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Revision history
e Revision O (pre-Cologne) submitted 2019-06-17
o Received feedback in Cologne from SG6, LEWGI, and (??7?).
e Revision 1 (pre-Belfast) to be submitted 2019-10-07
o Account for Cologne 2019 feedback
= Make interface more consistent with existing Standard algorithms

m Change dot, dotc, vector_norm2, and vector_abs_sum to imitate
reduce, so that they return their result, instead of taking an output
parameter. Users may set the result type via optional init parameter.

o Minor changes to "expression template" classes, based on implementation
experience

o Briefly address LEWGI request of exploring concepts for input arguments.
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o Lazy ranges style APl was NOT explored.

e Revision 2 (pre-Cologne) to be submitted 2020-01-13
o Add "Future work" section.

o Remove "Options and votes" section (which were addressed in SG6, SG14, and
LEWGI).

o Remove basic_mdarray overloads.

o Remove batched linear algebra operations.

o Remove over- and underflow requirement for vector_norm2.

o Mandate any extent compatibility checks that can be done at compile time.

o Add missing functions {symmetric,hermitian}_matrix_rank_k_update and
triangular_matrix_{left, right}_product.

o Remove packed_view function.

o Fix wording for {conjugate, transpose, conjugate_transpose}_view, so
that implementations may optimize the return type. Make sure that
transpose_view of a layout_blas_packed matrix returns a
layout_blas_packed matrix with opposite Triangle and StorageOrder.

o Remove second template parameter T from accessor_conjugate.
o Make scaled_scalar and conjugated_scalar exposition only.

o Add in-place overloads of triangular_matrix_matrix_{left, right}_solve,
triangular_matrix_{left, right}_product, and
triangular_matrix_vector_{product,solve}.

o Add alpha overloads to
{symmetric,hermitian}_matrix_rank_{1,k}_update.

o Add Cholesky factorization and solve examples.

Purpose of this paper

This paper proposes a C++ Standard Library dense linear algebra interface based on the dense
Basic Linear Algebra Subroutines (BLAS). This corresponds to a subset of the BLAS Standard.
Our proposal implements the following classes of algorithms on matrices and vectors:

e Elementwise vector sums

e Multiplying all elements of a vector or matrix by a scalar

e 2-norms and 1-norms of vectors

e Vector-vector, matrix-vector, and matrix-matrix products (contractions)
e Low-rank updates of a matrix

e Triangular solves with one or more "right-hand side" vectors

e Generating and applying plane (Givens) rotations
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Our algorithms work with most of the matrix storage formats that the BLAS Standard supports:

"General" dense matrices, in column-major or row-major format

Symmetric or Hermitian (for complex numbers only) dense matrices, stored either as
general dense matrices, or in a packed format

Dense triangular matrices, stored either as general dense matrices or in a packed format

Our proposal also has the following distinctive characteristics:

It uses free functions, not arithmetic operator overloading.
The interface is designed in the spirit of the C++ Standard Library's algorithms.

It uses the multidimensional array data structures basic_mdspan (POO09R9) to
represent matrices and vectors. In the future, it could support other proposals' matrix
and vector data structures.

The interface permits optimizations for matrices and vectors with small compile-time
dimensions; the standard BLAS interface does not.

Each of our proposed operations supports all element types for which that operation
makes sense, unlike the BLAS, which only supports four element types.

Our operations permit "mixed-precision" computation with matrices and vectors that
have different element types. This subsumes most functionality of the Mixed-Precision
BLAS specification (Chapter 4 of the BLAS Standard).

Like the C++ Standard Library's algorithms, our operations take an optional execution
policy argument. This is a hook to support parallel execution and hierarchical parallelism
(through the proposed executor extensions to execution policies, see P1019R2).

Unlike the BLAS, our proposal can be expanded to support "batched" operations (see
P1417R0) with almost no interface differences. This will support machine learning and
other applications that need to do many small matrix or vector operations at once.

Interoperable with other linear algebra proposals

We believe this proposal is complementary to P1385, a proposal for a C++ Standard linear

algebra library that introduces matrix and vector classes and overloaded arithmetic operators.

In fact, we think that our proposal would make a natural foundation for a library like what P1385

proposes. However, a free function interface -- which clearly separates algorithms from data

structures -- more naturally allows for a richer set of operations such as what the BLAS

provides. A natural extension of the present proposal would include accepting P1385's matrix

and vector objects as input for the algorithms proposed here.

Why include dense linear algebra in the C++ Standard Library?

1. C++ applications in "important application areas" (see PO939R0) have depended on

linear algebra for a long time.

2. Linear algebra is like sort: obvious algorithms are slow, and the fastest implementations

call for hardware-specific tuning.
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3. Dense linear algebra is core functionality for most of linear algebra, and can also serve as

a building block for tensor operations.

4. The C++ Standard Library includes plenty of "mathematical functions." Linear algebra
operations like matrix-matrix multiply are at least as broadly useful.

5. The set of linear algebra operations in this proposal are derived from a well-established,
standard set of algorithms that has changed very little in decades. It is one of the
strongest possible examples of standardizing existing practice that anyone could bring to
C++.

6. This proposal follows in the footsteps of many recent successful incorporations of
existing standards into C++, including the UTC and TAI standard definitions from the
International Telecommunications Union, the time zone database standard from the
International Assigned Numbers Authority, and the ongoing effort to integrate the ISO
unicode standard.

Linear algebra has had wide use in C++ applications for nearly three decades (see P1417R0 for
a historical survey). For much of that time, many third-party C++ libraries for linear algebra
have been available. Many different subject areas depend on linear algebra, including machine
learning, data mining, web search, statistics, computer graphics, medical imaging, geolocation
and mapping, engineering, and physics-based simulations.

"Directions for ISO C++" (PO939R0) offers the following in support of adding linear algebra to
the C++ Standard Library:

e P0939RO calls out "Support for demanding applications in important application areas,
such as medical, finance, automotive, and games (e.g., key libraries...)" as an area of
general concern that "we should not ignore." All of these areas depend on linear algebra.

¢ "Is my proposal essential for some important application domain?" Many large and small
private companies, science and engineering laboratories, and academics in many
different fields all depend on linear algebra.

e "We need better support for modern hardware": Modern hardware spends many of its
cycles in linear algebra. For decades, hardware vendors, some represented at WG21
meetings, have provided and continue to provide features specifically to accelerate linear
algebra operations. Some of them even implement specific linear algebra operations
directly in hardware. Examples include NVIDIA's Tensor Cores and Cerebras' Wafer Scale
Engine. Several large computer system vendors offer optimized linear algebra libraries
based on or closely resembling the BLAS; these include AMD's BLIS, ARM's Performance
Libraries, Cray's LibSci, Intel's Math Kernel Library (MKL), IBM's Engineering and
Scientific Subroutine Library (ESSL), and NVIDIA's cuBLAS.

Obvious algorithms for some linear algebra operations like dense matrix-matrix multiply are
asymptotically slower than less-obvious algorithms. (Please refer to a survey one of us
coauthored, "Communication lower bounds and optimal algorithms for numerical linear
algebra.") Furthermore, writing the fastest dense matrix-matrix multiply depends on details of a
specific computer architecture. This makes such operations comparable to sort in the C++
Standard Library: worth standardizing, so that Standard Library implementers can get them
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right and hardware vendors can optimize them. In fact, almost all C++ linear algebra libraries

end up calling non-C++ implementations of these algorithms, especially the implementations in
optimized BLAS libraries (see below). In this respect, linear algebra is also analogous to
standard library features like random_device: often implemented directly in assembly or even
with special hardware, and thus an essential component of allowing no room for another
language "below" C++ (see notes on this philosophy in PO939R0 and Stroustrup's seminal
work "The Design and Evolution of C++").

Dense linear algebra is the core component of most algorithms and applications that use linear
algebra, and the component that is most widely shared over different application areas. For
example, tensor computations end up spending most of their time in optimized dense linear
algebra functions. Sparse matrix computations get best performance when they spend as
much time as possible in dense linear algebra.

The C++ Standard Library includes many "mathematical special functions" ([sf.cmath]), like
incomplete elliptic integrals, Bessel functions, and other polynomials and functions named after
various mathematicians. Any of them comes with its own theory and set of applications for
which robust and accurate implementations are indispensible. We think that linear algebra
operations are at least as broadly useful, and in many cases significantly more so.

Why base a C++ linear algebra library on the BLAS?
1. The BLAS is a standard that codifies decades of existing practice.

2. The BLAS separates out "performance primitives" for hardware experts to tune, from
mathematical operations that rely on those primitives for good performance.

3. Benchmarks reward hardware and system vendors for providing optimized BLAS
implementations.

4. Writing a fast BLAS implementation for common element types is nontrivial, but well
understood.

5. Optimized third-party BLAS implementations with liberal software licenses exist.

6. Building a C++ interface on top of the BLAS is a straightforward exercise, but has pitfalls
for unaware developers.

Linear algebra has had a cross-language standard, the Basic Linear Algebra Subroutines
(BLAS), since 2002. The Standard came out of a standardization process that started in 1995
and held meetings three times a year until 1999. Participants in the process came from
industry, academia, and government research laboratories. The dense linear algebra subset of
the BLAS codifies forty years of evolving practice, and has existed in recognizable form since
1990 (see P1417R0).

The BLAS interface was specifically designed as the distillation of the "computer science" /
performance-oriented parts of linear algebra algorithms. It cleanly separates operations most
critical for performance, from operations whose implementation takes expertise in mathematics
and rounding-error analysis. This gives vendors opportunities to add value, without asking for
expertise outside the typical required skill set of a Standard Library implementer.
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Well-established benchmarks such as the LINPACK benchmark reward computer hardware

vendors for optimizing their BLAS implementations. Thus, many vendors provide an optimized
BLAS library for their computer architectures. Writing fast BLAS-like operations is not trivial,
and depends on computer architecture. However, it is a well-understood problem whose
solutions could be parameterized for a variety of computer architectures. See, for example,
Goto and van de Geijn 2008. There are optimized third-party BLAS implementations for
common architectures, like ATLAS and GotoBLAS. A (slow but correct) reference
implementation of the BLAS exists and it has a liberal software license for easy reuse.

We have experience in the exercise of wrapping a C or Fortran BLAS implementation for use in
portable C++ libraries. We describe this exercise in detail in our paper "Evolving a Standard
C++ Linear Algebra Library from the BLAS" (P1674). It is straightforward for vendors, but has
pitfalls for developers. For example, Fortran's application binary interface (ABI) differs across
platforms in ways that can cause run-time errors (even incorrect results, not just crashing).
Historical examples of vendors' C BLAS implementations have also had ABI issues that required
work-arounds. This dependence on ABI details makes availability in a standard C++ library
valuable.

Notation and conventions
The BLAS uses Fortran terms

The BLAS' "native" language is Fortran. It has a C binding as well, but the BLAS Standard and
documentation use Fortran terms. Where applicable, we will call out relevant Fortran terms and
highlight possibly confusing differences with corresponding C++ ideas. Our paper P1674R0
("Evolving a Standard C++ Linear Algebra Library from the BLAS") goes into more detail on
these issues.

We call "subroutines" functions

Like Fortran, the BLAS distinguishes between functions that return a value, and subroutines
that do not return a value. In what follows, we will refer to both as "BLAS functions" or
"functions."

Element types and BLAS function name prefix

The BLAS implements functionality for four different matrix, vector, or scalar element types:

e REAL (float in C++ terms)

e DOUBLE PRECISION (double in C++ terms)

e COMPLEX (complex<float>in C++ terms)

e DOUBLE COMPLEX (complex<double>in C++ terms)

The BLAS' Fortran 77 binding uses a function name prefix to distinguish functions based on
element type:

e S for REAL ("single")

e D for DOUBLE PRECISION
e ( for COMPLEX

e Zfor DOUBLE COMPLEX
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For example, the four BLAS functions SAXPY, DAXPY, CAXPY, and ZAXPY all perform the vector

updateY = Y + ALPHA%xX for vectors X and Y and scalar ALPHA, but for different vector and
scalar element types.

The convention is to refer to all of these functions together as XAXPY. In general, a lower-case
X is a placeholder for all data type prefixes that the BLAS provides. For most functions, the x is
a prefix, but for a few functions like IXAMAX, the data type "prefix" is not the first letter of the
function name. (IXAMAX is a Fortran function that returns INTEGER, and therefore follows the
old Fortran implicit naming rule that integers start with I, J, etc.)

Not all BLAS functions exist for all four data types. These come in three categories:

1. The BLAS provides only real-arithmetic (S and D) versions of the function, since the
function only makes mathematical sense in real arithmetic.

2. The complex-arithmetic versions perform a slightly different mathematical operation than
the real-arithmetic versions, so they have a different base name.

3. The complex-arithmetic versions offer a choice between nonconjugated or conjugated
operations.

As an example of the second category, the BLAS functions SASUM and DASUM compute the
sums of absolute values of a vector's elements. Their complex counterparts CSASUM and
DZASUM compute the sums of absolute values of real and imaginary components of a vector v,
that is, the sum of abs(real(v(i))) + abs(imag(v(i))) forall iin the domain of v. The
latter operation is still useful as a vector norm, but it requires fewer arithmetic operations.

Examples of the third category include the following:

e nonconjugated dot product xDOTU and conjugated dot product xDOTC; and
e rank-1 symmetric (XGERU) vs. Hermitian (XGERC) matrix update.

The conjugate transpose and the (honconjugated) transpose are the same operation in real
arithmetic (if one considers real arithmetic embedded in complex arithmetic), but differ in
complex arithmetic. Different applications have different reasons to want either. The C++
Standard includes complex numbers, so a Standard linear algebra library needs to respect the
mathematical structures that go along with complex numbers.

What we exclude from the design
Functions not in the Reference BLAS

The BLAS Standard includes functionality that appears neither in the Reference BLAS library,
nor in the classic BLAS "level" 1, 2, and 3 papers. (For history of the BLAS "levels" and a
bibliography, see P1417R0. For a paper describing functions not in the Reference BLAS, see "An
updated set of basic linear algebra subprograms (BLAS)," listed in "Other references" below.)
For example, the BLAS Standard has

o several new dense functions, like a fused vector update and dot product;
e sparse linear algebra functions, like sparse matrix-vector multiply and an interface for
constructing sparse matrices; and
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e extended- and mixed-precision dense functions (though we subsume some of their
functionality; see below).

Our proposal only includes core Reference BLAS functionality, for the following reasons:

1. Vendors who implement a new component of the C++ Standard Library will want to see
and test against an existing reference implementation.

2. Many applications that use sparse linear algebra also use dense, but not vice versa.

3. The Sparse BLAS interface is a stateful interface that is not consistent with the dense
BLAS, and would need more extensive redesign to translate into a modern C++ idiom.
See discussion in P1417R0.

4. Our proposal subsumes some dense mixed-precision functionality (see below).
LAPACK or related functionality

The LAPACK Fortran library implements solvers for the following classes of mathematical
problems:

e linear systems,
¢ linear least-squares problems, and
¢ eigenvalue and singular value problems.

It also provides matrix factorizations and related linear algebra operations. LAPACK deliberately
relies on the BLAS for good performance; in fact, LAPACK and the BLAS were designed
together. See history presented in P1417R0.

Several C++ libraries provide slices of LAPACK functionality. Here is a brief, noninclusive list, in
alphabetical order, of some libraries actively being maintained:

e Armadillo,
e Boost.uBLAS,
e Eigen,

e Matrix Template Library, and
e Trilinos.

P1417R0 gives some history of C++ linear algebra libraries. The authors of this proposal have
designed, written, and maintained LAPACK wrappers in C++. Some authors have LAPACK
founders as PhD advisors. Nevertheless, we have excluded LAPACK-like functionality from this
proposal, for the following reasons:

1. LAPACK is a Fortran library, unlike the BLAS, which is a multilanguage standard.

2. We intend to support more general element types, beyond the four that LAPACK
supports. It's much more straightforward to make a C++ BLAS work for general element
types, than to make LAPACK algorithms work generically.

First, unlike the BLAS, LAPACK is a Fortran library, not a standard. LAPACK was developed
concurrently with the "level 3" BLAS functions, and the two projects share contributors.
Nevertheless, only the BLAS and not LAPACK got standardized. Some vendors supply LAPACK

2020-01-12


http://wg21.link/p1417r0
http://www.netlib.org/lapack/
http://wg21.link/p1417r0
http://arma.sourceforge.net/
https://github.com/boostorg/ublas
http://eigen.tuxfamily.org/index.php?title=Main_Page
http://www.simunova.com/de/mtl4/
https://github.com/trilinos/Trilinos/
http://wg21.link/p1417r0
https://www.icl.utk.edu/files/publications/2017/icl-utk-1031-2017.pdf
https://github.com/kokkos/kokkos-kernels
https://github.com/trilinos/Trilinos/tree/master/packages/teuchos/numerics/src

Mark Hoemmen 9/125
implementations with some optimized functions, but most implementations likely depend
heavily on "reference" LAPACK. There have been a few efforts by LAPACK contributors to
develop C++ LAPACK bindings, from Lapack++ in pre-templates C++ circa 1993, to the recent
"C++ API for BLAS and LAPACK". (The latter shares coauthors with this proposal.) However,
these are still just C++ bindings to a Fortran library. This means that if vendors had to supply
C++ functionality equivalent to LAPACK, they would either need to start with a Fortran
compiler, or would need to invest a lot of effort in a C++ reimplementation. Mechanical
translation from Fortran to C++ introduces risk, because many LAPACK functions depend
critically on details of floating-point arithmetic behavior.

Second, we intend to permit use of matrix or vector element types other than just the four
types that the BLAS and LAPACK support. This includes "short" floating-point types, fixed-
point types, integers, and user-defined arithmetic types. Doing this is easier for BLAS-like
operations than for the much more complicated numerical algorithms in LAPACK. LAPACK
strives for a "generic" design (see Jack Dongarra interview summary in P1417R0), but only
supports two real floating-point types and two complex floating-point types. Directly
translating LAPACK source code into a "generic" version could lead to pitfalls. Many LAPACK
algorithms only make sense for number systems that aim to approximate real numbers (or their
complex extentions). Some LAPACK functions output error bounds that rely on properties of
floating-point arithmetic.

For these reasons, we have left LAPACK-like functionality for future work. It would be natural for
a future LAPACK-like C++ library to build on our proposal.

Extended-precision BLAS

Our interface subsumes some functionality of the Mixed-Precision BLAS specification (Chapter
4 of the BLAS Standard). For example, users may multiply two 16-bit floating-point matrices
(assuming that a 16-bit floating-point type exists) and accumulate into a 32-bit floating-point
matrix, just by providing a 32-bit floating-point matrix as output. Users may specify the
precision of a dot product result. If it is greater than the input vectors' element type precisions
(e.g., double vs. float), then this effectively performs accumulation in higher precision. Our
proposal imposes semantic requirements on some functions, like vector_norm2, to behave in
this way.

However, we do not include the "Extended-Precision BLAS" in this proposal. The BLAS
Standard lets callers decide at run time whether to use extended precision floating-point
arithmetic for internal evaluations. We could support this feature at a later time.
Implementations of our interface also have the freedom to use more accurate evaluation
methods than typical BLAS implementations. For example, it is possible to make floating-point
sums completely independent of parallel evaluation order.

Arithmetic operators and associated expression templates

Our proposal omits arithmetic operators on matrices and vectors. We do so for the following
reasons:

1. We propose a low-level, minimal interface.
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2. operatorx could have multiple meanings for matrices and vectors. Should it mean
elementwise product (like valarray) or matrix product? Should libraries reinterpret
"'vector times vector" as a dot product (row vector times column vector)? We prefer to let
a higher-level library decide this, and make everything explicit at our lower level.

3. Arithmetic operators require defining the element type of the vector or matrix returned
by an expression. Functions let users specify this explicitly, and even let users use
different output types for the same input types in different expressions.

4. Arithmetic operators may require allocation of temporary matrix or vector storage. This
prevents use of nonowning data structures.

5. Arithmetic operators strongly suggest expression templates. These introduce problems
such as dangling references and aliasing.

Our goal is to propose a low-level interface. Other libraries, such as that proposed by P1385,
could use our interface to implement overloaded arithmetic for matrices and vectors. PO939R0
advocates using "an incremental approach to design to benefit from actual experience." A
constrained, function-based, BLAS-like interface builds incrementally on the many years of
BLAS experience.

