 0 = negF(iremrF(0,y))if x = �—0� and y ˛ F¨{�—¥�,�—0�,�+¥�} = iremrF(x,0)if y = �—0� and x ˛ F¨{�—¥�,�+¥�} = invalid(qNaN)if x ˛ F¨{�—¥�,�+¥�} and y = 0 = invalid(qNaN)if x ˛ {�—¥�,�+¥�} and y ˛ F¨{�—¥�,�+¥�} = xif y ˛ {�—¥�,�+¥�} and x ˛ F = qNaNif x is a quiet NaN and y is not a signalling NaN = qNaNif y is a quiet NaN and x is not a signalling NaN = invalid(qNaN)if x is a signalng NaN or y is a signalling NaNNote: iremrF is exact when there is no underflow. iremc : F · F fi F¨{�—0�, underflow, invalid}[no underflow if iec_559F=true] iremcF(x,y) = resultF(x—(Øx/yø*y), rndF)if x,y ˛ F and y „ 0 and x—(Øx/yø*y) „ 0 = �—0� if x,y ˛ F and y „ 0 and x—(Øx/yø*y) = 0 = iremcF(0,y)if x = �—0� and y ˛ F¨{�—¥�,�—0�,�+¥�} = iremcF(x,0)if y = �—0� and x ˛ F¨{�—¥�,�+¥�} = invalid(qNaN)if x ˛ F¨{�—¥�,�+¥�} and y = 0 = invalid(qNaN)if x ˛ {�—¥�,�+¥�} and y ˛ F¨{�—¥�,�+¥�} = �—¥�if y = �+¥� and x ˛ Fx > 0 = �+¥�if y = �—¥� and x ˛ F and x > 0 = xif y ˛ {�—¥�,�+¥�} and x ˛ F and x £ 0 = qNaNif x is a quiet NaN and y is not a sialling NaN = qNaNif y is a quiet NaN and x s ot a signalling NaN = invalid(qNaN)if x is a signalling NaN or y is a signalling NaNNote: iremcF is exact if both arguments have different signs and there is no underflow.Note:iremcF(x,y) = negF(iremfF(negF(x),y)), iremcF(x,y) = iremfF(x,negF(y)! iremfF(x,y) = negF(iremcF(negF(x),y)), iremfF(x,y) = iremcF(x,negF(y)),iremrF(x,y) = negF(iremrF(negF(x),y)), iremrF(x,y) = iremrF(x,negF(y)).5.2.6 Square root and reciprocal square root sqrtF : F fi F¨{invalid} sqrtF() = nearestF(�x)if x ˛ F and x >= 0= �—0�if x = �—0�= invalid(qNaN)if (x ˛ F and x < 0) or x = �—¥�= �+¥�if x = �+¥�

10= qNaNif x is a quiet NaN= invalid(qNaN)if x is a signalling NaNNote: As usual, �x ˛ [0, ¥[, when the function is defined. rec_sqrtF : F fi F¨invalid, pole} rec_sqrtF(x) = resultF(1/�x, rndF)if x ˛ F and x > 0 = pole(�+¥�)if x ˛ F and x = 0 = pole(�—¥�)?if x = �—0� = 0if x = �+¥� = invalid(qNaN)if (x ˛ F and x < 0) or x = �—¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaN[Too stringent spec. for rec_sqrtF? Use a rec_sqrt*F?]5.2.7 Support for extended floating point precision[no underflow if iec_559F = true] add_loF : F · F fi F¨{floating_overflow, underflow} add_loF(x,y) = resultF((x+y)—c.v.addF(x,y), rndF)if x,y,c.v.addF(x,y) ˛ F = floating_overflow(�—¥�)if addF(x,y) = floating_overflow(�+¥�) = floating_overflow(�+¥�)if addF(x,y) = floating_overflow(�—¥�) = underflowif addF(x,y) = underflow = add_loF(0,y)if x = �—0� and y ˛ F ¨ {�—¥�,�—0�,�+¥�} = add_loF(x,0)if y = �—0� and x ˛ F ¨ {�—¥�,�+¥�} = invalid(qNaN)if x ˛ {�—¥�,�+¥�} and y ˛ F¨{�—¥�,�+¥�} = invalid(qNaN)if y ˛ {�—¥�,�+¥�} and x ˛ F = qNaNif x i