Arithmetic operators on matrices and vectors would require the library, not necessarily the
user, to specify the element type of an expression's result. This gets tricky if the terms have
mixed element types. For example, what should the element type of the result of the vector
sum x + Y be, if X has element type complex<float> and y has element type double? It's
tempting to use common_type_t, but common_type_t<complex<float>, double>is
complex<float>. This loses precision. Some users may want comp lex<double>; others may
want comp lex<long double> or something else, and others may want to choose different
types in the same program.

P1385 lets users customize the return type of such arithmetic expressions. However, different
algorithms may call for the same expression with the same inputs to have different output
types. For example, iterative refinement of linear systems Ax=b can work either with an
extended-precision intermediate residual vector r = b — AxX, or with a residual vector that
has the same precision as the input linear system. Each choice produces a different algorithm
with different convergence characteristics, per-iteration run time, and memory requirements.
Thus, our library lets users specify the result element type of linear algebra operations
explicitly, by calling a named function that takes an output argument explicitly, rather than an
arithmetic operator.

Arithmetic operators on matrices or vectors may also need to allocate temporary storage.
Users may not want that. When LAPACK's developers switched from Fortran 77 to a subset of
Fortran 90, their users rejected the option of letting LAPACK functions allocate temporary
storage on their own. Users wanted to control memory allocation. Also, allocating storage
precludes use of nonowning input data structures like basic_mdspan, that do not know how to
allocate.

Arithmetic expressions on matrices or vectors strongly suggest expression templates, as a way
to avoid allocation of temporaries and to fuse computational kernels. They do not require
expression templates. For example, valarray offers overloaded operators for vector
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arithmetic, but the Standard lets implementers decide whether to use expression templates.
However, all of the current C++ linear algebra libraries that we mentioned above have some
form of expression templates for overloaded arithmetic operators, so users will expect this and
rely on it for good performance. This was, indeed, one of the major complaints about initial
implementations of valarray: its lack of mandate for expression templates meant that initial
implementations were slow, and thus users did not want to rely on it. (See Josuttis 1999, p.
547, and Vandevoorde and Josuttis 2003, p. 342, for a summary of the history. Fortran has an
analogous issue, in which (under certain conditions) it is implementation defined whether the
run-time environment needs to copy noncontiguous slices of an array into contiguous
temporary storage.)

Expression templates work well, but have issues. Our papers P1417R0 and "Evolving a Standard
C++ Linear Algebra Library from the BLAS" (P1674R0) give more detail on these issues. A
particularly troublesome one is that modern C++ auto makes it easy for users to capture
expressions before their evaluation and writing into an output array. For matrices and vectors
with container semantics, this makes it easy to create dangling references. Users might not
realize that they need to assign expressions to named types before actual work and storage
happen. Eigen's documentation describes this common problem.

Our scaled_view, conjugate_view, and transpose_view functions make use of one
aspect of expression templates, namely modifying the basic_mdspan array access operator.
However, we intend these functions for use only as in-place modifications of arguments of a
function call. Also, when modifying basic_mdspan, these functions merely view the same data
that their input basic_mdspan views. They introduce no more potential for dangling references
than basic_mdspan itself. The use of views like basic_mdspan is self-documenting; it tells
users that they need to take responsibility for scope of the viewed data.

Banded matrix layouts

This proposal omits banded matrix types. It would be easy to add the required layouts and
specializations of algorithms later. The packed and unpacked symmetric and triangular layouts
in this proposal cover the major concerns that would arise in the banded case, like nonstrided
and nonunique layouts, and matrix types that forbid access to some multi-indices in the
Cartesian product of extents.

Tensors

We exclude tensors from this proposal, for the following reasons. First, tensor libraries naturally
build on optimized dense linear algebra libraries like the BLAS, so a linear algebra library is a
good first step. Second, mdspan has natural use as a low-level representation of dense
tensors, so we are already partway there. Third, even simple tensor operations that naturally
generalize the BLAS have infintely many more cases than linear algebra. It's not clear to us
which to optimize. Fourth, even though linear algebra is a special case of tensor algebra, users
of linear algebra have different interface expectations than users of tensor algebra. Thus, it
makes sense to have two separate interfaces.

Design justification
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We take a step-wise approach. We begin with core BLAS dense linear algebra functionality. We
then deviate from that only as much as necessary to get algorithms that behave as much as
reasonable like the existing C++ Standard Library algorithms. Future work or collaboration with
other proposals could implement a higher-level interface.

We propose to build the initial interface on top of basic_mdspan, and plan to extend that later
with overloads for a new basic_mdarray variant of basic_mdspan with container semantics
as well as any type implementing a get_mdspan customization point. We explain the value of
these choices below.

Please refer to our papers "Evolving a Standard C++ Linear Algebra Library from the BLAS"
(P1674R0) and "Historical lessons for C++ linear algebra library standardization" (P1417R0).
They will give details and references for many of the points that we summarize here.

We do not require using the BLAS library

Our proposal is based on the BLAS interface, and it would be natural for implementers to use
an existing C or Fortran BLAS library. However, we do not require an underlying BLAS C
interface. Vendors should have the freedom to decide whether they want to rely on an existing
BLAS library. They may also want to write a "pure" C++ implementation that does not depend
on an external library. They will, in any case, need a "generic" C++ implementation for matrix
and vector element types other than the four that the BLAS supports.

Why use basic_mdspan?

e C++ does not currently have a data structure for representing multidimensional arrays.

e The BLAS' C interface takes a large number of pointer and integer arguments that
represent matrices and vectors. Using multidimensional array data structures in the C++
interface reduces the number of arguments and avoids common errors.

e basic_mdspan supports row-major, column-major, and strided layouts out of the box,
and have Layout as an extension point. This lets our interface support layouts beyond
what the BLAS Standard permits.

¢ They can exploit any dimensions or strides known at compile time.
e They have built-in "slicing" capabilities via subspan.

e Their layout and accessor policies will let us simplify our interfaces even further, by
encapsulating transpose, conjugate, and scalar arguments. See below for details.

e basic_mdspan is low level; it imposes no mathematical meaning on multidimensional
arrays. This gives users the freedom to develop mathematical libraries with the
semantics they want. (Some users object to calling something a "matrix" or "tensor" if it
doesn't have the right mathematical properties. The Standard has already taken the word
vector.)

e They offer a hook for future expansion to support heterogenous memory spaces. (This is
a key feature of Kokkos: :View, the data structure that inspired basic_mdspan.)
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e Their encapsulation of matrix indexing makes C++ implementations of BLAS-like

operations much less error prone and easier to read.

¢ They make it easier to support an efficient "batched" interface.
Defining a F R Q F H&r\the data structures instead

LEWGI requested in the 2019 Cologne meeting that we explore using a concept instead of
basic_mdspan to define the arguments for the linear algebra functions. Our investigation of
this option leads us to believe that such a concept would largely replicate the definition of
basic_mdspan. This proposal refers to almost all of its features, including extents, layout,
and accessor_policy. We expect implementations to use all of them for optimizations, for
example to extract the scaling factor from a scaled_view result in order to call an optimized
BLAS library directly. At this point it is not clear to us that there would be significant benefits to
defining linear algebra functions in terms of such a concept, instead of defining a general
customization point get_mdspan, allowing acceptance of any object type, which provides it.
After further discussion at the 2019 Belfast meeting, LEWGI accepted our position.

Function argument aliasing and zero scalar multipliers
Summary:

1. The BLAS Standard forbids aliasing any input (read-only) argument with any output
(write-only or read-and-write) argument.

2. The BLAS uses INTENT (INOUT) (read-and-write) arguments to express "updates" to a
vector or matrix. By contrast, C++ Standard algorithms like transform take input and
output iterator ranges as different parameters, but may let input and output ranges be
the same.

3. The BLAS uses the values of scalar multiplier arguments ("alpha" or "beta") of vectors or
matrices at run time, to decide whether to treat the vectors or matrices as write only.
This matters both for performance and semantically, assuming IEEE floating-point
arithmetic.

4. We decide separately, based on the category of BLAS function, how to translate
INTENT (INOUT) arguments into a C++ idiom:

a. For triangular solve and triangular multiply, in-place behavior is essential for computing
matrix factorizations in place, without requiring extra storage proportional to the input
matrix's dimensions. However, in-place functions cannot be parallelized for arbitrary
execution policies. Thus, we have both not-in-place and in-place overloads, and only the
not-in-place overloads take an optional ExecutionPolicy&é&.

b. Else, if the BLAS function unconditionally updates (like XGER), we retain read-and-
write behavior for that argument.

c. Else, if the BLAS function uses a scalar beta argument to decide whether to read the
output argument as well as write to it (like xGEMM), we provide two versions: a write-only
version (as if beta is zero), and a read-and-write version (as if beta is nonzero).
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For a detailed analysis, see "Evolving a Standard C++ Linear Algebra Library from the BLAS"

(P1674R0).
Support for different matrix layouts

Summary:

1. The dense BLAS supports several different dense matrix "types." Type is a mixture of
"storage format" (e.g., packed, banded) and "mathematical property" (e.g., symmetric,
Hermitian, triangular).

2. Some "types" can be expressed as custom basic_mdspan layouts. Other types actually
represent algorithmic constraints: for instance, what entries of the matrix the algorithm is
allowed to access.

3. Thus, a C++ BLAS wrapper cannot overload on matrix "type" simply by overloading on
basic_mdspan specialization. The wrapper must use different function names, tags, or
some other way to decide what the matrix type is.

For more details, including a list and description of the matrix "types" that the dense BLAS
supports, see our paper "Evolving a Standard C++ Linear Algebra Library from the BLAS"
(P1674R0) lists the different matrix types.

A C++ linear algebra library has a few possibilities for distinguishing the matrix "type":

1. It could imitate the BLAS, by introducing different function names, if the layouts and
accessors do not sufficiently describe the arguments.

2. It could introduce a hierarchy of higher-level classes for representing linear algebra
objects, use basic_mdspan (or something like it) underneath, and write algorithms to
those higher-level classes.

3. It could use the layout and accessor types in basic_mdspan simply as tags to indicate
the matrix "type." Algorithms could specialize on those tags.

We have chosen Approach 1. Our view is that a BLAS-like interface should be as low-level as
possible. Approach 2 is more like a "Matlab in C++"; a library that implements this could build
on our proposal's lower-level library. Approach 3 sounds attractive. However, most BLAS matrix
"types" do not have a natural representation as layouts. Trying to hack them in would pollute
basic_mdspan -- a simple class meant to be easy for the compiler to optimize -- with extra
baggage for representing what amounts to sparse matrices. We think that BLAS matrix "type"
is better represented with a higher-level library that builds on our proposal.

Over- and underflow wording for vector 2-norm

SG6 recommended to us at Belfast 2019 to change the special overflow / underflow wording
for vector_norm2 to imitate the BLAS Standard more closely. The BLAS Standard does say
something about overflow and underflow for vector 2-norms. We reviewed this wording and
conclude that it is either a nonbinding quality of implementation (Qol) recommendation, or too
vaguely stated to translate directly into C++ Standard wording. Thus, we removed the special
overflow / underflow wording entirely.
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Previous versions of this paper asked implementations to compute vector 2-norms "without

undue overflow or underflow at intermediate stages of the computation." "Undue" imitates
existing C++ Standard wording for hypot. This wording hints at the stricter requirements in F.9
(normative, but optional) of the C Standard for math library functions like hypot, without
mandating those requirements. In particular, paragraph 9 of F.9 says:

Whether or when library functions raise an undeserved "underflow" floating-point
exception is unspecified. Otherwise, as implied by F.7.6, the <math.h> functions do not
raise spurious floating-point exceptions (detectable by the user) [including the
"overflow" exception discussed in paragraph 6], other than the "inexact" floating-point
exception.

However, these requirements are for math library functions like hypot, not for general
algorithms that return floating-point values. SG6 did not raise a concern that we should treat
vector_norm?2 like a math library function; their concern was that we imitate the BLAS
Standard's wording.

The BLAS Standard says of several operations, including vector 2-norm: "Here are the
exceptional routines where we ask for particularly careful implementations to avoid
unnecessary over/underflows, that could make the output unnecessarily inaccurate or
unreliable" (p. 35).

The BLAS Standard does not define phrases like "unnecessary over/underflows." The likely
intent is to avoid naive implementations that simply add up the squares of the vector elements.
These would overflow even if the norm in exact arithmetic is significantly less than the overflow
threshold. The POSIX Standard (IEEE Std 1003.1-2017) analogously says that hypot must "take
precautions against overflow during intermediate steps of the computation."

The phrase "precautions against overflow" is too vague for us to translate into a requirement.
The authors likely meant to exclude naive implementations, but not require implementations to
know whether a result computed in exact arithmetic would overflow or underflow. The latter is a
special case of computing floating-point sums exactly, which is costly for vectors of arbitrary
length. While it would be a useful feature, it is difficult enough that we do not want to require it,
especially since the BLAS Standard itself does not.

For all of the functions listed on p. 35 of the BLAS Standard as needing "particularly careful
implementations," except vector norm, the BLAS Standard has an "Advice to implementors"
section with extra accuracy requirements. The BLAS Standard does have an "Advice to
implementors" section for matrix norms (see Section 2.8.7, p. 69), which have similar over- and
underflow concerns as vector norms. However, the Standard merely states that "[h]igh-quality
implementations of these routines should be accurate" and should document their accuracy,
and gives examples of "accurate implementations" in LAPACK.

The BLAS Standard never defines what "Advice to implementors" means. However, the BLAS
Standard shares coauthors and audience with the Message Passing Interface (MPI) Standard,
which defines "Advice to implementors" as "primarily commentary to implementors" and
permissible to skip (see e.g., MPI 3.0, Section 2.1, p. 9). We thus interpret "Advice to
implementors" in the BLAS Standard as a nonbinding quality of implementation (Qol)
recommendation.
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Future work

Summary:

1. Generalize function parameters to take any type that implements the get_mdspan
customization point, including basic_mdarray.

2. Add batched linear algebra overloads.

Generalize function parameters

Our functions differ from the C++ Standard algorithms, in that they take a concrete type
basic_mdspan with template parameters, rather than any type that satisfies a concept. We
think that the template parameters of basic_mdspan fully describe the multidimensional
equivalent of a multipass iterator, and that "conceptification" of multidimensional arrays would
unnecessarily delay both this proposal and PO009 (the basic_mdspan proposal).

In a future proposal, we plan to generalize our function's template parameters, to permit any
type besides basic_mdspan that implements the get_mdspan customization point, as long as
the return value of get_mdspan satisfies the current requirements. get_mdspan will return a
basic_mdspan that views its argument's data.

basic_mdarray, proposed in P1684, is the container analog of basic_mdspan. It is a new
kind of container, with the same copy behavior as containers like vector. It has the same
extension points as basic_mdspan, and also has the ability to use any contiguous container
(see [container.requirements.general]) for storage. Contiguity matters because
basic_mdspan views a subset of a contiguous pointer range, and we want to be able to get a
basic_mdspan that views the basic_mdarray. basic_mdarray will come with support for
two different underlying containers: array and vector. A subspan (see PO009) of a
basic_mdarray will return a basic_mdspan with the appropriate layout and corresponding
accessor. Users must guard against dangling pointers, just as they currently must do when
using span to view a subset of a vector.

Previous versions of this proposal included function overloads that took basic_mdarray
directly. The goals were user convenience, and to avoid any potential overhead of conversion to
basic_mdspan, especially for very small matrices and vectors. In a future revision of P1684,
basic_mdarray will implement get_mdspan. This will let users use basic_mdarray directly
in our functions. This customization point approach would also simplify using our functions with
other matrix and vector types, such as those proposed by P1385. Implementations may
optionally add direct overloads of our functions for basic_mdarray or other types. This would
address any concerns about overhead of converting from basic_mdarray to basic_mdspan.

Batched linear algebra

We plan to write a separate proposal that will add "batched" versions of linear algebra
functions to this proposal. "Batched" linear algebra functions solve many independent
problems all at once, in a single function call. For discussion, see Section 6.2 of our
background paper P1417R0. Batched interfaces have the following advantages:

e They expose more parallelism and vectorization opportunities for many small linear

algebra operations.
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e They are useful for many different fields, including machine learning.

e Hardware vendors currently offer both hardware features and optimized software
libraries to support batched linear algebra.

e There is an ongoing interface standardization effort, in which we participate.

The basic_mdspan data structure makes it easy to represent a batch of linear algebra objects,
and to optimize their data layout.

With few exceptions, the extension of this proposal to support batched operations will not
require new functions or interface changes. Only the requirements on functions will change.
Output arguments can have an additional rank; if so, then the leftmost extent will refer to the
batch dimension. Input arguments may also have an additional rank to match; if they do not,
the function will use ("broadcast") the same input argument for all the output arguments in the
batch.

Data structures and utilities borrowed from other proposals
basic_mdspan

This proposal depends on POO09R9, which is a proposal for adding multidimensional arrays to
the C++ Standard Library. basic_mdspan is the main class in PO009. It is a "view" (in the
sense of span) of a multidimensional array. The rank (number of dimensions) is fixed at
compile time. Users may specify some dimensions at run time and others at compile time; the
type of the basic_mdspan expresses this. basic_mdspan also has two customization points:

e Layout expresses the array's memory layout: e.g., row-major (C++ style), column-major
(Fortran style), or strided. We use a custom Layout later in this paper to implement a
"transpose view" of an existing basic_mdspan.

e Accessor defines the storage handle (i.e., pointer) stored in the mdspan, as well as
the reference type returned by its access operator. This is an extension point for
modifying how access happens, for example by using atomic_ref to get atomic access
to every element. We use custom Accessors later in this paper to implement "scaled
views" and "conjugated views" of an existing basic_mdspan.

The basic_mdspan class has an alias mdspan that uses the default Layout and Accessor. In
this paper, when we refer to mdspan without other qualifiers, we mean the most general
basic_mdspan.

New basic_mdspan layouts in this proposal

Our proposal uses the layout mapping policy of basic_mdspan in order to represent different
matrix and vector data layouts. Layout mapping policies as described by POO0O9R9 have three
basic properties:

e Unique
e Contiguous
e Strided
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POO09R9 includes three different layouts -- layout_left, layout_right, and

layout_stride -- all of which are unique and strided. Only layout_left and
layout_right are contiguous.

This proposal includes the following additional layouts:

e layout_blas_general: Generalization of layout_left and layout_right;
describes layout used by General (GE) matrix "type"

e layout_blas_packed: Describes layout used by the BLAS' Symmetric Packed (SP),
Hermitian Packed (HP), and Triangular Packed (TP) "types"

These layouts have "tag" template parameters that control their properties; see below.

We do not include layouts for unpacked "types," such as Symmetric (SY), Hermitian (HE), and
Triangular (TR). P1674 explains our reasoning. In summary: Their actual layout -- the
arrangement of matrix elements in memory -- is the same as General. The only differences are
constraints on what entries of the matrix algorithms may access, and assumptions about the
matrix's mathematical properties. Trying to express those constraints or assumptions as
"layouts" or "accessors" violates the spirit (and sometimes the law) of basic_mdspan. We
address these different matrix types with different function names.

The packed matrix "types" do describe actual arrangements of matrix elements in memory that
are not the same as in General. This is why we provide layout_blas_packed. Note that
layout_blas_packed is the first addition to the layouts in POOO9R9 that is neither always
unique, nor always strided.

Algorithms cannot be written generically if they permit output arguments with nonunique
layouts. Nonunique output arguments require specialization of the algorithm to the layout,
since there's no way to know generically at compile time what indices map to the same matrix
element. Thus, we will impose the following rule: Any basic_mdspan output argument to our
functions must always have unigue layout (is_always_unique() is true), unless otherwise
specified.

Some of our functions explicitly require outputs with specific nonunique layouts. This includes
low-rank updates to symmetric or Hermitian matrices.
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Wording

Text in blockquotes is not proposed wording, but rather instructions for generating
proposed wording. The U character is used to denote a placeholder section number
which the editor shall determine. First, apply all wording from POOO9R9 (this proposal is
a "rebase" atop the changes proposed by POO09R9). At the end of Table U ("Numerics
library summary") in Yrumerics generalb add the following: [linalg], Linear algebra,
<linalg>. At the end of Yhumericsk add all the material that follows.

Header <linalg> synopsis [linalg.syn]

namespace std {
>0LQDOJ WDJV RUGHU@ VWRUDJH RUGHU WDJV
struct column_major_t;
inline constexpr column_major_t column_major;
struct row_major_t;
inline constexpr row_major_t row_major;

>0LQDOJ WDJV WULDQJOH@ WULDQJOH WDJV
struct upper_triangle_t;
inline constexpr upper_triangle_t upper_triangle;
struct lower_triangle_t;
inline constexpr lower_triangle_t lower_triangle;

>0LQDOJ WDJV GLDJRQDO@ GLDJRQDO WDJV
struct implicit_unit_diagonal_t;
inline constexpr implicit_unit_diagonal_t implicit_unit_diagonal;
struct explicit_diagonal_t;
inline constexpr explicit_diagonal_t explicit_diagonal;

>0LQDOJ OD\RXWYV JHQHUDO@ FODVV WHPSODWH OD\RX
template<class StorageOrder>
class layout_blas_general;

>0LQDOJ OD\RXWV SDFNHG@ FODVV WHPSODWH OD\RXW
template<class Triangle,
class StorageOrder>
class layout_blas_packed;

>0LQDOJ VFDOHG DFFHVVRUBVFDOHG@ FODVV WHPSOD\
template<class ScalingFactor,
class Accessor>
class accessor_scaled;

>0LQDOJ VFDOHG VFDOHGBYLHZ@ VFDOHG LQ SODFH WL
template<class ScalingFactor,
class ElementType,
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class Extents,
class Layout,
class Accessor>
/* see-below *x/
scaled_view(
const ScalingFactor& s,
const basic_mdspan<ElementType, Extents, Layout, Accessor>& a);

>0LQDOJ FRQM DFFHVVRUBFRQMXJDWH@ FODVV WHPSOI
DFFHVVRUBFRQMXJDWH
template<class Accessor>
class accessor_conjugate;

>0LQDOJ FRQM FRQMXJDWHBYLHZ@ FRQMXJDWHG LQ SO
template<class ElementType,
class Extents,
class Layout,
class Accessor>
/* see—below */
conjugate_view(
basic_mdspan<ElementType, Extents, Layout, Accessor> a);

>0LQDOJ WUDQVS OD\RXWBWUDQVSRVH@ FODVV WHPSO
template<class Layout>
class layout_transpose;

>O0LQDOJ WUDQVS WUDQVSRVHBYLHZ@ WUDQVSRVHG LQ
template<class ElementType,
class Extents,
class Layout,
class Accessor>
/* see-below *x/
transpose_view(
basic_mdspan<ElementType, Extents, Layout, Accessor> a);

>0LQDOJ FRQMBWUDQVS@
FROQMXJDWHG WUDQVSRVHG LQ SODFH WUDQVIRUPDWLRC(
template<class ElementType,
class Extents,
class Layout,
class Accessor>
/* see—below *x/
conjugate_transpose_view(
basic_mdspan<ElementType, Extents, Layout, Accessor> a);

>0LQDOJ DOJV EODV JLYHQV ODUWJ@ FRPSXWH *LYHQV
template<class Real>
void givens_rotation_setup(const Real a,
const Real b,
Real& c,
Real& s,
Real& r);
template<class Real>
void givens_rotation_setup(const complex<Real>& a,
const complex<Real>& a,
Real& c,
complex<Real>& s,
complex<Real>& r);
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>0LQDOJ DOJV EODV JLYHQV URW@ DSSO\ FRPSXWHG *
template<class inout_vector_1 t,
class inout_vector_2_t,
class Real>
void givens_rotation_apply(
inout_vector_1_t x,
inout_vector_2_t vy,
const Real c,
const Real s);
template<class ExecutionPolicy,
class inout_vector_1_t,
class inout_vector_2_t,
class Real>
void givens_rotation_apply(
ExecutionPolicy&& exec,
inout_vector_1_t x,
inout_vector_2_t vy,
const Real c,
const Real s);
template<class inout_vector_1_t,
class inout_vector 2 t,
class Real>
void givens_rotation_apply/(
inout_vector_1_t x,
inout_vector_2_t vy,
const Real c,
const complex<Real> s);
template<class ExecutionPolicy,
class inout_vector_ 1 t,
class inout_vector_2_t,
class Real>
void givens_rotation_apply(
ExecutionPolicy&& exec,
inout_vector_1_t x,
inout_vector_2_t vy,
const Real c,
const complex<Real> s);

>0LQDOJ DOJV EODV VZDS@ VZDS HOHPHQWYV
template<class inout_object_1_t,
class inout_object_2_t>
void linalg_swap(inout_object_1_t x,
inout_object_2_t y);
template<class ExecutionPolicy,
class inout_object_1_t,
class inout_object_2_t>
void linalg_swap(ExecutionPolicy&& exec,
inout_object_1_t x,
inout_object_2_t y);

>0LQDOJ DOJV EODV VFDO@ PXOWLSO\ HOHPHQWYV E\ V
template<class Scalar,
class inout_object_t>
void scale(const Scalar alpha,
inout_object_t obj);
template<class ExecutionPolicy,
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class Scalar,
class inout_object_t>
void scale(ExecutionPolicy&& exec,
const Scalar alpha,
inout_object_t obj);

>0LQDOJ DOJV EODV FRS\@ FRS\ HOHPHQWYV
template<class in_object_t,
class out_object_t>
void linalg_copy(in_object_t x,
out_object_t y);
template<class ExecutionPolicy,
class in_object_t,
class out_object_t>
void linalg_copy(ExecutionPolicy&& exec,
in_object_t x,
out_object_t y);

>0LQDOJ DOJVY EODVY DGG@ DGG HOHPHQWZLVH
template<class in_object 1 t,
class in_object_2_t,
class out_object_t>
void linalg_add(in_object_1_t x,
in_object_2_t vy,
out_object_t z);
template<class ExecutionPolicy,
class in_object_1_t,
class in_object_2_t,
class out_object_t>
void linalg_add(ExecutionPolicy&& exec,
in_object_1_t x,
in_object_2_t vy,
out_object_t z);

>0LQDOJ DOJV EODV GRW®@
GRW SURGXFW RI WZR YHFWRUV

>0LQDOJ DOJVY EODV GRW GRWX@
QRQFRQMXJDWHG GRW SURGXFW RI WZR YHFWRUYV
template<class in_vector_1 t,
class in_vector_2_t,
class T>
T dot(in_vector_1_t vi,
in_vector_2_ t v2,
T init);
template<class ExecutionPolicy,
class in_vector_1_t,
class in_vector_2_t,
class T>
T dot(ExecutionPolicy&& exec,
in_vector_1_t vil,
in_vector_2_ t v2,
T init);
template<class in_vector_1_t,
class in_vector_2_t>
auto dot(in_vector_1_t vi1,
in_vector_2_t v2);
template<class ExecutionPolicy,
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class in_vector_1_t,
class in_vector_2 t>
auto dot(ExecutionPolicy&& exec,
in_vector_1_t vi,
in_vector_2_t v2);

>0LQDOJ DOJV EODV GRW GRWF@
FRQMXJDWHG GRW SURGXFW RI WZR YHFWRUYV
template<class in_vector_1_t,
class in_vector_2 t,
class T>
T dotc(in_vector_1_t vi,
in_vector_2_t v2,
T init);
template<class ExecutionPolicy,
class in_vector_1_t,
class in_vector_2_t,
class T>
T dotc(ExecutionPolicy&& exec,
in_vector_1_t vi,
in_vector_2_t v2,
T init);
template<class in_vector_1 t,
class in_vector_2_t>
auto dotc(in_vector_1_t vi,
in_vector_2_t v2);
template<class ExecutionPolicy,
class in_vector_1_t,
class in_vector_2_t>
auto dotc(ExecutionPolicy&& exec,
in_vector_1_t vi,
in_vector_2_t v2);

>0LQDOJ DOJV EODV QUP @
(XFOLGHDQ QRUP RI D YHFWRU
template<class in_vector_t,
class T>
T vector_norm2(in_vector_t v,
T init);
template<class ExecutionPolicy,
class in_vector_t,
class T>
T vector_norm2(ExecutionPolicy&& exec,
in_vector_t v,
T init);
template<class in_vector_t>
auto vector_norm2(in_vector_t v);
template<class ExecutionPolicy,
class in_vector_t>
auto vector_norm2(ExecutionPolicy&& exec,
in_vector_t v);

>0LQDOJ DOJV EODV DVXP@
VXP RI DEVROXWH YDOXHV RI YHFWRU HOHPHQWYV
template<class in_vector_t,
class T>
T vector_abs_sum(in_vector_t v,
T init);
2020-01-12



Mark Hoemmen 25/125
template<class ExecutionPolicy,
class in_vector_t,
class T>
T vector_abs_sum(ExecutionPolicy&& exec,
in_vector_t v,
T init);
template<class in_vector_t>
auto vector_abs_sum(in_vector_t v);
template<class ExecutionPolicy,
class in_vector_t>
auto vector_abs_sum(ExecutionPolicy&& exec,
in_vector_t v);

>0LQDOJ DOJV EODV LDPD[@
LQGH[ RI PD[LPXP DEVROXWH YDOXH RI YHFWRU HOHPHQ
template<class in_vector_t>
ptrdiff_t idx_abs_max(in_vector_t v);
template<class ExecutionPolicy,
class in_vector_t>
ptrdiff_t idx_abs_max(ExecutionPolicy&& exec,
in_vector_t v);

>0LQDOJ DOJV EODV JHPY®@
JHQHUDO PDWUL[ YHFWRU SURGXFW
template<class in_vector_t,
class in_matrix_t,
class out_vector_t>
void matrix_vector_product(in_matrix_t A,
in_vector_t x,
out_vector_t y);
template<class ExecutionPolicy,
class in_vector_t,
class in_matrix_t,
class out_vector_t>
void matrix_vector_product(ExecutionPolicy&& exec,
in_matrix_t A,
in_vector_t x,
out_vector_t y);
template<class in_vector_1 ft,
class in_matrix_t,
class in_vector_2_t,
class out_vector_t>
void matrix_vector_product(in_matrix_t A,
in_vector_1_t x,
in_vector_2 t vy,
out_vector_t z);
template<class ExecutionPolicy,
class in_vector_1_t,
class in_matrix_t,
class in_vector_2 t,
class out_vector_t>
void matrix_vector_product(ExecutionPolicy&& exec,
in_matrix_t A,
in_vector_1 t x,
in_vector_2 t vy,
out_vector_t z);

>0LQDOJ DOJV EODV V\PY®@
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VI\PPHWULF PDWUL[ YHFWRU SURGXFW
template<class in_matrix_t,
class Triangle,
class in_vector_t,
class out_vector_t>
void symmetric_matrix_vector_product(in_matrix_t A,
Triangle t,
in_vector_t x,
out_vector_t vy);
template<class ExecutionPolicy,
class in_matrix_t,
class Triangle,
class in_vector_t,
class out_vector_t>
void symmetric_matrix_vector_product(ExecutionPolicy&& exec,
in_matrix_t A,
Triangle t,
in_vector_t x,
out_vector_t y);
template<class in_matrix_t,
class Triangle,
class in_vector_1_t,
class in_vector_2_t,
class out_vector_t>
void symmetric_matrix_vector_product (
in_matrix_t A,
Triangle t,
in_vector_1_t x,
in_vector_2_t vy,
out_vector_t z);

template<class ExecutionPolicy,
class in_matrix_t,
class Triangle,
class in_vector_1_t,
class in_vector_2_t,
class out_vector_t>
void symmetric_matrix_vector_product(
ExecutionPolicy&& exec,
in_matrix_t A,
Triangle t,
in_vector_1 t x,
in_vector_2_t vy,
out_vector_t z);

>0LQDOJ DOJV EODV KHPY@
+HUPLWLDQ PDWUL[ YHFWRU SURGXFW
template<class in_matrix_t,
class Triangle,
class in_vector_t,
class out_vector_t>
void hermitian_matrix_vector_product(in_matrix_t A,
Triangle t,
in_vector_t x,
out_vector_t y);
template<class ExecutionPolicy,
class in_matrix_t,
class Triangle,
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template<class
class
class
class
class

in_vector_t,
out_vector_t>

matrix_vector_product(ExecutionPolicy&& exec,

in_matrix_t,
Triangle,
in_vector_1 t,
in_vector_2_t,
out_vector_t>
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in_matrix_t A,
Triangle t,
in_vector_t x,

out_vector_t y);

void hermitian_matrix_vector_product(in_matrix_t A,
Triangle t,
in_vector_1_t x,
in_vector_2_t vy,
out_vector_t z);

template<class ExecutionPolicy,
class in_matrix_t,
class Triangle,
class in_vector_1_t,
class in_vector_2_t,
class out_vector_t>
void hermitian_matrix_vector_product(ExecutionPolicy&& exec,
in_matrix_t A,
Triangle t,
in_vector_1_t x,
in_vector_2_t vy,
out_vector_t z);

>0LQDOJ DOJV EODV WUPY@
7ULDQJXODU PDWUL[ YHFWRU SURGXFW

>0LQDOJ DOJV EODV WUPY RY®@
2YHUZULWLQJ WULDQJXODU PDWUL[ YHFWRU SURGXFW
template<class in_matrix_t,
class Triangle,
class DiagonalStorage,
class in_vector_t,
class out_vector_t>
void triangular_matrix_vector_product(
in_matrix_t A,
Triangle t,
DiagonalStorage d,
in_vector_t x,
out_vector_t y);
template<class ExecutionPolicy,
class in_matrix_t,
class Triangle,
class DiagonalStorage,
class in_vector_t,
class out_vector_t>
void triangular_matrix_vector_product(
ExecutionPolicy&& exec,
in_matrix_t A,
Triangle t,
DiagonalStorage d,
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in_vector_t x,
out_vector_t y);

>0LQDOJ DOJV EODV WUPY LQ SODFH@
,Q SODFH WULDQJXODU PDWUL[ YHFWRU SURGXFW
template<class in_matrix_t,
class Triangle,
class DiagonalStorage,
class inout_vector_t>
void triangular_matrix_vector_product(
in_matrix_t A,
Triangle t,
DiagonalStorage d,
inout_vector_t vy);

>0LQDOJ DOJV EODV WUPY XS@
8SGDWLQJ WULDQJXODU PDWUL[] YHFWRU SURGXFW
template<class in_matrix_t,
class Triangle,
class DiagonalStorage,
class in_vector_1_t,
class in_vector_2 t,
class out_vector_t>
void triangular_matrix_vector_product(in_matrix_t A,
Triangle t,
DiagonalStorage d,
in_vector_1_t x,
in_vector_2 t vy,
out_vector_t z);
template<class ExecutionPolicy,
class in_matrix_t,
class Triangle,
class DiagonalStorage,
class in_vector_1_t,
class in_vector_2_t,
class out_vector_t>
void triangular_matrix_vector_product(ExecutionPolicy&& exec,
in_matrix_t A,
Triangle t,
DiagonalStorage d,
in_vector_1_t x,
in_vector_2_t vy,
out_vector_t z);

>0LQDOJ DOJV EODV WUVY@
6ROYH D WULDQJXODU OLQHDU V\VWHP

>0LQDOJ DOJV EODV WUVY QRW LQ SODFH®@
6ROYH D WULDQJXODU OLQHDU VA\VWHP QRW LQ SODFH
template<class in_matrix_t,
class Triangle,
class DiagonalStorage,
class in_vector_t,
class out_vector_t>
void triangular_matrix_vector_solve(
in_matrix_t A,
Triangle t,
DiagonalStorage d,
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in_vector_t b,
out_vector_t x);
template<class ExecutionPolicy,
class in_matrix_t,
class Triangle,
class DiagonalStorage,
class in_vector_t,
class out_vector_t>
void triangular_matrix_vector_solve(
ExecutionPolicy&& exec,
in_matrix_t A,
Triangle t,
DiagonalStorage d,
in_vector_t b,
out_vector_t x);

>0LQDOJ DOJV EODV WUVY LQ SODFH@
6ROYH D WULDQJXODU OLQHDU V\VWHP LQ SODFH
template<class in_matrix_t,
class Triangle,
class DiagonalStorage,
class inout_vector_t>
void triangular_matrix_vector_solve(
in_matrix_t A,
Triangle t,
DiagonalStorage d,
inout_vector_t b);

>0LQDOJ DOJV EODV UDQN JHUX@
QRQFRQMXJDWHG UDQN PDWUL[ XSGDWH
template<class in_vector_1 t,
class in_vector_2_t,
class inout_matrix_t>
void matrix_rank_1_update(
in_vector_1_t x,
in_vector_2_t vy,
inout_matrix_t A);
template<class ExecutionPolicy,
class in_vector_1_t,
class in_vector_2_t,
class inout_matrix_t>
void matrix_rank_1_update(
ExecutionPolicy&& exec,
in_vector_1_t x,
in_vector_2_t vy,
inout_matrix_t A);

>0LQDOJ DOJV EODV UDQN JHUF@
FRQMXJDWHG UDQN PDWUL[ XSGDWH
template<class in_vector_1_t,
class in_vector_2_t,
class inout_matrix_t>
void matrix_rank_1_update_c(
in_vector_1 t x,
in_vector_2_t vy,
inout_matrix_t A);
template<class ExecutionPolicy,
class in_vector_1_t,
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class in_vector_2_t,
class inout_matrix_t>
void matrix_rank_1_update_c(

ExecutionPolicy&& exec,

in_vector_1_t x,

in_vector_2_t vy,

inout_matrix_t A);

>0LQDOJ DOJVY EODV UDQN V\U@
VI\PPHWULF UDQN PDWUL[ XSGDWH
template<class in_vector_t,
class inout_matrix_t,
class Triangle>
void symmetric_matrix_rank_1_update(
in_vector_t x,
inout_matrix_t A,
Triangle t);
template<class ExecutionPolicy,
class in_vector_t,
class inout_matrix_t,
class Triangle>
void symmetric_matrix_rank_1_update(
ExecutionPolicy&& exec,
in_vector_t X,
inout_matrix_t A,
Triangle t);
template<class T,
class in_vector_t,
class inout_matrix_t,
class Triangle>
void symmetric_matrix_rank_1_update(
T alpha,
in_vector_t x,
inout_matrix_t A,
Triangle t);
template<class ExecutionPolicy,
class T,
class in_vector_t,
class inout_matrix_t,
class Triangle>
void symmetric_matrix_rank_1_update(
ExecutionPolicy&& exec,
T alpha,
in_vector_t X,
inout_matrix_t A,
Triangle t);

>0LQDOJ DOJV EODV UDQN KHU®@
+HUPLWLDQ UDQN PDWUL[ XSGDWH
template<class in_vector_t,
class inout_matrix_t,
class Triangle>
void hermitian_matrix_rank_1_update(
in_vector_t x,
inout_matrix_t A,
Triangle t);
template<class ExecutionPolicy,
class in_vector_t,
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class inout_matrix_t,

class Triangle>

void hermitian_matrix_rank_1_update(
ExecutionPolicy&& exec,

in_vector_t x,

inout _matrix_

Triangle t);
template<class
class

class

class

void hermitian_|

T alpha,

t A,

T,

in_vector_t,
inout_matrix_t,
Triangle>
matrix_rank_1_update(

in_vector_t x,
inout_matrix_t A,

Triangle t);
template<class
class

class

class

ExecutionPolicy,
T,

in_vector_t,
inout_matrix_t,

class Triangle>
void hermitian_matrix_rank_1_update(
ExecutionPolicy&& exec,
T alpha,
in_vector_t x,
inout_matrix_t A,
Triangle t);

>0LQDOJ DOJV EODV UDQN V\U @
VI\PPHWULF UDQN PDWUL[ XSGDWH
template<class in_vector_1 t,
class in_vector_2_t,
class inout_matrix_t,
class Triangle>
void symmetric_matrix_rank_2_update(
in_vector_1_t x,
in_vector_2_t vy,
inout_matrix_t A,
Triangle t);
template<class
class

ExecutionPolicy,
in_vector_1_t,

class
class
class

void symmetric_|

in_vector_2 t,
inout_matrix_t,
Triangle>
matrix_rank_2_update(

ExecutionPolicy&& exec,
in_vector_1_t x,
in_vector_2_t vy,
inout_matrix_t A,
Triangle t);