a quiet NaN and y is not a signalling NaN � 3D qNaNif y is a quiet NaN and x is not a signall ing NaN = invalid(qNaN)if x is a signalling NaN or y is a signalling NaNNote: If rnd_styleF=nearest (and add*F is true addition, which is implied by rnd_styleF=nearest), then inthe absence of notifications, add_loF[no underflow if iec_559F = true] sub_loF : F · F fi F¨{floating_overflow, underflow} sub_loF(x,y) = resultF((x—y)—c.v.subF(x,y), rndF)if x,y,c.v.subF(x,y˛ F = floating_overflow(�—¥�)if subF(x,y) = floating_overflow(�+¥�) = floating_overflow(�+¥�)if subF(x,y) = floating_overflow(�—¥�) = underflowif subF(x,y) = underflow = sub_loF(0,y)if x = �—0� and y ˛ F ¨ {�—¥�,�—0�,�+¥�} = sub_loF(x,0)if y = �—0� and x ˛ F ¨ {�—¥�,�+¥�} = invalid(qNaN)if x ˛ {�—¥�,�+¥�} and y ˛ F¨{�—¥�,�+¥�} = invalid(qNaN)if y ˛ {�—¥�,�+¥�} and x ˛ F = qNaNif x is a quiet NaN and y is not a signalling NaN = ! qNaNif y is a quiet NaN and x is not a signaling NaN = invalid(qNaN)if x is a signalling NaN or y is a signalling NaNNote: if rnd_styleF=nearest (and add*F is true addition, which is implied by rnd_styleF=nearest), then inthe absence of notifications, sub_lo! F returns an exact result.Note: sub_loF(x,y) = add_loF(x,negF(y)). mul_loF : F · F fi F¨{floating_overflow, underflow} mul_loF(x,y) = resultF((x*y)—c.v.mulF(x,y), rndF)if x,y,c.v.mulF(x,y) ˛ F

11 = 0if x,y ˛ F and c.v.mulF(x,y) = �—0� = floating_overflow(�—¥�)if mulF(x,y) = floating_overflow(�+¥�) = floating_overflow(�+¥�)if mulF(x,y) = floating_overflow(�—¥�) = underflowif mulF(x,y) = underflow = mul_loF(0,y)if x = �—0� and y ˛ F ¨ {�—¥�,�—0�,�+¥�} = mul_loF(x,0)if y = �—0� and x ˛ F ¨ {�—¥�,�+¥�} = invalid(qNaN)if x ˛ {�—¥�,�+¥�} and y ˛ F¨{�—¥�,�+¥�} = invalid(qNaN)if y ˛ {�—¥�,�+¥�} and x ˛ F = qNaNif x i a quiet NaN and y is not a signalling NaNaNif y is a quiet NaN and x is not a signalling NaN = invalid(qNaN)if x is a signalling NaN or y is a signalling NaNNote: In the absence of notifications, mul_loF returns an exact result. div_restF : F · F fi F¨{floating_overflow, underflow, invalid} div_restF(x,y) = resultF(x—(c.v.divF(x,y)*y), rndF)if x,y,c.v.divF(x,y) ˛ F = xif x,y ˛ F and c.v.divF(x,y) = �—0� = invalid(NaN)if x ˛ F and y = 0 = floating_overflow(�—¥�)if divF(x,y) = floating_overflow(�+¥�) = floating_overflow(�+¥�)if divF(x,y) = floating_overflow(�—¥�) = underflowif divF(x,y) = underflow = div_restF(0,y)if x = �—0� and y ˛ F ¨ {�—¥�,�—0�,�+¥�} = invalid(qNaN) if y = �—0� and x ˛ F ¨ {�—¥�,�+¥�} = invalid(qNaN) if x ˛ {�—¥�,�+¥�} and y ˛ F¨{�—¥�,�+¥�} = invalid(qNaN) if y ˛ {�—¥�,�+¥�} and x ˛ F = qNaNif x is a quiet NaN and y is not a signalling NaN = qNaNif y is a quiet NaN and x is not a