>0LQDOJ DOJV EODV UDQN KHU @
+HUPLWLDQ UDQN PDWUL[ XSGDWH
template<class in_vector_1_t,
class in_vector_2_t,
class inout_matrix_t,
class Triangle>
void hermitian_matrix_rank_2_update(
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in_vector_1_t x,
in_vector_2_t vy,
inout_matrix_t A,
Triangle t);
template<class ExecutionPolicy,
class in_vector_1_t,
class in_vector_2_t,
class inout_matrix_t,
class Triangle>
void hermitian_matrix_rank_2_update(
ExecutionPolicy&& exec,
in_vector_1_t x,
in_vector_2_t vy,
inout_matrix_t A,
Triangle t);

>0LQDOJ DOJV EODV JHPP@
JHQHUDO PDWUL[ PDWUL[ SURGXFW
template<class in_matrix_ 1 ft,
class in_matrix_2_t,
class out_matrix_t>
void matrix_product(in_matrix_1_t A,
in_matrix_2_t B,
out_matrix_t C);
template<class ExecutionPolicy,
class in_matrix_1_t,
class in_matrix_2_t,
class out_matrix_t>
void matrix_product(ExecutionPolicy&& exec,
in_matrix_ 1 t A,
in_matrix_2_t B,
out_matrix_t C);
template<class in_matrix_1_t,
class in_matrix_2_t,
class in_matrix_3_t,
class out_matrix_t>
void matrix_product(in_matrix_1_t A,
in_matrix_2 t B,
in_matrix_3_t E
out_matrix_t C)
template<class ExecutionPolicy,
class in_matrix_1_t,
class in_matrix_2_t,
class in_matrix_3_t,
class out_matrix_t>
void matrix_product(ExecutionPolicy&& exec,
in_matrix_1_t A,
in_matrix_2_t B,
in_matrix_3_t E,
out_matrix_t C);

’

’

>0LQDOJ DOJV EODV V\PP@
V\PPHWULF PDWUL[ PDWUL[ SURGXFW

>0LQDOJ DOJV EODV V\PP RY OHIW®@
RYHUZULWLQJ V\PPHWULF PDWUL[ PDWUL[ OHIW SURGXF'
template<class in_matrix_1_t,
class Triangle,
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class in_matrix_2_t,
class out_matrix_t>
void symmetric_matrix_left_product(
in_matrix_1_t A,
Triangle t,
in_matrix 2 t B,
out_matrix_t C);
template<class ExecutionPolicy,
class in_matrix_1_t,
class Triangle,
class in_matrix_2_t,
class out_matrix_t>
void symmetric_matrix_left_product(
ExecutionPolicy&& exec,
in_matrix_1_t A,
Triangle t,
in_matrix_2_t B,
out_matrix_t C);

>0LQDOJ DOJV EODV V\PP RY ULJKW®@
RYHUzZULWLQJ V\PPHWULF PDWUL[ PDWUL[ ULJKW SURGX
template<class in_matrix_1_t,
class Triangle,
class in_matrix_2_t,
class out_matrix_t>
void symmetric_matrix_right_product(
in_matrix_1_t A,
Triangle t,
in_matrix_2_t B,
out_matrix_t C);
template<class ExecutionPolicy,
class in_matrix_1_t,
class Triangle,
class in_matrix_2_t,
class out_matrix_t>
void symmetric_matrix_right_product(
ExecutionPolicy&& exec,
in_matrix_ 1 t A,
Triangle t,
in_matrix_2_t B,
out_matrix_t C);

>0LQDOJ DOJV EODV V\PP XS OHIW@
XSGDWLQJ V\PPHWULF PDWUL[ PDWUL[ OHIW SURGXFW

template<class
class
class
class
class

void symmetric_|

in_matrix_1_t,
Triangle,
in_matrix_2_t,
in_matrix_3_t,
out_matrix_t>
matrix_left_product(

in_matrix_1_t A,

Triangle t,

in_matrix_2_t B,
in_matrix 3 t E,

out_matrix_t
template<class
class

class

C);
ExecutionPolicy,
in_matrix_1_t,
Triangle,
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class in_matrix_2_t,
class in_matrix_3_t,
class out_matrix_t>
void symmetric_matrix_left_product(
ExecutionPolicy&& exec,
in_matrix_ 1 t A,
Triangle t,
in_matrix_2_t B,
in_matrix_3_t E,
out_matrix_t C);

>0LQDOJ DOJV EODV V\PP XS ULJKW@
XSGDWLQJ VI\IPPHWULF PDWUL[ PDWUL[ ULJKW SURGXFW

template<class
class
class
class

in_matrix_1 t,
Triangle,

in_matrix_2_t,
in_matrix_3_t,

class out_matrix_t>
void symmetric_matrix_right_product(
in_matrix_1_t A,
Triangle t,
in_matrix 2 t B,
in_matrix_3_t E,
out_matrix_t C);
template<class ExecutionPolicy,
class in_matrix_1_t,
class Triangle,
class in_matrix_2_t,
class in_matrix_3_t,
class out_matrix_t>
void symmetric_matrix_right_product(
ExecutionPolicy&& exec,
in_matrix_1_t A,
Triangle t,
in_matrix_2_t B,
in_matrix_3_t E,
out_matrix_t C);

>0LQDOJ DOJV EODV KHPP@
+HUPLWLDQ PDWUL[ PDWUL[ SURGXFW

>0LQDOJ DOJV EODV KHPP RY OHIW®@
RYHUZULWLQJ +HUPLWLDQ PDWUL[ PDWUL[ OHIW SURGXF
template<class in_matrix_ 1 t,
class Triangle,
class in_matrix_2_t,
class out_matrix_t>
void hermitian_matrix_left_product(
in_matrix_1_t A,
Triangle t,
in_matrix_2_t B,
out_matrix_t C);
template<class ExecutionPolicy,
class in_matrix_1_t,
class Triangle,
class in_matrix_2_t,
class out_matrix_t>
void hermitian_matrix_left_product(
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ExecutionPolicy&& exec,

in_matrix_ 1 t A,

Triangle t,

in_matrix_2_t B,

out_matrix_t C);

>0LQDOJ DOJV EODV KHPP RY ULJKW®@
RYHUZULWLQJ +HUPLWLDQ PDWUL[ PDWUL[ ULJKW SURGX
template<class in_matrix_1_t,
class Triangle,
class in_matrix_2_t,
class out_matrix_t>
void hermitian_matrix_right_product(
in_matrix_ 1 t A,
Triangle t,
in_matrix_2_t B,
out_matrix_t C);
template<class ExecutionPolicy,
class in_matrix_1_t,
class Triangle,
class in_matrix_2_t,
class out_matrix_t>
void hermitian_matrix_right_product(
ExecutionPolicy&& exec,
in_matrix_1_t A,
Triangle t,
in_matrix_2_t B,
out_matrix_t C);

>0LQDOJ DOJV EODV KHPP XS OHIW®@
XSGDWLQJ +HUPLWLDQ PDWUL[ PDWUL[ OHIW SURGXFW

template<class
class
class
class

in_matrix_1_t,
Triangle,

in_matrix_ 2 t,
in_matrix_3_t,

class out_matrix_t>
void hermitian_matrix_left_product(
in_matrix_ 1 t A,
Triangle t,
in_matrix_2_t B,
in_matrix_3_t E,
out_matrix_t C);
template<class ExecutionPolicy,
class in_matrix_1_t,
class Triangle,
class in_matrix_2_t,
class in_matrix_3_t,
class out_matrix_t>
void hermitian_matrix_left_product(
ExecutionPolicy&& exec,
in_matrix_1_t A,
Triangle t,
in_matrix_2_t B,
in_matrix 3 t E,
out_matrix_t C);

>0LQDOJ DOJV EODV KHPP XS ULJKW@
XSGDWLQJ +HUPLWLDQ PDWUL[ PDWUL[ ULJKW SURGXFW
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template<class
class
class

class

in_matrix_1_t,
Triangle,
in_matrix_2_t,
in_matrix_3_t,
class out_matrix_t>
void hermitian_matrix_right_product(
in_matrix_1_t A,
Triangle t,
in_matrix_2_t B,
in_matrix 3 t E,
out_matrix_t C);
template<class ExecutionPolicy,
class in_matrix_1_t,
class Triangle,
class in_matrix_2_t,
class in_matrix_3_t,
class out_matrix_t>
void hermitian_matrix_right_product(
ExecutionPolicy&& exec,
in_matrix_1_t A,
Triangle t,
in_matrix 2 t B,
in_matrix_3_t E,
out_matrix_t C);

>0LQDOJ DOJV EODV WUPP@
WULDQJXODU PDWUL[ PDWUL[ SURGXFW

>0LQDOJ DOJV EODV WUPP RY OHIW®@
RYHUZULWLQJ WULDQJXODU PDWUL[ PDWUL[ OHIW SURG>
template<class in_matrix_ 1 t,
class Triangle,

class
class
class

DiagonalStorage,
in_matrix_ 2 t,
out_matrix_t>

void triangular_matrix_left_product(

in_matrix_1_t A,
Triangle t,
DiagonalStorage d,
in_matrix_2_t B,

out_matrix_t
template<class
class

class

class

class

class

C);
ExecutionPolicy,
in_matrix_1_t,
Triangle,
DiagonalStorage,
in_matrix_ 2 t,
out_matrix_t>

void triangular_matrix_left_product(
ExecutionPolicy&& exec,
in_matrix_ 1 t A,

Triangle t,

DiagonalStorage d,
in_matrix_2_t B,

out_matrix_t
template<class
class

class

class

CQ);
in_matrix_1_t,
Triangle,
DiagonalStorage,
inout_matrix_t>
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void triangular_matrix_left_product(
in_matrix_ 1 t A,
Triangle t,
DiagonalStorage d,
inout_matrix_t C);

>0LQDOJ DOJV EODV WUPP RY ULJKW®@
RYHUZULWLQJ WULDQJXODU PDWUL[ PDWUL[ ULJKW SURC
template<class in_matrix_1_t,
class Triangle,
class DiagonalStorage,
class in_matrix_2_t,
class out_matrix_t>
void triangular_matrix_right_product(
in_matrix_1_t A,
Triangle t,
DiagonalStorage d,
in_matrix 2 t B,
out_matrix_t C);
template<class ExecutionPolicy,
class in_matrix_1_t,
class Triangle,
class DiagonalStorage,
class in_matrix_2_t,
class out_matrix_t>
void triangular_matrix_right_product(
ExecutionPolicy&& exec,
in_matrix_1_t A,
Triangle t,
DiagonalStorage d,
in_matrix_2_t B,
out_matrix_t C);
template<class in_matrix_1_t,
class Triangle,
class DiagonalStorage,
class inout_matrix_t>
void triangular_matrix_right_product(
in_matrix_ 1 t A,
Triangle t,
DiagonalStorage d,
inout_matrix_t C);

>0LQDOJ DOJVY EODV WUPP XS OHIW@
XSGDWLQJ WULDQJXODU PDWUL[ PDWUL[ OHIW SURGXFW
template<class in_matrix_1_t,
class Triangle,
class DiagonalStorage,
class in_matrix_2_t,
class in_matrix_3_t,
class out_matrix_t>
void triangular_matrix_left_product(
in_matrix_1_t A,
Triangle t,
DiagonalStorage d,
in_matrix_2_t B,
in_matrix_3_t E,
out_matrix_t C);
template<class ExecutionPolicy,
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class in_matrix_1_t,
class Triangle,
class DiagonalStorage,
class in_matrix_2_t,
class in_matrix_3_t,
class out_matrix_t>
void triangular_matrix_left_product(

ExecutionPolicy&& exec,

in_matrix_1_t A,

Triangle t,

DiagonalStorage d,

in_matrix_2_t B,

in_matrix_3_t E,

out_matrix_t C);

>0LQDOJ DOJV EODV WUPP XS ULJKW®@
XSGDWLQJ WULDQJXODU PDWUL[ PDWUL[ ULJKW SURGXF\
template<class in_matrix_1_t,
class Triangle,
class DiagonalStorage,
class in_matrix_2_t,
class in_matrix_3_t,
class out_matrix_t>
void triangular_matrix_right_product(
in_matrix_1_t A,
Triangle t,
DiagonalStorage d,
in_matrix_2_t B,
in_matrix_3_t E,
out_matrix_t C);
template<class ExecutionPolicy,
class in_matrix_1_t,
class Triangle,
class DiagonalStorage,
class in_matrix_2_t,
class in_matrix_3_t,
class out_matrix_t>
void triangular_matrix_right_product(
ExecutionPolicy&& exec,
in_matrix_1_t A,
Triangle t,
DiagonalStorage d,
in_matrix_2_t B,
in_matrix_3_t E,
out_matrix_t C);

>0LQDOJ DOJ EODV UDQN N VI\UN@
UDQN N V\PPHWULF PDWUL[ XSGDWH
template<class in_matrix_1_t,
class inout_matrix_t,
class Triangle>
void symmetric_matrix_rank_k_update(
in_matrix_1_t A,
inout_matrix_t C,
Triangle t);
template<class ExecutionPolicy,
class in_matrix_1_t,
class inout_matrix_t,
2020-01-12



Mark Hoemmen 39/125
class Triangle>

void symmetric_matrix_rank_k_update(

ExecutionPolicy&& exec,
in_matrix_1_t A,
inout_matrix_t C,

Triangle t);

template<class

class

class

class

void symmetric
T alpha,

T,
in_matrix_1_t,
inout_matrix_t,
Triangle>

_matrix_rank_k_update(

in_matrix_1_t A,
inout_matrix_t C,

Triangle t);
template<class
class

class

class

class

void symmetric_|

T,

ExecutionPolicy,
in_matrix_1 t,
inout_matrix_t,
Triangle>
matrix_rank_k_update(

ExecutionPolicy&& exec,

T alpha,

in_matrix_1_t A,
inout_matrix_t C,

Triangle t);

>0LQDOJ DOJ EODV UDQN N KHUN@
UDQN N +HUPLWLDQ PDWUL[ XSGDWH
template<class in_matrix_1_t,
class inout_matrix_t,
class Triangle>
void hermitian_matrix_rank_k_update(

in_matrix_ 1 t A,
inout_matrix_t C,

Triangle t);
template<class
class

class

class

void hermitian

ExecutionPolicy,
in_matrix_1 t,
inout_matrix_t,
Triangle>
matrix_rank_k_update(

ExecutionPolEcy&& exec,
in_matrix_1_t A,

inout_matrix_

Triangle t);
template<class
class

class

class

void hermitian_|

T alpha,

t C,

T,

in_matrix_1_t,
inout_matrix_t,
Triangle>
matrix_rank_k_update(

in_matrix_1_t A,

inout_matrix_

Triangle t);
template<class
class

class

class

(o

ExecutionPolicy,
T,
in_matrix_1_t,
inout_matrix_t,
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class Triangle>
void hermitian_matrix_rank_k_update(
ExecutionPolicy&& exec,
T alpha,
in_matrix_1_t A,
inout_matrix_t C,
Triangle t);

>0LQDOJ DOJ EODV UDQN N VMU N@
UDQN N VA\PPHWULF PDWUL[ XSGDWH
template<class in_matrix_ 1 t,
class in_matrix_2_t,
class inout_matrix_t,
class Triangle>
void symmetric_matrix_rank_2k_update(
in_matrix_1_t A,
in_matrix_2_t B,
inout_matrix_t C,
Triangle t);
template<class
class
class
class

ExecutionPolicy,
in_matrix_1_t,
in_matrix_ 2 t,
inout_matrix_t,
class Triangle>
void symmetric_matrix_rank_2k_update(
ExecutionPolicy&& exec,
in_matrix_1_t A,
in_matrix_2_t B,
inout_matrix_t C,
Triangle t);

>0LQDOJ DOJ EODV UDQN N KHU N@
UDQN N +HUPLWLDQ PDWUL[ XSGDWH
template<class in_matrix_1_t,
class in_matrix_2_t,
class inout_matrix_t,
class Triangle>
void hermitian_matrix_rank_2k_update(
in_matrix_1_t A,
in_matrix_2_t B,
inout_matrix_t C,
Triangle t);

template<class ExecutionPolicy,

class
class
class
class

void hermitian_|

in_matrix_1_t,
in_matrix_2_t,
inout_matrix_t,
Triangle>

ExecutionPolicy&& exec,
in_matrix_ 1 t A,
in_matrix_2_t B,
inout_matrix_t C,

Triangle t);

matrix_rank_2k_update(

>0LQDOJ DOJ EODV WUVP@

VROYH PXOWLSOH WULDQJXODU OLQHDU V\VWHPYV

>0LQDOJ DOJ EODV WUVP OHIW@
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VROYH PXOWLSOH WULDQJXODU OLQHDU V\VWHPV
ZLWK WULDQJXODU PDWUL[ RQ WKH OHIW

template<class in_matrix_ 1 t,

class Triangle,

class DiagonalStorage,
class in_matrix_2_t,
class out_matrix_t>

void triangular_matrix_matrix_left_solve(
in_matrix_1_t A,

Triangle t,

DiagonalStorage d,

in_matrix_2_t B,

out_matrix_t X);

template<class ExecutionPolicy,

class in_matrix_1_t,
class Triangle,
class DiagonalStorage,
class in_matrix_2_t,
class out_matrix_t>

void triangular_matrix_matrix_left_solve(
ExecutionPolicy&& exec,
in_matrix_ 1 t A,

Triangle t,
DiagonalStorage d,
in_matrix_2_t B,
out_matrix_t X);

template<class in_matrix_ 1 t,

class Triangle,
class DiagonalStorage,
class inout_matrix_t>

void triangular_matrix_matrix_left_solve(

in_matrix_1_t A,
Triangle t,
DiagonalStorage d,
inout_matrix_t B);

>0LQDOJ DOJ EODV WUVP ULJKW@
VROYH PXOWLSOH WULDQJXODU OLQHDU V\VWHPV
ZLWK WULDQJXODU PDWUL[ RQ WKH ULJKW
template<class in_matrix_ 1 t,
class Triangle,

class
class
class

DiagonalStorage,
in_matrix_2_t,
out_matrix_t>

void triangular_matrix_matrix_right_solve(
in_matrix_ 1 t A,
Triangle t,
DiagonalStorage d,
in_matrix_2_t B,

out_matrix_t
template<class
class

class

class

class

class

X);
ExecutionPolicy,
in_matrix_1_t,
Triangle,
DiagonalStorage,
in_matrix_2_t,
out_matrix_t>

void triangular_matrix_matrix_right_solve(
ExecutionPolicy&& exec,
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in_matrix_t A,
Triangle t,
DiagonalStorage d,
in_matrix_t B,
out_matrix_t X);
template<class in_matrix_1_t,
class Triangle,
class DiagonalStorage,
class inout_matrix_t>
void triangular_matrix_matrix_right_solve(
in_matrix 1 t A,
Triangle t,
DiagonalStorage d,
inout_matrix_t B);

Tag classes [linalg.tags]

torage order tags [linalg.tags.order]
struct column_major_t { };
inline constexpr column_major_t column_major = { };

struct row_major_t { };
inline constexpr row_major_t row_major = { };

column_major_t indicates a column-major order, and row_major_t indicates a row-major
order. The interpretation of each depends on the specific layout that uses the tag. See
layout_blas_general and layout_blas_packed below.

riangle tags [linalg.tags.triangle]

Some linear algebra algorithms distinguish between the "upper triangle," "lower triangle," and
"diagonal" of a matrix.

e The upper triangle of a matrix A is the set of all elements of A accessed by A(i,j) with i
>=J.

e The lower triangle of A is the set of all elements of A accessed by A(1i,j) with i <= j.
e The diagonal is the set of all elements of A accessed by A(1i,1). Itisincluded in both the

upper triangle and the lower triangle.

struct upper_triangle_t { };

inline constexpr upper_triangle_t upper_triangle = { };
struct lower_triangle_t { };
inline constexpr lower_triangle_t lower_triangle = { };

These tag classes specify whether algorithms and other users of a matrix (represented as a
basic_mdspan) should access the upper triangle (upper_triangular_t) or lower triangle
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(Llower_triangular_t) of the matrix. This is also subject to the restrictions of

implicit_unit_diagonal_t if that tag is also applied; see below.

Diagonal tags [linalg.tags.diagonal]

struct implicit_unit_diagonal_t { };
inline constexpr implicit_unit_diagonal_t
implicit_unit_diagonal = { };

struct explicit_diagonal_t { };

inline constexpr explicit_diagonal_t explicit_diagonal = { };

These tag classes specify what algorithms and other users of a matrix should assume about
the diagonal entries of the matrix, and whether algorithms and users of the matrix should
access those diagonal entries explicitly.