ignalling NaN = invalid(qNaN)if x is a signalling NaN or y is a signalling NaN sqrt_restF : F fi F¨{underflow, invalid} sqrt_restF(x) = resultF(x—(sqrtF(x)*sqrtF(x)), rndF)if x ˛ F and x ‡ 0 = �—0�if x = �—0� = invalid(qNaN)if (x ˛ F and x < 0) or x = �—¥� or x = �+¥� = qNaNif x is a quiet NaN = invalid(qNaN)if x is a signalling NaNNote: sqrt_restF(x) is exact when there is no underflow.5.2.8 Support for extended floating point rangeThese operations are specified only if iec_559F=true.The countF helper function (similar to resultF) : countF : R · (RfiF*) fi F¨{increment, decrement}countF(x, rnd) = rnd(x)if |rnd(x)| £ fmaxF and |x| ‡ fminNF = increment(rnd(x/rF^(3*(emaxF—eminF)/4)))if |rnd(x)| > fmaxF[?] = decrement(rnd(x*rF^(3*(emaxF—eminF)/4)))if |x| < fminNF[?]increment and decrement are similar to the other notifications, but incrementincrements and decrement decrements a system variable (initially 0). This system variable isotherwise handled like the notification flags (indicators). (I.e., separate counters for separatethreads, and a hard—to—ignore message if counter not zero on termination.) get_countI: I fi I get_countI, for some signed I returns the system underflow/overflow counter’s value

12and sets that system counter to the value of the argument.These operations return integer_overflow if the system counter used for increment/decrement overflows. add_cntF : F · F fi F¨{increment, decrement, integer_overflow} add_cntF(x,y) = countF(x+y, nearestF)if x,y ˛ F = addF(x,y)if x ˇ F or y ˇ F sub_cntF : F · F fi F¨{increment, decrement, integer_overflow} sub_cntF(x,y) = countF(x—y, nearestF)if x,y ˛ F = subF(x,y)if x ˇ F or y ˇ F mul_cntF : F · F fi F¨{�—0�, increment, decrement, integer_overflow} mul_cntF(x,y) = countF(x*y, nearestF)if x,y ˛ F and x „0 and y „ 0 = mulF(x,y)if x ˇ F or y ˇ F or x = 0 or y = 0 div_cntF : F·F fi F¨{�—0�,increment,decrement,pole,invalid,integer_overflow} div_cntF(x,y) = countF(x/y, nearestF)if x,y ˛ F and x „0 and y „ 0 = divF(x,y)if x ˇ F or y ˇ F or x = 0 or y = 05.2.9 Support for floating point interval arithmeticThese operations are specified only if iec_559F=true. They provide static selection of roundingmodes towards plus and minus infinity. These operations partially support interval arithmetic: a d d upF : F · F fi F¨{floating_overflow} addupF(x,y) = resultF(x+y, upF)if x,y ˛ F = addF(x,y)if x ˇ F or y ˇ F subupF : F · F fi F¨{floating_overflow} subupF(x,y) = resultF(x—y, upF)if x,y ˛ F = subF(x,y)if x ˇ F or y ˇ F mulupF : F · F fi F¨{�—0�, floating_overflow, underflow} mulupF(x,y) = resultF(x*y, upF)if x,y ˛ F and x „ 0 and y„ 0 = mulF(x,y)if x ˇ F or y ˇ F or x = 0 or y = 0 divupF : F · F fi F¨{�—0�, floating_overflow, underflow, invalid, pole} divupF(x,y) = resultF(x/y, upF)if x,y ˛ F and x ! „ 0 and y „ 0 = divF(x,y)if x ˇ F or y ˇ F or x = 0 or y = 0 sqrtupF : F fi F¨{invalid} sqrtupF(x) = resultF(�x, upF)if x ˛ F and x >= 0 = invalid(NaN)if x ˛ F and x < 0 = sqrtF(x)if x ˇ F adddownF : F ·F F¨{�—0�, floating_overflow} adddownF(x,y) = resultF(x+y, downF)if x,y ˛ F and addF(x,y) „ 0 = �—0�if addF(x,y) = 0 = addF(x,y)if (x ˇ F or y ˇ F) and addF(x,y) „ 0 subdownF : F · Ffi F¨{�—0�, floating_overflow} subdownF(x,y) = resultF(x—y, downF)if x,y ˛ F and subF(x,y) „ 0 = �—0�if subF(x,y) = 0 = subF(x,y)if (x ˇ F or y ˇ F) and subF(x,y) „ 0 muldownF : F · F fi F¨{�—0�, floating_overflow, underflow}

13 muldownF(x,y) = resultF(x*y, downF)if x,y ˛ F and x „ 0 and y „ 0 = mulF(x,y)if x ˇ F or y ˇ F or x = 0 or y = 0 divdownF : F · F fi F¨{�—0�, floating_overflow, underflow, invalid, pole} divdownF(x,y) = resultF(x/y, downF)if x,y ˛ F and x 0 and y „ 0 = divF(x,y)if x ˇ F or y ˇ F or x = 0 or y = 0 sqrtdownF : F fi F¨{�—0�, invalid} sqrtdownF(x) = resultF(�x, downF)if x ˛ F and x > 0 = �—0�?if x = 0 = invalid(qNaNif x ˛ F and x < 0 = sqrtF(x)if x ˇ FThe following operations partially support extended range floating point interval arithmetic. add_cntupF : F · F fi F¨{increment, decrement, integer_overflow} add_cntupF(x,y) = countF(x+y, upF)if x,y ˛ F = addupF(x,y)if x ˇ F or y ˇ F sub_cntupF : F · F fi F¨{increment, decrement, integer_overflow} sub_cntupF(x,y) = countF(x—y, upF)if x,y ˛ F = subupF(x,y)if x ˇ F or y ˇ F mul_cntupF : F · F fi F¨{�—0�, increment, decrement, integer_overflow} mul_cntupF(x,y) = countF(x*y, upF)if x,y ˛ F and x „0 and y „ 0 = mulu p F(x,y)if x ˇ F or y ˇ F or x = 0 or y = 0 div_cntupF:F·F fi F¨{�—0�,increment,decrement,pole,invalid,integer_overflow} div_cntupF(x,y) = countF(x/y, upF)if x,y ˛ F and x „0 and y „ 0 = divu p F(x,y)if x ˇ F or y ˇ F or x = 0 or y = 0 add_cntdownF : F · F fi F¨{increment, decrement, integer_overflow} add_cntdownF(x,y) = countF(x+y, downF)if x,y ˛ F = adddownF(x,y)if x ˇ F or y ˇ F sub_cntdownF : F · F fi F¨{increment, decrement, integer_overflow} sub_cntdownF(x,y) = countF(x—y, downF)if x,y ˛ F = subdownF(x,y)if x ˇ F or y ˇ F mul_cntdownF : F · F fi F¨{�—0�, increment, decrement, integer_overflow} mul_cntdownF(x,y) = countF(x*y, downF)if x,y ˛ F and x „0 and y „ 0 = muldownF(x,y)if x ˇ F or y ˇ F or x = 0 or y = 0 div_cntdownF:F·FfiF¨{�—0�,increment,decrement,pole,invalid,integer_overflow} div_cntdownF(x,y) = countF(x/y, downF)if x,y ˛ F and x „0 and y „ 0 = divd o w n F(x,y)if x ˇ F or y ˇ F or x = 0 or y = 0

145.3 Elementary trancendental floating point operations

See separate document!