The implicit_unit_diagonall_t tag indicates two things:
¢ the function will never access the i, i element of the matrix, and
e the matrix has a diagonal of ones (a "unit diagonal").

The tag explicit_diagonall_t indicates that algorithms and other users of the viewer may
access the matrix's diagonal entries directly.

Layouts for general and packed matrix types [linalg.layouts]

OD\RXWBE ODV B [lihalgildyoats.general]

layout_blas_generalis abasic_mdspan layout mapping policy. Its StorageOrder
template parameter determines whether the matrix's data layout is column major or row major.

layout_blas_general<column_major_t> represents a column-major matrix layout, where
the stride between consecutive rows is always one, and the stride between consecutive
columns may be greater than or equal to the number of rows. Wote This is a generalization of
layout_left. --end noteb

layout_blas_general<row_major_t> represents a row-major matrix layout, where the
stride between consecutive rows may be greater than or equal to the number of columns, and
the stride between consecutive columns is always one. Wote This is a generalization of
layout_right. --end noteb

Wote

layout_blas_general represents exactly the data layout assumed by the General (GE)
matrix type in the BLAS' C binding. It has two advantages:

1. Unlike layout_left and layout_right, any "submatrix" (subspan of consecutive rows
and consecutive columns) of a matrix with layout_blas_general<StorageOrder>
layout also has layout_blas_general<StorageOrder> layout.
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2. Unlike layout_stride, it always has compile-time unit stride in one of the matrix's two
extents.

BLAS functions call the possibly nonunit stride of the matrix the "leading dimension" of that
matrix. For example, a BLAS function argument corresponding to the leading dimension of the
matrix A is called LDA, for "leading dimension of the matrix A."

--end noteb

template<class StorageOrder>
class layout_blas_general {
public:
template<class Extents>
struct mapping {
private:
Extents extents_; H[SRVLWLRQ RQO\
const typename Extents::index_type stride_{}; H[SRVLWLRQ R(

public:
constexpr mapping(const Extents& e,
const typename Extents::index_type s);

template<class OtherExtents>
constexpr mapping(const mapping<OtherExtents>& e) noexcept;

typename Extents::index_type
operator() (typename Extents::index_type i,
typename Extents::index_type j) const;

constexpr typename Extents::index_type
required_span_size() const noexcept;

typename Extents::index_type
stride(typename Extents::index_type r) const noexcept;

template<class OtherExtents>
bool operator==(const mapping<OtherExtents>& m) const noexcept;

template<class OtherExtents>
bool operator!=(const mapping<OtherExtents>& m) const noexcept;

Extents extents() const noexcept;

static constexpr bool is_always_unique();
static constexpr bool is_always_contiguous();
static constexpr bool is_always_strided();

constexpr bool is_unique() const noexcept;
constexpr bool is_contiguous() const noexcept;
constexpr bool is_strided() const noexcept;
b
b

e Constraints
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o StorageOrder is either column_major_t or row_major_t.

o Extents is a specialization of extents.

o Extents::rank() equals 2.

constexpr mapping(const Extents& e,
const typename Extents::index_type s);

e equires

o If StorageOrderis column_major_t, then s is greater than or equal to
e.extent(0). Otherwise, if StorageOrder is row_major_t, then s is greater
than or equal to e.extent(1).

e FEffects Initializes extents_ with e, and initializes stride_ with s.
Wote

The BLAS Standard requires that the stride be one if the corresponding matrix dimension is
zero. We do not impose this requirement here, because it is specific to the BLAS. if an
implementation dispatches to a BLAS function, then the implementation must impose the
requirement at run time.

--end noteb

template<class OtherExtents>
constexpr mapping(const mapping<OtherExtents>& e) noexcept;

e Constraints
o OtherExtents is a specialization of extents.
o OtherExtents::rank() equals 2.

e FEffects Initializes extents_ with m.extents_, and initializes stride_ withm.stride_.

typename Extents::index_type
operator() (typename Extents::index_type i,
typename Extents::index_type j) const;

e equires
o 0=i<extent(0),and
o 0=j<extent(1).
e eturns
o If StorageOrderis column_major_t,theni + stride(1)xj;

o else, if StorageOrderis row_major_t, then stride(0)*i + j.
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template<class OtherExtents>
bool operator==(const mapping<OtherExtents>& m) const;

e Constraints OtherExtents::rank() equals rank().

e eturns trueifandonlyif for0 = r < rank(), m.extent(r) equals extent(r) and
m.stride(r) equals stride(r).

template<class OtherExtents>
bool operator!=(const mapping<OtherExtents>& m) const;

e Constraints OtherExtents::rank() equals rank().

e eturns * eturns true if and only if there exists r with 0 = r < rank() such that
m.extent(r) does not equal extent(r) orm.stride(r) does not equal stride(r).

typename Extents::index_type
stride(typename Extents::index_type r) const noexcept;

e eturns
o If StorageOrderis column_major_t, stride_if r equals 1, else 1;

o else, if StorageOrderis row_major_t, stride_ if r equals O, else 1.

constexpr typename Extents::index_type
required_span_size() const noexcept;

e eturns stride(@)xstride(1).

Extents extents() const noexcept;

e FEffects Equivalentto return extents_;.

static constexpr bool is_always_unique();

e eturns true.

static constexpr bool is_always_contiguous();

e eturns false.

static constexpr bool is_always_strided();

e eturns true.
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constexpr bool is_unique() const noexcept;

e eturns true.

constexpr bool is_contiguous() const noexcept;

e eturns

o If StorageOrderis column_major_t, then trueif stride(1) equals
extent(0), else false;

o else, if StorageOrderis row_major_t, then trueif stride(0) equals
extent(1), else false.

constexpr bool is_strided() const noexcept;

e eturns true.
OD\RXWBE O DV Hlinalg Nayidgbits.packed]

layout_blas_packed is a basic_mdspan layout mapping policy that represents a square
matrix that stores only the entries in one triangle, in a packed contiguous format. Its Triangle
template parameter determines whether an basic_mdspan with this layout stores the upper or
lower triangle of the matrix. Its StorageOrder template parameter determines whether the
layout packs the matrix's elements in column-major or row-major order.

A StorageOrder of column_major_t indicates column-major ordering. This packs matrix
elements starting with the leftmost (least column index) column, and proceeding column by
column, from the top entry (least row index).

A StorageOrder of row_major_t indicates row-major ordering. This packs matrix elements
starting with the topmost (least row index) row, and proceeding row by row, from the leftmost
(least column index) entry.

Wote

layout_blas_packed describes the data layout used by the BLAS' Symmetric Packed (SP),
Hermitian Packed (HP), and Triangular Packed (TP) matrix types.

If transpose_view's input has layout layout_blas_packed, the return type also has layout
layout_blas_packed, but with opposite Triangle and StorageOrder. For example, the
transpose of a packed column-major upper triangle, is a packed row-major lower triangle.

--end noteb

template<class Triangle,

class StorageOrder>
class layout_blas_packed {
public:

2020-01-12



Mark Hoemmen 48/125
template<class Extents>
struct mapping {
private:
Extents extents_; HISRVLWLRQ RQO\

public:
constexpr mapping(const Extents& e);

template<class OtherExtents>
constexpr mapping(const mapping<OtherExtents>& e) noexcept;

typename Extents::index_type
operator() (typename Extents::index_type i,
typename Extents::index_type j) const;

template<class OtherExtents>
bool operator==(const mapping<OtherExtents>& m) const noexcept;

template<class OtherExtents>
bool operator!=(const mapping<OtherExtents>& m) const noexcept;

constexpr typename Extents::index_type
stride(typename Extents::index_type r) const noexcept;

constexpr typename Extents::index_type
required_span_size() const noexcept;

constexpr Extents extents() const noexcept;
static constexpr bool is_always_unique();
static constexpr bool is_always_contiguous();
static constexpr bool is_always_strided();
constexpr bool is_unique() const noexcept;
constexpr bool is_contiguous() const noexcept;
constexpr bool is_strided() const noexcept;
5
e Constraints
o Triangleis either upper_triangle_t or lower_triangle_t.
o StorageOrder is either column_major_t or row_major_t.

o Extents is a specialization of extents.

o Extents::rank() equals 2.

constexpr mapping(const Extents& e);

e equires e.extent(0) equals e.extent(1).

o FEffects Initializes extents_ with e.
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template<class OtherExtents>
constexpr mapping(const mapping<OtherExtents>& e);

e Constraints
o OtherExtents is a specialization of extents.
o OtherExtents::rank() equals 2.

o FEffects Initializes extents_ with e.

typename Extents::index_type
operator() (typename Extents::index_type i,
typename Extents::index_type j) const;

e equires
o 0=1i<extent(0),and
o 0=j<extent(1).
e eturns LetN equal extent(0). Then:
o If StorageOrderis column_major_t and

» if Triangleisupper_triangle_t,theni + j(j+1)/2ifi>=j,elsej +
i(i+1)/2;

» else, if Triangleis lower_triangle_t,theni + Nj - j(j+1)/2if i
<=7j,elsej + Ni - i(i+1)/2;

o else, if StorageOrderis row_major_t and

» if Triangleis upper_triangle_t,thenj + Ni - i(i+1)/2if j <=1,
elsei + Nj - j(j+1)/2;

= else, if Triangleis lower_triangle_t,thenj + i(i+1)/2if ] >=1,
elsei + j(j+1)/2.

template<class OtherExtents>
bool operator==(const mapping<OtherExtents>& m) const;

e Constraints OtherExtents::rank() equals rank().

e eturns trueifandonlyif for0 = r < rank(), m.extent(r) equals extent(r).

template<class OtherExtents>
bool operator!=(const mapping<OtherExtents>& m) const;

e Constraints OtherExtents::rank() equals rank().
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e eturns true if and only if there exists r with 0 = r < rank() such that m.extent(r)

does not equal extent(r).

constexpr typename Extents::index_type
stride(typename Extents::index_type r) const noexcept;

e eturns 1if extent(0) isless than 2, else 0.

constexpr typename Extents::index_type
required_span_size() const noexcept;

e eturns extent(0)x(extent(0) - 1)/2.

constexpr Extents extents() const noexcept;

e FEffects Equivalentto return extents_;.

static constexpr bool is_always_unique();

e eturns false.

static constexpr bool is_always_contiguous();

e eturns true.

static constexpr bool is_always_strided();

e eturns false.

constexpr bool is_unique() const noexcept;

e eturns trueif extent(0) isless than 2, else false.

constexpr bool is_contiguous() const noexcept;

e eturns true.

constexpr bool is strided() const noexcept;

e eturns trueif extent(0) is less than 2, else false.

Scaled in-place transformation [linalg.scaled]
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The scaled_view function takes a value alpha and a basic_mdspan X, and returns a new
read-only basic_mdspan with the same domain as x, that represents the elementwise product
of alpha with each element of x.

[Example

] DOSKD [ \

void z_equals_alpha_times_x_plus_y(
mdspan<double, extents<dynamic_extent>> z,
const double alpha,
mdspan<double, extents<dynamic_extent>> x,
mdspan<double, extents<dynamic_extent>> y)

linalg_add(scaled_view(alpha, x), vy, Yy);

Z DOSKD [ EHWD \

void w_equals_alpha_times_x_plus_beta_times_y/(
mdspan<double, extents<dynamic_extent>> w,
const double alpha,
mdspan<double, extents<dynamic_extent>> x,
const double beta,
mdspan<double, extents<dynamic_extent>> y)

linalg_add(scaled_view(alpha, x), scaled_view(beta, y), w);

--end example]
Wote

An implementation could dispatch to a function in the BLAS library, by noticing that the first
argument has an accessor_scaled Accessor type. It could use this information to extract
the appropriate run-time value(s) of the relevant BLAS function arguments (e.g., ALPHA and/or
BETA), by calling accessor_scaled::scaling_factor.

--end noteb
Class template DFFHV VR U B V[limalgtsGaled.accessor_scaled]

The class template accessor_scaled is a basic_mdspan accessor policy whose reference
type represents the product of a fixed value (the "scaling factor") and its nested
basic_mdspan accessor's reference. It is part of the implementation of scaled_view.

The exposition-only class template scaled_scalar represents a read-only value, which is the
product of a fixed value (the "scaling factor") and the value of a reference to an element of a
basic_mdspan. Wote The value is read only to avoid confusion with the definition of
"assigning to a scaled scalar." --end notebscaled_scalar is part of the implementation of
scaled_accessor.

template<class ScalingFactor,
class Reference>
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class scaled_scalar { H[SRVLWLRQ RQO\
private:

const ScalingFactor scaling_factor;
Reference value;
using result_type =

decltype (scaling_factor x value);

public:
scaled_scalar(const ScalingFactor& s, Reference v);

operator result_type() const;
b

e equires
o ScalingFactor and Reference shall be CopYACopyConstructible.
e Constraints

o The expression scaling_factor * value is well formed.

scaled_scalar(const ScalingFactor& s, Reference v);

e Effects Initializes scaling_factor with s, and initializes value with v.

operator result_type() const;

e FEffects Equivalentto return scaling_factor * value;.

The class template accessor_scaled is a basic_mdspan accessor policy whose reference
type represents the product of a scaling factor and its nested basic_mdspan accessor's
reference.

template<class ScalingFactor,
class Accessor>
class accessor_scaled {
public:
using element_type
using pointer
using reference =
scaled_scalar<ScalingFactor, Accessor::reference>;
using offset_policy =
accessor_scaled<ScalingFactor, Accessor::offset_policy>;

Accessor::element_type;
Accessor::pointer;

accessor_scaled(const ScalingFactor& s, Accessor a);
reference access(pointer p, ptrdiff_t i) const noexcept;

offset_policy::pointer
offset(pointer p, ptrdiff_t i) const noexcept;

element_typex decay(pointer p) const noexcept;
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ScalingFactor scaling_factor() const;

private:
const ScalingFactor scaling_factor_; H[SRVLWLRQ RQO\

Accessor accessor; H[SRVLWLRQ RQO\
};

e equires
o ScalingFactor and Accessor shall be CopYACopyConstructible.

o Accessor shall meet the basic_mdspan accessor policy requirements (see
Ymdspan accessor reqsbin PO009).

accessor_scaled(const ScalingFactor& s, Accessor a);

e Effects Initializes scaling_factor_ with s, and initializes accessor with a.

reference access(pointer p, ptrdiff_t i) const noexcept;

e Effects Equivalentto return reference(scaling_factor_,
accessor.access(p, i));.

offset_policy::pointer
offset(pointer p, ptrdiff_t i) const noexcept;

e FEffects Equivalentto return accessor.offset(p, 1i);.

element_typex decay(pointer p) const noexcept;

e Effects Equivalentto return accessor.decay(p);.

ScalingFactor scaling_factor() const;

e Fffects Equivalentto return scaling_factor_;.
V F D O H G B HMihald.scaled.scaled_view]

The scaled_view function takes a value alpha and a basic_mdspan x, and returns a new
read-only basic_mdspan with the same domain as X, that represents the elementwise product
of alpha with each element of x.

template<class ScalingFactor,
class ElementType,
class Extents,
class Layout,
class Accessor>
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/* see below *x/
scaled_view(
const ScalingFactor& s,
const basic_mdspan<ElementType, Extents, Layout, Accessor>& a);

Let R name the type basic_mdspan<ReturnElementType, Extents, Layout,
ReturnAccessor>, where

e ReturnElementType is either ElementType or const ElementType; and
e ReturnAccessoris:

o if Accessorisaccessor_scaled<NestedScalingFactor, NestedAccessor>
for some NestedScalingFactor and NestedAccessor, then either
accessor_scaled<ProductScalingFactor, NestedAccessor>or
accessor_scaled<ScalingFactor, Accessor>, where
ProductScalingFactoris decltype(s x*
a.accessor().scaling_factor());

o else, accessor_scaled<ScalingFactor, Accessor>.
e FEffects

o If Accessorisaccessor_scaled<NestedScalingFactor,
NestedAccessor> and ReturnAccessor is
accessor_scaled<ProductScalingFactor, NestedAccessor>, then
equivalent to return R(a.data(), a.mapping(),
ReturnAccessor(product_s, a.accessor().nested_accessor()));,
where product_s equals s * a.accessor().scaling_factor();

o else, equivalent to return R(a.data(), a.mapping(), ReturnAccessor(s,
a.accessor()));.

e emarks The elements of the returned basic_mdspan are read only.
Wote

The point of ReturnAccessor is to give implementations freedom to optimize applying
accessor_scaled twice in a row. However, implementations are not required to optimize
arbitrary combinations of nested accessor_sca led interspersed with other nested accessors.

The point of ReturnElementType is that, based on POOO9RY, it may not be possible to
deduce the const version of Accessor for use in accessor_scaled. In general, it may not be
correct or efficient to use an Accessor meant for a nonconst ElementType, with const
ElementType. This is because Accessor:: reference may be a type other than
ElementTypeé&. Thus, we cannot require that the return type have const ElementType as its
element type, since that might not be compatible with the given Accessor. However, in some
cases, like accessor_basic, it is possible to deduce the const version of Accessor.
Regardless, users are not allowed to modify the elements of the returned basic_mdspan.

--end noteb
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[Example

void test _scaled_view(basic_mdspan<double, extents<10>> a)
{
auto a_scaled = scaled_view(5.0, a);
for(int i = 0; i < a.extent(0); ++i) {
assert(a_scaled(i) == 5.0 % a(i));
}
b

--end example]
Conjugated in-place transformation [linalg.conj]

The conjugate_view function takes a basic_mdspan X, and returns a new read-only
basic_mdspan y with the same domain as X, whose elements are the complex conjugates of
the corresponding elements of x. If the element type of x is not comp lex<R> for some R, then
y is a read-only view of the elements of x.

Wote

An implementation could dispatch to a function in the BLAS library, by noticing that the
Accessor type of a basic_mdspan input has type accessor_conjugate, and that its nested
Accessor type is compatible with the BLAS library. If so, it could set the corresponding
TRANS* BLAS function argument accordingly and call the BLAS function.

--end noteb
Class template DF FHV V R U B F R Q[Nnh4lg [eonj-accessor_conjugate]

The class template accessor_conjugateis a basic_mdspan accessor policy whose
reference type represents the complex conjugate of its nested basic_mdspan accessor's
reference.

The exposition-only class template conjugated_scalar represents a read-only value, which
is the complex conjugate of the value of a reference to an element of a basic_mdspan. Wote
The value is read only to avoid confusion with the definition of "assigning to the conjugate of a
scalar." --end notebPconjugated_scalar is part of the implementation of
accessor_conjugate.

template<class Reference,
class ElementType>
class conjugated_scalar { HISRVLWLRQ RQO\
public:
conjugated_scalar(Reference v);

operator ElementType() const;
private:
Reference val;

};
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e equires Reference shall be Cop¥ACopyConstructible.

e Constraints

o The expression conj (val) is well formed and is convertible to ElementType.
Wote This implies that ElementType is complex<R> for some type R. --end
noteb

conjugated_scalar(Reference v);

e FEffects Initializes val with v.

operator T() const;

e FEffects Equivalentto return conj(val);.

template<class Accessor>
class accessor_conjugate {
private:
Accessor acc; H[SRVLWLRQ RQO\

public:
using element_type typename Accessor::element_type;
using pointer typename Accessor::pointer;
using reference = VHH EHORZ
using offset_policy VHH EHORZ

accessor_conjugate(Accessor a);

reference access(pointer p, ptrdiff_t i) const
noexcept(noexcept(reference(acc.access(p, i))));

typename offset_policy::pointer
offset(pointer p, ptrdiff_t i) const
noexcept(noexcept(acc.offset(p, i)));

element_typex decay(pointer p) const
noexcept(noexcept(acc.decay(p)));

Accessor nested accessor() const;

1%
e equires
o Accessor shall be CopYACopyConstructible.
o Accessor shall meet the basic_mdspan accessor policy requirements (see
Ymdspan accessor reqsbin PO009).
using reference = VHH EHORZ
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If element_type is complex<R> for some R, then this names

conjugated_scalar<typename Accessor::reference, element_type>. Otherwise, it
names typename Accessor::reference.

using offset_policy = VHH EHORZ

If element_type is complex<R> for some R, then this names
accessor_conjugate<typename Accessor::offset_policy, element_type>.
Otherwise, it names typename Accessor::offset_policy>.

accessor_conjugate(Accessor a);

e FEffects Initializes acc with a.

reference access(pointer p, ptrdiff_t i) const
noexcept(noexcept(reference(acc.access(p, i))));

e Fffects Equivalentto return reference(acc.access(p, 1i));.

typename offset_policy::pointer
offset(pointer p, ptrdiff_t i) const
noexcept(noexcept(acc.offset(p, i)));

e FEffects Equivalent to return acc.offset(p, 1i);.

element_typex decay(pointer p) const
noexcept(noexcept(acc.decay(p)));

e FEffects Equivalentto return acc.decay(p);.