15Suggested LIA—2 sections 5.4 and 5.5:additional conversion operations and numerals5.4 Conversion operationsIf both the source and target types contain �—0�, �+¥�, �—¥�, or quiet NaN, then such a value isconverted to the same special value in the target type without notification. A signalling NaNcauses an invalid notification with, if possible, a quiet NaN as continuation value. For quietNaN, if the target type does not contain such a v a l u e , an invalid notification results whenconverting a quiet NaN. For each of the �+¥� and �—¥�, if the source but not the target typecontain the value, an appropriate overflow notification resu! lts when converting the special value.�—0� is converted to 0 without any notification if �—0� is missing in the target type(integer_overflow, if the target type is an integer type, etc.).Fixed point string formats and floating point string formats should have formats for �—0�,�+¥�, �—¥�, quiet and signalling NaNs. Integer string formats may have formats for such values.Note: In ordinary string formats, the string �Hello word!�, e.g., is a signalling NaN.Note: This part of LIA does not specify any string formats, not even for the special values �—0�, �+¥�, �—¥�, andquiet NaN, but possibilities include the strings used in the text of this part of LIA, as well as strings like�+infinity� or �positiva o�ndligheten�, etc, and the strings used may depend on locale, or user, preferencesettings. String formats for numerical values, and if and how they may depend on preference settings, isalso an issue for bindings, not for this part of LIA.5.4.1 Integer to integer conversionsI and I’ represent different integer data types (even if the sets I and I’ are the same). At least oneof I and I’ conform to LIA-1.Note: If both are I and I’ are conforming to LIA-1, then this conversion is covered by LIA-1. This operationgeneralises the cvtIfiI’ of LIA-1, with respect to that one of the integer types in the conversion need not beconforming to LIA-1. convertIfiI’ : I fi I’¨{integer_overflow} convertIfiI’(x) = resultI’(x)if x ˛ INote:This covers, among other things, �input� and �output� of integer type values, including the possib! ility ofoverflow (for either input or output).Note:The conversion of values that are not elements of Z are covered by the first paragraph of section 5.4. (E.g.trying to interpret the string �hello world� as an integer value, under ordinary formatting constraints.)5.4.2 Floating point to integer conversionsI is an LIA-1 conforming integer type. F is an LIA-1 conforming floating point type.The opera! tions in this clause are more specific than the floating point to inte ger conversion inLIA-1 which allows any rounding. floorFfiI : F fi I¨{integer_overflow} floorFfiI (x) = resultI(ºxß)if x ˛ F ceilingFfiI : F fi I¨{integer_overflow} ceilingFfiI (x) = resultI(Øxø)if x ˛ F roundingFfiI : F fi I¨{integer_overflow} roundingFfiI (x) = resultI(round(x))if x ˛ FNote:The conversion of values that are not elements of R are covered by the first paragraph of section 5.4.

1 6 5.4.3 Integer to floating point conversions convertdownIfiF : I fi F¨{floating_overflow} convertdownIfiF(x) = resultF(x, downF)if x ˛ I convertupIfiF : I fi F¨{floating_overflow} convertupIfiF(x) = resultF(x, upF)if x ˛ I convertnearestIfiF : I fi F¨{floating_overflow} convertnearestIfiF(x) = resultF(x, nearestF)if x ˛ I [= cvtIfiF of LIA-1]Note: Integer to nearest floating point conversions are covered by LIA-1.[The others are currently missing from LIA-2.]5.4.4 Floating point to floating point conversionsF and F’ represent different floating point data types (even if the sets F and F’ are the same). Atleast one of F and F’ conform to LIA-1.Note: How to convert values in the source type that are not in F is covered by the first paragraph of section 5.4. convertdownFfiF’ : F fi F’¨{floating_overflow, underflow} convertdownFfiF’(x) = resultF’(x, downF’)if x ˛ F convertupFfiF’ : F fi F’¨{floating_overflow, underflow} convertupFfiF’(x) = resultF’(x, upF’)if x ˛ F convertnearestFfiF’ : F fi F’¨{floating_overflow, underflow} convertnearestFfiF’(x) = resultF’(x, nearestF’)if x ˛ F[gen. cvtFfiF’ of LIA-1]Note: Floating point to nearest floating point conversions are covered by LIA-1 when both types conform to LIA-1.Note: This covers, among other things, �input� and �output� of floating point type values, for floating pointstring formats.5.4.5 Floating point to fixed point conversions is a fixed point type (essentially LID scaled, but it may be limited).A fixed point type D shall be a subset of R, characterised by a radix, rD ˛ Z (‡ 2), a density,dD˚˛˚Z (‡ 0), and if it is limited a maximum positive value, dmaxD ˛ D* (‡ 1). Given thesevalues, the following sets are defined: D* = {n/(rD! dD) | n ˛ Z} D = D*if D is unlimited = D*˙[—dmaxD, dmaxD]if D is limitedFixed point rounding helper functions: downD : R fi D* is a rounding function like down, but for a fixed point type,rounds towards negative infinity. upD : R fi D* is a rounding function like upF, but for a fixed point type,rounds towards positive infinity. nearestD : R fi D* is a rounding function like nearestF, but for a fixed point type,r! ounds to nearest, ties round to even last digit.