Accessor nested_accessor() const;

o FEffects Equivalent to return acc;.

F R QM X J D W H[linalg:ttnj.conjugate_view]

template<class ElementType,
class Extents,
class Layout,
class Accessor>
/* see-below x/
conjugate_view(
basic_mdspan<ElementType, Extents, Layout, Accessor> a);
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Let R name the type basic_mdspan<ReturnElementType, Extents, Layout,

ReturnAccessor>, where
e ReturnElementType is either ElementType or const ElementType; and
e ReturnAccessoris:

o if Accessorisaccessor_conjugate<NestedAccessor> for some
NestedAccessor, then either NestedAccessor or
accessor_conjugate<Accessor>,

o elseif ElementType is complex<U> or const complex<U> for some U, then
accessor_conjugate<Accessor>,

o else either accessor_conjugate<Accessor>or Accessor.
e FEffects

o If Accessorisaccessor_conjugate<NestedAccessor>andReturnAccessor
is NestedAccessor, then equivalent to return R(a.data(), a.mapping(),
a.nested_accessor());;

o else, if ReturnAccessoris accessor_conjugate<Accessor>, then equivalent
to return R(a.data(), a.mapping(), accessor_conjugate<Accessor>
(a.accessor()));;

o else, equivalent to return R(a.data(), a.mapping(), a.accessor());.
e emarks The elements of the returned basic_mdspan are read only.
Wote

The point of ReturnAccessor is to give implementations freedom to optimize applying
accessor_conjugate twice in a row. However, implementations are not required to optimize
arbitrary combinations of nested accessor_conjugate interspersed with other nested
accessors.

--end noteb

[Example

void test_conjugate_view_complex(
basic_mdspan<complex<double>, extents<10>> a)

{
auto a_conj = conjugate_view(a);
for(int i = 0; i < a.extent(0); ++i) {
assert(a_conj(i) == conj(a(i));
h
auto a_conj_conj = conjugate_view(a_conj);
for(int i = 0; i < a.extent(0); ++i) {
assert(a_conj_conj(i) == a(i));
h
}
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void test_conjugate_view_real(
basic_mdspan<double, extents<10>> a)
{
auto a_conj = conjugate_view(a);
for(int i = 0; i < a.extent(0); ++1i) {
assert(a_conj(i) == a(i));
Iy
auto a_conj_conj = conjugate_view(a_conj);
for(int i = 0; i < a.extent(0); ++1i) {
assert(a_conj_conj (i) == a(i));
Iy
}

--end example]
Transpose in-place transformation [linalg.transp]

layout_transposeis a basic_mdspan layout mapping policy that swaps the rightmost two
indices, extents, and strides (if applicable) of any unique basic_mdspan layout mapping

policy.

The transpose_view function takes a rank-2 basic_mdspan representing a matrix, and
returns a new read-only basic_mdspan representing the transpose of the input matrix.

Wote

An implementation could dispatch to a function in the BLAS library, by noticing that the first
argument has a layout_transpose Layout type, and/or an accessor_conjugate (see
below) Accessor type. It could use this information to extract the appropriate run-time
value(s) of the relevant TRANS* BLAS function arguments.

--end noteb
OD\RXW B W U D pinatgtkansp.layout_transpose]

layout_transposeis abasic_mdspan layout mapping policy that swaps the rightmost two
indices, extents, and strides (if applicable) of any unique basic_mdspan layout mapping
policy.

template<class InputExtents>
using transpose_extents_t = /*x see below *x/; H[SRVLWLRQ RQO\

For InputExtents a specialization of extents, transpose_extents_t<InputExtents>
names the extents type OutputExtents such that

e InputExtents::static_extent(InputExtents::rank()-1) equals
OutputExtents::static_extent(OutputExtents::rank()-2),

e InputExtents::static_extent(InputExtents::rank()-2) equals
OutputExtents::static_extent(OutputExtents::rank()-1), and
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e InputExtents::static_extent(r) equals OutputExtents::static_extent(r)

for 0 = r < InputExtents::rank()-2.
e equires InputExtents is a specialization of extents

e Constraints InputExtents::rank() is at least 2.

template<class InputExtents>
transpose_extents_t<InputExtents>
transpose_extents(const InputExtents in); HI[SRVLWLRQ RQO\

e Constraints InputExtents::rank() is at least 2.
e eturns An extents object out such that
o out.extent(in.rank()-1) equals in.extent(in.rank()-2),
o out.extent(in.rank()-2) equals in.extent(in.rank()-1), and

o out.extent(r) equals in.extent(r) forO=r < in.rank()-2.

template<class Layout>
class layout_transpose {
public:
template<class Extents>
struct mapping {
private:
using nested_mapping_type =
typename Layout::template mapping<
transpose_extents_t<Extents>>; HISRVLWLRQ RQO\
nested_mapping_type nested_mapping_; HI[SRVLWLRQ RQO\

public:
mapping(const nested_mapping_type& map);

ptrdiff_t operator() (ptrdiff_t i, ptrdiff_t j) const
noexcept(noexcept(nested_mapping_(j, i)));

nested_mapping_type nested_mapping() const;

template<class OtherExtents>
bool operator==(const mapping<OtherExtents>& m) const;

template<class OtherExtents>
bool operator!=(const mapping<OtherExtents>& m) const;

Extents extents() const noexcept;

typename Extents::index_type required_span_size() const
noexcept(noexcept(nested_mapping_.required_span_size()));

bool is_unique() const
noexcept(noexcept(nested_mapping_.is_unique()));

bool is_contiguous() const
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noexcept(noexcept(nested_mapping_.is_contiguous()));

bool is strided() const
noexcept(noexcept(nested_mapping_.is_strided()));

static constexpr bool is_always_unique();

static constexpr bool is_always_contiguous();

static constexpr bool is_always_strided();

typename Extents::index_type

stride(typename Extents::index_type r) const
noexcept(noexcept(nested_mapping_.stride(r)));

+;
};

e equires

o Layout shall meet the basic_mdspan layout mapping policy requirements. Wote
See Yndspan layout reqsbin POOO9R9. --end notep

e Constraints

o For all specializations E of extents with E: : rank() equal to 2, typename
Layout::template mapping<E>::is_always_unique() is true.

mapping(const nested_mapping_type& map);

e FEffects Initializes nested_mapping_ with map.

ptrdiff_t operator() (ptrdiff_t i, ptrdiff_t j) const
noexcept(noexcept(nested_mapping_(j, i)));

e FEffects Equivalentto return nested_mapping_(j, 1i);.

nested_mapping_type nested_mapping() const;

e Fffects Equivalent to return nested_mapping_;.

template<class OtherExtents>
bool operator==(const mapping<OtherExtents>& m) const;

e Constraints OtherExtents::rank() equals rank().

e FEffects Equivalent to nested_mapping_ == m.nested_mapping_;.

template<class OtherExtents>
bool operator!=(const mapping<OtherExtents>& m) const;
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e Constraints OtherExtents::rank() equals rank().

e Fffects Equivalent to nested_mapping_ != m.nested_mapping_;.

Extents extents() const noexcept;

e FEffects Equivalent to return
transpose_extents(nested_mapping_.extents());.

typename Extents::index_type
required_span_size() const
noexcept(noexcept(nested_mapping_.required_span_size()));

e FEffects Equivalent to return nested_mapping_.required_span_size();".

bool is_unique() const
noexcept(noexcept(nested_mapping_.is_unique()));

e FEffects Equivalentto return nested_mapping_.is_unique();".

bool is_contiguous() const
noexcept(noexcept(nested_mapping_.is_contiguous()));

e FEffects Equivalentto return nested_mapping_.is_contiguous();".

bool is strided() const
noexcept(noexcept(nested_mapping_.is_strided()));

e FEffects Equivalent to return nested_mapping_.is_strided();".

static constexpr bool is_always_unique();

e FEffects Equivalent to return nested_mapping_type::is_always_unique();'"

static constexpr bool is_always_contiguous();

e FEffects Equivalentto return nested_mapping_type::is_always_contiguous();".

static constexpr bool is_always_strided();

e FEffects Equivalent to return nested_mapping_type::is_always_strided();".

typename Extents::index_type
stride(typename Extents::index_type r) const
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noexcept(noexcept(nested_mapping_.stride(r)));

e Constraints is_always_strided() is true.

e FEffects Equivalentto return nested_mapping_.stride(s);', where sis 0
ifris 1 andsis 1 ifr isO.

W U D QV SRV HBnalgitransp.transpose_view]

The transpose_view function takes a rank-2 basic_mdspan representing a matrix, and
returns a new read-only basic_mdspan representing the transpose of the input matrix. The
input matrix's data are not modified, and the returned basic_mdspan accesses the input
matrix's data in place. If the input basic_mdspan's layout is already layout_transpose<L>
for some layout L, then the returned basic_mdspan has layout L. Otherwise, the returned
basic_mdspan has layout layout_transpose<L>, where L is the input basic_mdspan's
layout.

template<class ElementType,
class Extents,
class Layout,
class Accessor>
/* see—-below */
transpose_view(
basic_mdspan<ElementType, Extents, Layout, Accessor> a);

Let ReturnExtents name the type transpose_extents_t<Extents>. Let R name the type
basic_mdspan<ReturnElementType, ReturnExtents, ReturnLayout, Accessor>,
where

e ReturnElementType is either ElementType or const ElementType; and
e ReturnLayout is:

o if Layoutis layout_blas_packed<Triangle, StorageOrder>, then
layout_blas_packed<OppositeTriangle, OppositeStorageOrder>,
where

m OppositeTriangle names the type
conditional_t<is_same_v<Triangle, upper_triangle_t>,
lower_triangle_t, upper_triangle_t>, and

m OppositeStorageOrder names the type
conditional_t<is_same_v<StorageOrder, column_major_t>,
row_major_t, column_major_t>;

o else, if Layout is layout_transpose<NestedLayout> for some
NestedLayout, then either NestedLayout or layout_transpose<Layout>,

o else layout_transpose<Layout>.

o Fffects
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o If Layoutis layout_blas_packed<Triangle, StorageOrder>, then
equivalent to return R(a.datal(),
ReturnMapping(a.mapping().extents()), a.accessor());;

o else, if Layout is layout_transpose<NestedLayout>and ReturnLayout is
NestedLayout, then equivalent to return R(a.datal(),
a.mapping().nested_mapping(), a.accessor());;

o else, equivalent to return R(a.data(), ReturnMapping(a.mapping()),
a.accessor);, where ReturnMapping names the type typename
layout_transpose<Layout>::template mapping<ReturnExtents>.

emarks The elements of the returned basic_mdspan are read only.

Wote

Implementations may optimize applying layout_transpose twice in a row. However,

implementations need not optimize arbitrary combinations of nested layout_transpose

interspersed with other nested layouts.

--end noteb

[Example

void test_transpose_view(basic_mdspan<double, extents<3, 4>> a)

{

by

const ptrdiff_t num_rows = a.extent(0);
const ptrdiff_t num_cols = a.extent(1);

auto a_t = transpose_view(a);
assert(num_rows == a_t.extent(1));
assert(num_cols == a_t.extent(0));
assert(a.stride(0) == a_t.stride(1));
assert(a.stride(1) == a_t.stride(0));

for(ptrdiff_t row = 0; row < num_rows; ++row) {
for(ptrdiff_t col = 0; col < num_rows; ++col) {
assert(a(row, col) == a_t(col, row));
}
}

auto a_t_t = transpose_view(a_t);

assert(num_rows == a_t_t.extent(0));
assert(num_cols == a_t_t.extent(1));
assert(a.stride(0) == a_t_t.stride(0));
assert(a.stride(1) == a_t_t.stride(1))

’

for(ptrdiff_t row = 0; row < num_rows; ++row) {
for(ptrdiff_t col = 0; col < num_rows; ++col) {
assert(a(row, col) == a_t_t(row, col));
}
}
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--end example]

Conjugate transpose transform [linalg.conj_transp]

The conjugate_transpose_view function returns a conjugate transpose view of an object.
This combines the effects of transpose_view and conjugate_view.

template<class ElementType,
class Extents,
class Layout,
class Accessor>
/* see-below x/
conjugate_transpose_view(
basic_mdspan<ElementType, Extents, Layout, Accessor> a);

e FEffects Equivalentto return conjugate_view(transpose_view(a));.
e emarks The elements of the returned basic_mdspan are read only.

[Example

void test ct_view(basic_mdspan<complex<double>, extents<3, 4>> a)
{

const ptrdiff_t num_rows = a.extent(0);

const ptrdiff_t num_cols a.extent(1);

auto a_ct = conjugate_transpose_view(a);
assert(num_rows == a_ct.extent(1));
assert(num_cols == a_ct.extent(0));
assert(a.stride(0) == a_ct.stride(1));
assert(a.stride(1l) == a_ct.stride(0));

for(ptrdiff_t row = 0; row < num_rows; ++row) {
for(ptrdiff_t col = 0; col < num_rows; ++col) {
assert(a(row, col) == conj(a_ct(col, row)));
¥
s

auto a_ct_ct = conjugate_transpose_view(a_ct);
assert(num_rows == a_ct_ct.extent(0));
assert(num_cols == a_ct_ct.extent(1));
assert(a.stride(0) == a_ct_ct.stride(0));
assert(a.stride(1) == a_ct_ct.stride(1));

for(ptrdiff_t row = 0; row < num_rows; ++row) {
for(ptrdiff_t col = 0; col < num_rows; ++col) {
assert(a(row, col) == a_ct_ct(row, col));
assert(conj(a_ct(col, row)) == a_ct_ct(row, col));
¥
s
}

--end example]
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Algorithms [linalg.algs]

equirements [linalg.algs.reqs]

Throughout this Clause, where the template parameters are not constrained, the names of
template parameters are used to express type requirements. In the requirements below, we use
* in a typename to denote a "wildcard," that matches zero characters, _1, _2, _3, or other
things as appropriate.

e Algorithms that have a template parameter named ExecutionPolicy are parallel
algorithms [algorithms.parallel.defns].

e Scalar meets the requirements of SemiRegular<Scalar>. (Some algorithms below
impose further requirements.)

e Real is any of the following types: float, double, or long double.

e in_vectork_tisarank-1basic_mdspan with a potentially const element type and a
unique layout. If the algorithm accesses the object, it will do so in read-only fashion.

e inout_vectorx_tisarank-1basic_mdspan with a non-const element type and a
unique layout.

e out_vectorx_tisarank-1basic_mdspan with a non-const element type and a
unique layout. If the algorithm accesses the object, it will do so in write-only fashion.

e in_matrixx_tisarank-2 basic_mdspan with a const element type. If the algorithm
accesses the object, it will do so in read-only fashion.

e inout_matrix*_t is arank-2 basic_mdspan with a non-const element type.

e out_matrix*_tisarank-2 basic_mdspan with a non-const element type. If the
algorithm accesses the object, it will do so in write-only fashion.

e in_objectx_tisarank-1orrank-2 basic_mdspan with a potentially const element
type and a unique layout. If the algorithm accesses the object, it will do so in read-only
fashion.

e inout_objectx_tisarank-1orrank-2 basic_mdspan with a non-const element type
and a unique layout.

e out_objectx_tisarank-1orrank-2 basic_mdspan with a non-const element type
and a unique layout.

e Triangle is either upper_triangle_t or lower_triangle_t.
e DiagonalStorageis either implicit_unit_diagonal_t orexplicit_diagonal_t.

e in_x_t template parameters may deduce a const Ivalue reference or a (non-const)
rvalue reference to a basic_mdspan.

e inout_x_t and out_x_t template parameters may deduce a const Ivalue reference to
a basic_mdspan, or a (non-const) rvalue reference to a basic_mdspan.
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BLA 1 functions [linalg.algs.blas1]

Wote

The BLAS developed in three "levels": 1, 2, and 3. BLAS 1 includes vector-vector operations,
BLAS 2 matrix-vector operations, and BLAS 3 matrix-matrix operations. The level coincides
with the number of nested loops in a naive sequential implementation of the operation.
Increasing level also comes with increasing potential for data reuse. The BLAS traditionally lists
computing a Givens rotation among the BLAS 1 operations, even though it only operates on
scalars.

--end noteb
| Bve =2 J?JE U= GHI?4 VP& =w &= W Rve =P

4 g .Vl | Beli=2 J?JE U GHI?4 VP4 =w 2= W Be U=wP2J P

template<class Real>

void givens_rotation_setup(const Real a,
const Real b,
Real& c,
Real& s,
Real& r);

template<class Real>

void givens_rotation_setup(const complex<Real>& a,
const complex<Real>& a,
Real& c,
complex<Real>& s,
complex<Real>& r);

This function computes the plane (Givens) rotation represented by the two values ¢ and s such
that the mathematical expression

[c s] [a] [r]
[ I x [ 1 =11
[-conj(s) c] [b] [0]

holds, where conj indicates the mathematical conjugate of s, c is always a real scalar, and c*c
+ abs(s)=*xabs(s) equals one. That is, c and s represent a 2 x 2 matrix, that when multiplied
by the right by the input vector whose components are a and b, produces a result vector
whose first component r is the Euclidean norm of the input vector, and whose second
component as zero. Wote The C++ Standard Library conj function always returns
complex<T> for some T, even though overloads exist for non-complex input. The above
expression uses conj as mathematical notation, not as code. --end noteb

Wote This function corresponds to the LAPACK function xLARTG. The BLAS variant xROTG
takes four arguments -- a, b, ¢, and s-- and overwrites the input a with r. We have chosen
XLARTG's interface because it separates input and output, and to encourage following
XLARTG's more careful implementation. --end noteb
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Wote givens_rotation_setup has an overload for complex numbers, because the output

argument c (cosine) is a signed magnitude. --end noteb
e Constraints Realis float, double, or long double.

e FEffects Assigns to c and s the plane (Givens) rotation corresponding to the input a and
b. Assigns to r the Euclidean norm of the two-component vector formed by a and b.

e hrows Nothing.

.8 ?2f 8. VIE Be=2 J2IEGJ vefJ 2= GHI?E W& =w &= W Be (i=v2 JP

template<class inout_vector_1_t,
class inout_vector_2_t,
class Real>
void givens_rotation_apply/(
inout_vector_1_t x,
inout_vector_2_t vy,
const Real c,
const Real s);

template<class ExecutionPolicy,
class inout_vector_ 1 t,
class inout_vector_2_t,
class Real>
void givens_rotation_apply/(
ExecutionPolicy&& exec,
inout_vector_1_t x,
inout_vector_2_t vy,
const Real c,
const Real s);

template<class inout_vector_1_t,
class inout_vector_2_t,
class Real>
void givens_rotation_apply/(
inout_vector_1_t x,
inout_vector_2_t vy,
const Real c,
const complex<Real> s);

template<class ExecutionPolicy,
class inout_vector_ 1 t,
class inout_vector_2_t,
class Real>
void givens_rotation_apply(
ExecutionPolicy&& exec,
inout_vector_1_t x,
inout_vector_2_t vy,
const Real c,
const complex<Real> s);

Wote
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These functions correspond to the BLAS function XROT. c and s form a plane (Givens) rotation.
Users normally would compute ¢ and s using givens_rotation_setup, but they are not
required to do this.

--end noteb
e equires x.extent(0) equals y.extent(0).
e Constraints
o Realis float, double, or long double.

o For the overloads that take the last argument s as Rea'l, for i in the domain of x
and j in the domain of y, the expressions x(1) = ckx(i) + sxy(j) andy(j)
= cxy(j) — sx*x(i) are well formed.

o For the overloads that take the last argument s as const complex<Real>, for i
in the domain of x and j in the domain of y, the expressions x(i) = ckx(i) +
sxy(j)andy(j) = ckxy(j) — conj(s)*x(i) are well formed.

e Mandates If neither x.static_extent(@) nory.static_extent(0) equals
dynamic_extent, then x.static_extent (@) equals y.static_extent(0).

o FEffects Applies the plane (Givens) rotation specified by ¢ and s to the input vectors x
and vy, as if the rotation were a 2 x 2 matrix and the input vectors were successive rows
of a matrix with two rows.

y?. 8228 2vefl 2«a @il GHI?4 VP& =w #= wy ?. P

template<class inout_object_ 1 t,
class inout_object_2_t>
void linalg_swap(inout_object_1_t x,
inout_object_2_t y);

template<class ExecutionPolicy,
class inout_object_1_t,
class inout_object_2_t>
void linalg_swap(ExecutionPolicy&& exec,
inout_object_1_t x,
inout_object_2_t vy);
Wote These functions correspond to the BLAS function xSWAP. --end noteb
e equires Forallrino,1, ..., x.rank() -1, x.extent(r) equals y.extent(r).
e Constraints
o x.rank() equalsy.rank().

o X.rank() is no more than 2.

o For i... inthe domain of x and y, the expression x(i...) = y(i...) iswell
formed.
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e Mandates Forall rin0,1, ..., x.rank() -1, if neither x.static_extent(r) nor
y.static_extent(r) equals dynamic_extent, then x.static_extent(r) equals
y.static_extent(r).

e Effects Swap all corresponding elements of the objects x and y.
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template<class Scalar,
class inout_object_t>
void scale(const Scalar alpha,
inout_object_t obj);

template<class ExecutionPolicy,
class Scalar,
class inout_object_t>
void scale(ExecutionPolicy&& exec,
const Scalar alpha,
inout_object_t obj);
Wote These functions correspond to the BLAS function xSCAL. --end notep
e Constraints

o obj.rank() is no more than 3.

o For i... inthe domain of obj, the expression obj(i...) *= alphais well
formed.

e Effects: Multiply each element of obj in place by alpha.
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template<class in_object_t,
class out_object_t>
void linalg_copy(in_object_t x,
out_object_t y);

template<class ExecutionPolicy,
class in_object_t,
class out_object_t>
void linalg_copy(ExecutionPolicy&& exec,
in_object_t x,
out_object_t y);
Wote These functions correspond to the BLAS function xCOPY. --end noteb
e equires ForallrinQ,1, ..., x.rank() -1, x.extent(r) equals y.extent(r).
e Constraints

o x.rank() equalsy.rank().

2020-01-12



Mark Hoemmen 71/125
o X.rank() is no more than 2.

o Forall i... inthe domain of x and y, the expressiony(i...) = x(i...) iswell
formed.

e Mandates Forall rinQ,1, ..., x.rank() -1, if neither x.static_extent(r) nor
y.static_extent(r) equals dynamic_extent, then x.static_extent(r) equals
y.static_extent(r).

e FEffects Overwrite each element of y with the corresponding element of x.
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template<class in_object_1_t,
class in_object_2_t,
class out_object_t>
void linalg_add(in_object_1_t x,
in_object_2_t vy,
out_object_t z);

template<class ExecutionPolicy,
class in_object_1_t,
class in_object_2_t,
class out_object_t>
void linalg_add(ExecutionPolicy&& exec,
in_object_1_t x,
in_object_2_t vy,
out_object_t z);
Wote These functions correspond to the BLAS function xAXPY. --end noteb
e equires ForallrinQ,1, ..., x.rank() -1,
o x.extent(r) equals z.extent(r).
o y.extent(r) equals z.extent(r).
e Constraints
o x.rank(),y.rank(),and z.rank() are all equal.

o x.rank() is no more than 2.

o Fori... inthe domain of x, y, and z, the expression z(i...) = x(i...) +
y(i...) is well formed.

e Mandates Forall rinQ,1, ..., x.rank() -1,

o if neither x.static_extent(r) nor z.static_extent(r) equals
dynamic_extent, then x.static_extent(r) equals z.static_extent(r);
and

o if neither y.static_extent(r) nor z.static_extent(r) equals
dynamic_extent, theny.static_extent(r) equals z.static_extent(r).
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o if neither x.static_extent(r) nory.static_extent(r) equals

dynamic_extent, then x.static_extent(r) equalsy.static_extent(r);

e Effects: Compute the elementwise sumz = x + V.
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Wote The functions in this section correspond to the BLAS functions xDOT (for real element
types) and xDOTU (for complex element types). --end noteb

Nonconjugated dot product with specified result type

template<class in_vector_1_t,
class in_vector_2_t,
class T>
T dot(in_vector_1_t vi1,
in_vector_2_t v2,
T init);
template<class ExecutionPolicy,
class in_vector_1_t,
class in_vector_2_t,
class T>
T dot(ExecutionPolicy&& exec,
in_vector_1_t vi,
in_vector_2_t v2,
T init);

e equires
o T shall be Cop¥AMoveConstructible.
o init + v1(0)*v2(0) shall be convertible to T.

o vl.extent(0) equals v2.extent(0).

e Constraints For all i in the domain of v1 and v2 and for va'l of type T§&, the expression
val += v1(i)*v2(1i) is well formed.

e Mandates If neither vl.static_extent (@) norv2.static_extent(0) equals
dynamic_extent, then vl.static_extent(0) equals v2.static_extent(0).

e FEffects LetN be vl.extent(0). If Nis zero, returns init, else returns
GENE ALleED# ' M(plus<>(), init, v1(0)*v2(0), ..., vI(N-1)*v2(N-1)).

e emarks If in_vector_t::element_type and T are both floating-point types or
complex versions thereof, and if T has higher precision than
in_vector_type::element_type, then implementations will use T's precision or
greater for intermediate terms in the sum.

Wote Like reduce, dot applies binary operator+ in an unspecified order. This may yield a
nondeterministic result for non-associative or non-commutative operator+ such as floating-
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point addition. However, implementations may perform extra work to make the result
deterministic. They may do so for all dot overloads, or just for specific ExecutionPolicy
types. --end noteb

Wote Users can get xDOTC behavior by giving the second argument as a conjugate_view.
Alternately, they can use the shortcut dotc below. --end noteb

Nonconjugated dot product with default result type

template<class in_vector_1 t,
class in_vector_2_t>
auto dot(in_vector_1_t vi,
in_vector_ 2 t v2);
template<class ExecutionPolicy,
class in_vector_1_t,
class in_vector_2_t>
auto dot(ExecutionPolicy&& exec,
in_vector_1_t vi,
in_vector_2_t v2);

e Effects LetT be decltype(v1(0)*v2(@)). Then, the two-parameter overload is
equivalent to dot(v1l, v2, T{});, and the three-parameter overload is equivalent to
dot(exec, v1, v2, T{});.
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Wote

The functions in this section correspond to the BLAS functions xDOT (for real element types)
and xDOTC (for complex element types).

dotc exists to give users reasonable default inner product behavior for both real and complex
element types.

--end noteb

Conjugated dot product with specified result type

template<class in_vector_ 1 t,
class in_vector_2_t,
class T>

T dotc(in_vector_1_t vi,

in_vector_ 2 t v2,
T init);

template<class ExecutionPolicy,
class in_vector_1_t,
class in_vector 2 t,
class T>

T dotc(ExecutionPolicy&& exec,

in_vector_1_t vi,
in_vector_ 2 t v2,
T init);
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e Effects The three-argument overload is equivalent to dot(v1l, conjugate_view(v2),
init) ;. The four-argument overload is equivalent to dot (exec, vi1,
conjugate_view(v2), init);.

Conjugated dot product with default result type

template<class in_vector_1 t,
class in_vector_2_t>
auto dotc(in_vector_1_t vi,
in_vector_2_t v2);
template<class ExecutionPolicy,
class in_vector_1_t,
class in_vector_2_t>
auto dotc(ExecutionPolicy&& exec,
in_vector_1 t vi,
in_vector_2_t v2);

e FEffects If in_vector_2_t::element_typeis complex<R> for someR, let T be
decltype(v1(0)*xconj(v2(0)));else, let T be decltype(v1(0)*v2(0)). Then, the
two-parameter overload is equivalent to dotc(v1l, v2, T{});, and the three-
parameter overload is equivalent to dotc(exec, v1, v2, T{});.

FVFEE?0 U 20 2?vefJ) 2QHI?E VP4 =w &= vii2g P
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template<class in_vector_t,
class T>
T vector_norm2(in_vector_t v,
T init);
template<class ExecutionPolicy,
class in_vector_t,
class T>
T vector_norm2(ExecutionPolicy&& exec,
in_vector_t v,
T init);

Wote These functions correspond to the BLAS function xXNRM2. --end noteb

e equires

o T shall be Cop¥AMoveConstructible.
o init + abs(v(0))xabs(v(@)) shall be convertible to T.

e Constraints For all i in the domain of v and for val of type T§, the expressions val +=
abs(v(i))*abs(v(i)) and sqrt(val) are well formed. Wote This does not imply a
recommended implementation for floating-point types. See emarks below. --end noteb

e Fffects Returns the Euclidean norm (also called 2-norm) of the vector v.
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e emarks If in_vector_t::element_type and T are both floating-point types or
complex versions thereof, and if T has higher precision than
in_vector_type::element_type, then implementations will use T's precision or
greater for intermediate terms in the sum.

Wote We recommend that implementers document their guarantees regarding overflow and
underflow of vector_norm2 for floating-point return types. --end noteb

FVFERE 20 U 20 y BY%@2?Va) 2 =Val J, . »

template<class in_vector_t>
auto vector_norm2(in_vector_t v);
template<class ExecutionPolicy,
class in_vector_t>
auto vector_norm2(ExecutionPolicy&& exec,
in_vector_t v);

o Effects Let T be decltype(abs(v(@)) * abs(v(@))). Then, the one-parameter
overload is equivalent to vector_norm2(v, T{});, and the two-parameter overload is
equivalent to vector_norm2(exec, v, T{});.
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template<class in_vector_t,
class T>
T vector_abs_sum(in_vector_t v,
T init);
template<class ExecutionPolicy,
class in_vector_t,
class T>
T vector_abs_sum(ExecutionPolicy&& exec,
in_vector_t v,
T init);

Wote This function corresponds to the BLAS functions SASUM, DASUM, CSASUM, and DZASUM.

The different behavior for complex element types is based on the observation that this lower-

cost approximation of the one-norm serves just as well as the actual one-norm for many linear
algebra algorithms in practice. --end noteb

e equires

o T shall be Cop¥AMoveConstructible.
o init + v1(0)*v2(0) shall be convertible to T.

e Constraints For all i in the domain of v and for val of type T§, the expression val +=
abs(v(i)) is well formed.

e Fffects LetN be v.extent(0).
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o IfNis zero, returns init.

o Else,if in_vector_t::element_type is complex<R> for some R, then returns
GENE ALIeED# ' M(plus<>(), init, abs(real(v(@))) + abs(imag(v(0))),
..,abs(real(v(N-1))) + abs(imag(v(N-1)))).

o Else, returns GENE ALIeED# ' M(plus<>(), init, abs(v(0)), ..., abs(v(N-
1))).

e emarks If in_vector_t::element_type and T are both floating-point types or
complex versions thereof, and if T has higher precision than
in_vector_type::element_type, then implementations will use T's precision or
greater for intermediate terms in the sum.

Vg 272e= &/J v2&/e=y BA@E2?VE) 2 =VE ], . o

template<class in_vector_t>
auto vector_abs _sum(in_vector_t v);
template<class ExecutionPolicy,
class in_vector_t>
auto vector_abs_sum(ExecutionPolicy&& exec,
in_vector_t v);

e Effects Let T be decltype(abs(v(@))). Then, the one-parameter overload is
equivalent to vector_abs_sum(v, T{});, and the two-parameter overload is
equivalent to vector_abs_sum(exec, v, T{});.
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template<class in_vector_t>
ptrdiff_t idx_abs_max(in_vector_t v);
template<class ExecutionPolicy,
class in_vector_t>

ptrdiff_t idx_abs_max(ExecutionPolicy&& exec,
in_vector_t v);

Wote These functions correspond to the BLAS function IXAMAX. --end noteb

e Constraints For i and j in the domain of v, the expression abs(v(i)) < abs(v(j))is
well formed.

e Effects Returns the index (in the domain of v) of the first element of v having largest
absolute value. If v has zero elements, then returns —1.

BLA 2 functions [linalg.algs.blas2]
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Wote These functions correspond to the BLAS function XxGEMV. --end noteb
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The following requirements apply to all functions in this section.

e equires

o A.extent(1) equals x.extent(0).

o A.extent(0) equals y.extent(0).

o y.extent(0) equals z.extent(0) (if applicable).
e Constraints For all functions in this section:

o in_matrix_t has unique layout; and

o A.rank() equals 2, x.rank() equals 1, y.rank() equals 1, and z. rank()
equals 1 (if applicable).

e Mandates

o If neither A.static_extent(1) nor x.static_extent(0) equals
dynamic_extent, then A.static_extent(1) equals x.static_extent(0).

o If neither A.static_extent(0) nory.static_extent(0) equals
dynamic_extent, then A.static_extent (@) equals y.static_extent(0).

o If neither y.static_extent(0) nor z.static_extent(0) equals
dynamic_extent, theny.static_extent (@) equals z.static_extent(0) (if
applicable).

Eve2y 20" @ 2026 [ve fJ 2.2 ®/fJ

template<class in_vector_t,
class in_matrix_t,
class out_vector_t>
void matrix_vector_product(in_matrix_t A,
in_vector_t x,
out_vector_t y);

template<class ExecutionPolicy,
class in_vector_t,
class in_matrix_t,
class out_vector_t>
void matrix_vector_product(ExecutionPolicy&& exec,
in_matrix_t A,
in_vector_t x,
out_vector_t y);

e Constraints For i,j in the domain of A, the expression y (i) += A(1i,j)*x(j) is well
formed.

e FEffects Assigns to the elements of y the product of the matrix A with the vector x.

[Example
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5;
6;

constexpr ptrdiff_t num_rows
constexpr ptrdiff_t num_cols

\ $
void scaled_matvec_1(mdspan<double, extents<num_rows, num_cols>> A,
mdspan<double, extents<num_cols>> x,
mdspan<double, extents<num_rows>> y)
{
matrix_vector_product(scaled_view(3.0, A), X, y);

by

\ $ \
void scaled_matvec_2(mdspan<double, extents<num_rows, num_cols>> A,
mdspan<double, extents<num_cols>> x,
mdspan<double, extents<num_rows>> y)
{
matrix_vector_product(scaled_view(3.0, A), Xx,
scaled_view(2.0, y), y);

] WLPHV WKH WUDQVSRVH RI $ WLPHV \
void scaled_matvec_2(mdspan<double, extents<num_rows, num_cols>> A,
mdspan<double, extents<num_rows>> vy,
mdspan<double, extents<num_cols>> z)
{
matrix_vector_product(scaled_view(7.0, transpose_view(A)), vy, z);

}

--end example]
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template<class in_vector_1_t,
class in_matrix_t,
class in_vector_2_t,
class out_vector_t>
void matrix_vector_product(in_matrix_t A,
in_vector_ 1 t x,
in_vector_2_t vy,
out_vector_t z);

template<class ExecutionPolicy,
class in_vector_1_t,
class in_matrix_t,
class in_vector_2_t,
class out_vector_t>
void matrix_vector_product(ExecutionPolicy&& exec,
in_matrix_t A,
in_vector_1_t x,
in_vector_2_t vy,
out_vector_t z);

e Constraints For i, j in the domain of A, the expression z(i) = y(i) + A(i,j)*x(j)
is well formed.
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e FEffects Assigns to the elements of z the elementwise sum of y, and the product of the

matrix A with the vector x.
LB 820 8?2026 [ve f) 2.2 GVfIGHI?E W& =w #= w, o VP

Wote These functions correspond to the BLAS functions xSYMV and xSPMV. --end noteb
The following requirements apply to all functions in this section.
e equires
o A.extent(0) equals A.extent(1).
o A.extent(1) equals x.extent(0).
o A.extent(0) equals y.extent(0).
o y.extent(0) equals z.extent (@) (if applicable).
e Constraints
o in_matrix_t either has unique layout, or layout_blas_packed layout.

o If in_matrix_t has layout_blas_packed layout, then the layout's Triangle
template argument has the same type as the function's Triangle template
argument.

o A.rank() equals 2, x.rank() equals 1, y.rank() equals 1, and z. rank()
equals 1 (if applicable).

e Mandates

o If neither A.static_extent (@) nor A.static_extent(1) equals
dynamic_extent, then A.static_extent (@) equals A.static_extent(1).

o If neither A.static_extent (1) nor x.static_extent(0) equals
dynamic_extent, then A.static_extent(1) equals x.static_extent(0).

o If neither A.static_extent(0) nory.static_extent(0) equals
dynamic_extent, then A.static_extent (@) equals y.static_extent(0).

o If neither y.static_extent(0) norz.static_extent(0) equals
dynamic_extent, theny.static_extent (@) equals z.static_extent(0) (if
applicable).

e emarks The functions will only access the triangle of A specified by the Triangle
argument t, and will assume for indices i, j outside that triangle, that A(j, i) equals
A(i,j).
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template<class in_matrix_t,
class Triangle,
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class in_vector_t,
class out_vector_t>
void symmetric_matrix_vector_product(in_matrix_t A,
Triangle t,
in_vector_t x,
out_vector_t y);

template<class ExecutionPolicy,
class in_matrix_t,
class Triangle,
class in_vector_t,
class out_vector_t>
void symmetric_matrix_vector_product(ExecutionPolicy&& exec,
in_matrix_t A,
Triangle t,
in_vector_t x,
out_vector_t y);

e Constraints For i, j inthe domain of A, the expression y(1i) += A(1i,]j)*x(j) is well
formed.

e FEffects Assigns to the elements of y the product of the matrix A with the vector x.

L@ =, 00«2 0?2328 [ve fJ 2.2 @/fJ

template<class in_matrix_t,
class Triangle,
class in_vector_1_t,
class in_vector_2_t,
class out_vector_t>
void symmetric_matrix_vector_product(
in_matrix_t A,
Triangle t,
in_vector_1 t x,
in_vector_2_t vy,
out_vector_t z);

template<class ExecutionPolicy,
class in_matrix_t,
class Triangle,
class in_vector_1_t,
class in_vector_2 t,
class out_vector_t>
void symmetric_matrix_vector_product(
ExecutionPolicy&& exec,
in_matrix_t A,
Triangle t,
in_vector_1_t x,
in_vector_2_t vy,
out_vector_t z);

e Constraints For i, j in the domain of A, the expression z(i) = y(i) + A(i,j)*x(j)
is well formed.

2020-01-12



Mark Hoemmen 81/125
e Effects Assigns to the elements of z the elementwise sum of y, with the product of the

matrix A with the vector x.
Ue20 BRU g 2J26[ve fJ 2. 2 BYfJGHI?E W& =w &= W o VP

Wote These functions correspond to the BLAS functions xHEMV and xHPMV. --end noteb
The following requirements apply to all functions in this section.
e equiresy
o A.extent(0) equals A.extent(1).
o A.extent(1) equals x.extent(0).
o A.extent(0) equals y.extent(0).
o y.extent(0) equals z.extent(0) (if applicable).
e Constraints
o in_matrix_t either has unique layout, or layout_blas_packed layout.

o If in_matrix_t has layout_blas_packed layout, then the layout's Triangle
template argument has the same type as the function's Triangle template
argument.

o A.rank() equals 2, x.rank() equals 1, y.rank() equals 1, and z. rank()
equals 1.

e Mandates

o If neither A.static_extent (@) nor A.static_extent(1) equals
dynamic_extent, then A.static_extent (@) equals A.static_extent(1).

o If neither A.static_extent(1) nor x.static_extent(0) equals
dynamic_extent, then A.static_extent(1) equals x.static_extent(0).

o If neither A.static_extent(0) nory.static_extent(0) equals
dynamic_extent, then A.static_extent (@) equals y.static_extent(0).

o If neither y.static_extent(0) norz.static_extent(0) equals
dynamic_extent, theny.static_extent (@) equals z.static_extent(0) (if
applicable).

o emarks

o The functions will only access the triangle of A specified by the Triangle
argument t.

o If inout_matrix_t::element_typeis complex<RA> for some RA, then the
functions will assume for indices i, j outside that triangle, that A(j, i) equals
conj (A(i,j)). Otherwise, the functions will assume that A(j, i) equals A(i,j).
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template<class in_matrix_t,
class Triangle,
class in_vector_t,
class out_vector_t>
void hermitian_matrix_vector_product(in_matrix_t A,
Triangle t,
in_vector_t x,
out_vector_t vy);

template<class ExecutionPolicy,
class in_matrix_t,
class Triangle,
class in_vector_t,
class out_vector_t>
void hermitian_matrix_vector_product(ExecutionPolicy&& exec,
in_matrix_t A,
Triangle t,
in_vector_t x,
out_vector_t y);

e Constraints For i, j in the domain of A:
o the expressiony(i) += A(i,j)*x(j) is well formed; and

o if in_matrix_type::element_type is complex<RA> for some RA, then the
expression y (i) += conj(A(i,j))*x(j) is well formed.

e FEffects Assigns to the elements of y the product of the matrix A with the vector x.