17Fixed point result helper function: resultD : R · (R fi D*) fi D¨{overflow} is like resultF, but for a fixed point type.It will return overflow if the rounded result is not representable: resultD(x, rnd) = rnd(x)if rnd(x) ˛ D = overflowif rnd(x) ˇ DF is a floating point type conforming to LIA-1. D is a fixed point type, it cannot conform toLIA-1, since fixed point types are not covered by LIA-1. convertdownFfiD : F fi D¨{overflow} convertdownFfiD(x) = resultD(x, downD)if x ˛ F convertupFfiD : F fi D¨{overflow} convertupfiD(x) = resultD(x, upD) if x ˛ F convertnearestFfiD : F fi D¨{overflow} convertnearestFfiD(x) = resultD(x, nearestD) if x ˛ FNote: The type D need not be visible in the programming language. D may be asubtype of strings, according tosome format. Even so, no type for strings need be present in the programming language.Note: This cov ers, among other things, �output� of floating point type values, to fixed point string formats. E.g. abinding may say that float_to_fixed_string(x, m, n) is bound to convertnearestFfiSm,n(x) where Sm,n i s strings of length m, representing fixed point values in (LID) scaled(10, n). The binding should also detailhow NaNs, signed zeroes and infinities are represented in Sm,n,as well as the precise format of thestrings representing ordinary values. (Note that if the length of the t a r g e t string is limited, theconversion may overflow.)5.4.6 Fixed point to floating point conversionsF is a floating point type conforming to LIA-1. D is a fixed point type, it cannot conform to LIA-1,since fixed point types are not covered by LIA-1. convertdownDfiF : D fi F¨{floating_overflow, underflow} convertdownDfiF(x) = resultF(x, downF)if x ˛ D convertupDfiF : D fi ! F¨{floating_overflow, underflow} convertupDfiF(x) = resultF(x, upF)if x ˛ D convertnearestDfiF : D fi F¨{floating_overflow, underflow} convertnearestDfiF(x) = resultF(x, nearestF) if x ˛ DNote: This covers, among other things, �input� of floating point type values, from fixed point string formats. E.g.abinding may say that string_to_float(s) is bound to convertnearestSm,nfiF(s) where Sm,n is strings oflength m, where m is the length of s, and n is the n! umber of digits after the �decimal symbol� in s. Thebinding should also detail how NaNs, signed zeroes and infinities are represented in Sm,n,as well as theprecise format of the strings representing ordinary values.5.5 NumeralsE a c h n u m e r a l i s a n o p e r a t i o n . S o t h i s s e c t i o n i n t r o d u c e s a v e r y l a r g e n u m b e r o f o p e r a t i o n s . 5.5.1 Numerals for integer typesA numeral, denoting a mathematical value n in Z, for an integer type, I, results inresultI(n)

18For each LIA-1 conforming integer type t h e r e shall be integer numerals for all non-negativevalues of I. Integer numeral representations using radix 10 should be available.Note: Negative values (except minintI if minintI=—maxintI—1) can be obtained by using the negation operation(negI).Note:Other radices may also be available for integer numerals, and the radix used may be part of determiningthe goal integer type. E.g., radix 10 may be for signed integer types, and radix 8 or 16 may be for unsignedinteger types.Note:Syntaxes for numerals for different integer types need not be different, nor need they be the same. LIA-2does not further specify the format for integer numerals. That i s an issue for bindings.Note:Overflow can be detected at �compile time�, and warned about.5.5.2 Numerals for floating point typesAfractional numeral, denoting a mathematical value x in R, for a floating point type, F,shall normally result in:resultF(x, nearestF)shall in a round towards positive infinity circumstance result in:resultF(x, upF)shall in a round towards negative infinity circumstance result in:resultF(x, downF)If iec_559F=true then the directed roundings shall be available also for fractional numerals.The ! rounding circumstance s h o u l d be statically determined, if other than the normal is at allavailable.For each LIA-1 conforming floating point type, F, there shall be fractional numerals for allradix 10 limited precision and limited range expressible non-negative values of R. The precisionand range for the numerals shall be large enough to allow all non-negative values of F to bereachable.Note: Negative values can be obtained by using the negation operation (negF).Note:Other radices may also be available for floating poi nt numerals.Note:Integer numerals may also be fractional numerals, i.e. their syntaxes need not be different. Nor needsyntaxes for numerals for different floating point types be different, nor need they be the same. LIA-2does not further specify the syntax for numerals. That is an issue for bindings.