"L @JIE U200 BR0 g 2028 [ve fJ 2.2 @&/fJ

template<class in_matrix_t,
class Triangle,
class in_vector_1_t,
class in_vector_2_t,
class out_vector_t>
void hermitian_matrix_vector_product(in_matrix_t A,
Triangle t,
in_vector_1_t x,
in_vector_2_t vy,
out_vector_t z);

template<class ExecutionPolicy,
class in_matrix_t,
class Triangle,
class in_vector_1_t,
class in_vector_2_t,
class out_vector_t>
void hermitian_matrix_vector_product(ExecutionPolicy&& exec,
in_matrix_t A,
Triangle t,
in_vector_1 t x,
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in_vector_2_t vy,
out_vector_t z);
e Constraints For i,j in the domain of A:

o the expression z(i) = y(i) + A(i,j)*x(j) is well formed; and

o if in_matrix_t::element_type is complex<RA> for some RA, then the
expression z(i) = y(i) + conj(A(i,j))*x(j) is well formed.

e FEffects Assigns to the elements of z the elementwise sum of y, and the product of the
matrix A with the vector x.

220" VP2 202 [ve fI 2. 2 GVfIGHEI?H W& =w #= 2o VP

Wote These functions correspond to the BLAS functions xTRMV and xTPMV. --end noteb
The following requirements apply to all functions in this section.
e equires
o A.extent(0) equals A.extent(1).
o A.extent(0) equals y.extent(0).
o A.extent(1) equals x.extent(0) (if applicable).
o y.extent(0) equals z.extent(0) (if applicable).
e Constraints
o in_matrix_t either has unique layout, or layout_blas_packed layout.

o If in_matrix_t has layout_blas_packed layout, then the layout's Triangle
template argument has the same type as the function's Triangle template
argument.

o A.rank() equals 2.

o y.rank() equals 1.

o x.rank() equals 1 (if applicable).

o z.rank() equals 1 (if applicable).
e Mandates

o If neither A.static_extent (@) nor A.static_extent(1) equals
dynamic_extent, then A.static_extent (@) equals A.static_extent(1).

o If neither A.static_extent(0) nory.static_extent(0) equals
dynamic_extent, then A.static_extent (@) equals y.static_extent(0).

o If neither A.static_extent(1) nor x.static_extent(0) equals
dynamic_extent, then A.static_extent(1) equals x.static_extent(0) (if
2020-01-12
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o If neither y.static_extent(0) nor z.static_extent(0) equals
dynamic_extent, theny.static_extent(0) equals z.static_extent(0) (if

applicable).

e emarks

o The functions will only access the triangle of A specified by the Triangle

argument t.

o If the DiagonalStorage template argument has type
implicit_unit_diagonal_t, then the functions will not access the diagonal of
A, and will assume that that the diagonal elements of A all equal one. Wote This

does not imply that the function needs to be able to form an element_type value

equal to one. --end noteb

Bve 2y 200" J220° ViP2p 2028 [ve fJ 2. 2 GVfJIGHEI?E VP4 =w 2= W20 VP

template<class
class
class
class
class

in_matrix_t,
Triangle,
DiagonalStorage,
in_vector_t,
out_vector_t>

void triangular_matrix_vector_product(
in_matrix_t A,

Triangle t,

DiagonalStorage d,
in_vector_t x,

out_vector_t
template<class
class

class

class

class

class

y);
ExecutionPolicy,
in_matrix_t,
Triangle,
DiagonalStorage,
in_vector_t,
out_vector_t>

void triangular_matrix_vector_product(
ExecutionPolicy&& exec,
in_matrix_t A,

Triangle t,

DiagonalStorage d,
in_vector_t x,

out_vector_t

y);

e Constraints For i, j inthe domain of A, the expression y(1i) += A(1i,j)*x(j) is well

formed.

e FEffects Assigns to the elements of y the product of the matrix A with the vector x.
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template<class in_matrix_t,
class Triangle,
class DiagonalStorage,
class inout_vector_t>
void triangular_matrix_vector_product(
in_matrix_t A,
Triangle t,
DiagonalStorage d,
inout_vector_t y);

equires A.extent(1) equalsy.extent(0).

e Constraints For i,j inthe domain of A, the expression y (i) += A(1i,j)*xy(j) is well
formed.

e Mandates If neither A.static_extent(1) nory.static_extent(0) equals
dynamic_extent, then A.static_extent(1) equalsy.static_extent(0).

e FEffects Overwrites y (on output) with the product of the matrix A with the vector y (on
input).

CL @I 2P0 VER2e 2028 [ve I 2. 2 GVFIGEI?E VPA =w @= W20 W P

template<class in_matrix_t,
class Triangle,
class DiagonalStorage,
class in_vector_1 t,
class in_vector_2_t,
class out_vector_t>
void triangular_matrix_vector_product(in_matrix_t A,
Triangle t,
DiagonalStorage d,
in_vector_1_t x,
in_vector_2_t vy,
out_vector_t z);

template<class ExecutionPolicy,
class in_matrix_t,
class Triangle,
class DiagonalStorage,
class in_vector_1_t,
class in_vector_2_t,
class out_vector_t>
void triangular_matrix_vector_product(ExecutionPolicy&& exec,
in_matrix_t A,
Triangle t,
DiagonalStorage d,
in_vector_1_t x,
in_vector_2 t vy,
out_vector_t z);

e Constraints For i, j in the domain of A, the expression z(i) = y(i) + A(i,j)*x(j)
is well formed.
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e Effects Assigns to the elements of z the elementwise sum of y, with the product of the

matrix A with the vector x.
e ? R0 VR2H 22, =) g CGHI?4 W& =w P= w=vP

Wote These functions correspond to the BLAS functions xTRSV and xTPSV. --end noteb
The following requirements apply to all functions in this section.
e equires
o A.extent(0) equals A.extent(1).
o A.extent(1) equals b.extent(0).
e Constraints
o A.rank() equals 2.
o b.rank() equals 1.
o in_matrix_t either has unique layout, or layout_blas_packed layout.

o If in_matrix_t has layout_blas_packed layout, then the layout's Triangle
template argument has the same type as the function's Triangle template
argument.

e Mandates

o If neither A.static_extent(0) nor A.static_extent(1) equals
dynamic_extent, then A.static_extent(@) equals A.static_extent(1).

o If neither A.static_extent(1) norb.static_extent(0) equals
dynamic_extent, then A.static_extent(1) equals b.static_extent(0).

e emarks

o The functions will only access the triangle of A specified by the Triangle
argument t.

o If the DiagonalStorage template argument has type
implicit_unit_diagonal_t, then the functions will not access the diagonal of
A, and will assume that that the diagonal elements of A all equal one. Wote This
does not imply that the function needs to be able to form an element_type value
equal to one. --*end note]

¢ JE[. @fe 22U VR2= &e GE?E WP =w @= w2=vvi JE[. PfeP

template<class in_matrix_t,
class Triangle,
class DiagonalStorage,
class in_vector_t,
class out_vector_t>
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void triangular_matrix_vector_solve(
in_matrix_t A,
Triangle t,
DiagonalStorage d,
in_vector_t b,
out_vector_t x);
template<class ExecutionPolicy,
class in_matrix_t,
class Triangle,
class DiagonalStorage,
class in_vector_t,
class out_vector_t>
void triangular_matrix_vector_solve(
ExecutionPolicy&& exec,
in_matrix_t A,
Triangle t,
DiagonalStorage d,
in_vector_t b,
out_vector_t x);

e equires

o A.extent(0) equals x.extent(0).
e Constraints

o x.rank() equals 1.

o If risinthe domain of x and b, then the expression x(r) = b(r) is well formed.

o If risinthe domain of x and c is in the domain of x, then the expression x(r) -=
A(r,c)*x(c) is well formed.

o If risinthe domain of x and DiagonalStorageis explicit_diagonal_t, then
the expression x(r) /= A(r,r) is well formed.

e Mandates

o If neither A.static_extent (@) nor x.static_extent(0) equals
dynamic_extent, then A.static_extent (@) equals x.static_extent(0).

e FEffects Assigns to the elements of x the result of solving the triangular linear system
Ax=b.

oi[. @fe 22U V2= &+ GHI?E VPE =w £= W2=VVHI[. £feP

template<class in_matrix_t,
class Triangle,
class DiagonalStorage,
class inout_vector_t>
void triangular_matrix_vector_solve(
in_matrix_t A,
Triangle t,
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DiagonalStorage d,
inout_vector_t b);

Wote

This in-place version of the function intentionally lacks an overload taking an
ExecutionPolicy&§, because it is not possible to parallelize in-place triangular solve for an
arbitrary ExecutionPolicy.

--end noteb
e equires
o A.extent(0) equals b.extent(0).
e Constraints

o If rand c are in the domain of b, then the expression b(r) —= A(r,c)*b(c) is
well formed.

o If risinthe domain of b and DiagonalStorageis explicit_diagonal_t, then
the expression b(r) /= A(r,r) is well formed.

o Mandates

o If neither A.static_extent (@) norb.static_extent(0) equals
dynamic_extent, then A.static_extent (@) equals b.static_extent(0).

e Effects Overwrites b with the result of solving the triangular linear system Ax=b for x.
20Y] MVJ2.2 G/fINV. ®J 2?2g?2J26 GHI?E VPE =w &= 220Y P
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template<class in_vector_1_t,
class in_vector_ 2 t,
class inout_matrix_t>
void matrix_rank_1_update(
in_vector_1_t x,
in_vector_2_t vy,
inout_matrix_t A);

template<class ExecutionPolicy,
class in_vector_1_t,
class in_vector_2_t,
class inout_matrix_t>
void matrix_rank_1_update(
ExecutionPolicy&& exec,
in_vector_1_t x,
in_vector_2_t vy,
inout_matrix_t A);
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Wote This function corresponds to the BLAS functions xGER (for real element types) and
XGERU (for complex element types). --end noteb

e equires
o A.extent(0) equals x.extent(0).
o A.extent(1) equalsy.extent(0).
e Constraints
o A.rank() equals 2, x.rank() equals 1, and y. rank() equals 1.
o For i, j in the domain of A, the expression A(i,j) += x(i)xy(j) is well formed.

o Mandates

o If neither A.static_extent (@) nor x.static_extent(0) equals
dynamic_extent, then A.static_extent (@) equals x.static_extent(0).

o If neither A.static_extent(1) nory.static_extent(0) equals
dynamic_extent, then A.static_extent(1) equalsy.static_extent(0).

e FEffects Assigns to A on output the sum of A on input, and the outer product of x and y.

Wote Users can get XxGERC behavior by giving the second argument as a conjugate_view.
Alternately, they can use the shortcut matrix_rank_1_update_c below. --end noteb

¢ US, 0 JF f UW 20 E2UV] V. @J GHI?H 04 =w 2= W2UY W 2fP

template<class in_vector_1 t,
class in_vector_2_t,
class inout_matrix_t>

void matrix_rank_1_update_c(

in_vector_ 1 t x,
in_vector_2_t vy,
inout_matrix_t A);

template<class ExecutionPolicy,
class in_vector_1_t,
class in_vector_2_t,
class inout_matrix_t>
void matrix_rank_1_update_c(
ExecutionPolicy&& exec,
in_vector_1_t x,
in_vector_2_t vy,
inout_matrix_t A);

Wote This function corresponds to the BLAS functions xGER (for real element types) and
XGERC (for complex element types). --end noteb

e Effects Equivalentto matrix_rank_1_update(x, conjugate_view(y), A);.

WY V. ®@F 27 50 J2Af 0 2025 GHI24 WH =w £= @20V v, 2P
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template<class in_vector_t,
class inout_matrix_t,
class Triangle>
void symmetric_matrix_rank_1_update(
in_vector_t x,
inout_matrix_t A,
Triangle t);
template<class ExecutionPolicy,
class in_vector_t,
class inout_matrix_t,
class Triangle>
void symmetric_matrix_rank_1_update(
ExecutionPolicy&& exec,
in_vector_t x,
inout_matrix_t A,
Triangle t);
template<class T,
class in_vector_t,
class inout_matrix_t,
class Triangle>
void symmetric_matrix_rank_1_update(
T alpha,
in_vector_t x,
inout_matrix_t A,
Triangle t);
template<class ExecutionPolicy,
class T,
class in_vector_t,
class inout_matrix_t,
class Triangle>
void symmetric_matrix_rank_1_update(
ExecutionPolicy&& exec,
T alpha,
in_vector_t x,
inout_matrix_t A,
Triangle t);

Wote
These functions correspond to the BLAS functions XSYR and xSPR.

They take an optional scaling factor alpha, because it would be impossible to express the
update C = C - x x*T otherwise.

--end noteb
e equires
o A.extent(0) equals A.extent(1).
o A.extent(0) equals x.extent(0).
e Constraints

o A.rank() equals 2 and x. rank() equals 1.
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o A either has unique layout, or layout_blas_packed layout.

o If Ahas layout_blas_packed layout, then the layout's Triangle template
argument has the same type as the function's Triangle template argument.

o For overloads without alpha:

= For i, j inthe domain of A, the expression A(i,j) += x(1)*x(j) is well
formed.

o For overloads with alpha:

= For i,]j inthe domain of C, and i, k and k, i in the domain of A, the
expression C(1,j) += alphaxA(i,k)*A(j,k) is well formed.

o Mandates

o If neither A.static_extent (@) nor A.static_extent (1) equals
dynamic_extent, then A.static_extent (@) equals A.static_extent(1).

o If neither A.static_extent (@) nor x.static_extent(0) equals
dynamic_extent, then A.static_extent (@) equals x.static_extent(0).

o Fffects

o Overloads without alpha assign to A on output, the elementwise sum of A on
input, with (the outer product of x and x).

o Overloads with alpha assign to A on output, the elementwise sum of A on input,
with alpha times (the outer product of x and x).

e emarks The functions will only access the triangle of A specified by the Triangle
argument t, and will assume for indices i, j outside that triangle, that A(j, i) equals
A(i,j).

2WY[ V. @3 27 ue20 BR0 g 2025 GHI?E WP =w @= 220V We 2P

template<class in_vector_t,
class inout_matrix_t,
class Triangle>
void hermitian_matrix_rank_1_update(
in_vector_t x,
inout_matrix_t A,
Triangle t);
template<class ExecutionPolicy,
class in_vector_t,
class inout_matrix_t,
class Triangle>
void hermitian_matrix_rank_1_update(
ExecutionPolicy&& exec,
in_vector_t x,
inout_matrix_t A,
Triangle t);
template<class T,
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class in_vector_t,
class inout_matrix_t,
class Triangle>
void hermitian_matrix_rank_1_update(
T alpha,
in_vector_t x,
inout _matrix_t A,
Triangle t);
template<class ExecutionPolicy,
class T,
class in_vector_t,
class inout_matrix_t,
class Triangle>
void hermitian_matrix_rank_1_update(
ExecutionPolicy&& exec,
T alpha,
in_vector_t x,
inout_matrix_t A,
Triangle t);

Wote

These functions correspond to the BLAS functions xHER and xHPR.

They take an optional scaling factor alpha, because it would be impossible to express the
update A = A - x x"H otherwise.

--end noteb
e equires
o A.extent(0) equals A.extent(1).
o A.extent(0) equals x.extent(0).
e Constraints
o A.rank() equals 2 and x. rank() equals 1.
o A either has unique layout, or layout_blas_packed layout.

o If Ahas layout_blas_packed layout, then the layout's Triangle template
argument has the same type as the function's Triangle template argument.

o For overloads without alpha:
= For i,]j inthe domain of A:

m if in_vector_t::element_typeis complex<RX> for some RX,
then the expression A(ij) += x(i)*conj(x(j)) is well formed;

= else, the expression A(i,j) += x(i)*x(j) is well formed.
o For overloads with alpha:

= For i,]j inthe domain of A:
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m if in_vector_t::element_typeis complex<RX> for some RX,
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then the expression A(i,j) += alpha*x(i)*conj(x(j)) is well formed;
= else, the expression A(i,j) += alphaxx(i)*x(j) is well formed
e Mandates

o If neither A.static_extent(0@) nor A.static_extent(1) equals
dynamic_extent, then A.static_extent(0) equals A.static_extent(1).

o If neither A.static_extent (@) nor x.static_extent(0) equals
dynamic_extent, then A.static_extent (@) equals x.static_extent(0).

e Fffects

o Overloads without alpha assign to A on output, the elementwise sum of A on
input, with (the outer product of x and the conjugate of x).

o Overloads with alpha assign to A on output, the elementwise sum of A on input,
with alpha times (the outer product of x and the conjugate of x).

e emarks

o The functions will only access the triangle of A specified by the Triangle
argument t.

o If inout_matrix_t::element_typeis complex<RA> for some RA, then the
functions will assume for indices i, j outside that triangle, that A(j, i) equals
conj(A(i,j)). Otherwise, the functions will assume that A(j, k) equals A(1,7).

20Y] V.@®J 27=,00 20 g ?)26 GHI?4 VP4 =w &= 220Y w,2 P

in_vector_1 t,
in_vector_2_t,
inout_matrix_t,
class Triangle>

void symmetric_matrix_rank_2_update(

in_vector_1_t x,

in_vector_2_t vy,

inout_matrix_t A,

Triangle t);

template<class
class
class

ExecutionPolicy,
in_vector_1_t,

template<class
class

class
class
class

void symmetric_|

in_vector_ 2 t,
inout_matrix_t,
Triangle>
matrix_rank_2_update(

ExecutionPolicy&& exec,
in_vector_1_t x,
in_vector_2_t vy,
inout_matrix_t A,

Triangle t);

2020-01-12



Mark Hoemmen 94/125
Wote These functions correspond to the BLAS functions xSYR2 and xSPR2. --end noteb

e equires
o A.extent(0) equals A.extent(1).
o A.extent(0) equals x.extent(0).
o A.extent (@) equals y.extent(0).
e Constraints
o A.rank() equals 2, x.rank() equals 1, and y. rank() equals 1.
o A either has unique layout, or layout_blas_packed layout.

o If Ahas layout_blas_packed layout, then the layout's Triangle template
argument has the same type as the function's Triangle template argument.

o For i, j inthe domain of A, the expression A(i,j) += x(i)xy(j) +
y(i)*x(j) is well formed.

e Mandates

o If neither A.static_extent(@) norA.static_extent(1) equals
dynamic_extent, then A.static_extent (@) equals A.static_extent(1).

o If neither A.static_extent(0@) nor x.static_extent(0) equals
dynamic_extent, then A.static_extent(0) equals x.static_extent(0).

o If neither A.static_extent(0) nory.static_extent(0) equals
dynamic_extent, then A.static_extent (@) equals y.static_extent(0).

e FEffects Assigns to A on output the sum of A on input, the outer product of x and y, and
the outer product of y and x.

e emarks The functions will only access the triangle of A specified by the Triangle
argument t, and will assume for indices i, j outside that triangle, that A(j, i) equals
A(i,j).

20Y] V. ®J 27?u-2¢ BRi g ?J28 GHI?E W& =w &= v22UY We2 P

template<class in_vector_1 t,
class in_vector_2_t,
class inout_matrix_t,
class Triangle>
void hermitian_matrix_rank_2_update(
in_vector_1_t x,
in_vector_2_t vy,
inout _matrix_t A,
Triangle t);

template<class ExecutionPolicy,
class in_vector_1_t,
class in_vector_2_t,
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class inout_matrix_t,
class Triangle>
void hermitian_matrix_rank_2_update(
ExecutionPolicy&& exec,
in_vector_1_t x,
in_vector_2_t vy,
inout _matrix_t A,
Triangle t);
Wote These functions correspond to the BLAS functions xHER2 and xHPR2. --end noteb
e equires
o A.extent(0) equals A.extent(1).
o A.extent(0) equals x.extent(0).
o A.extent(0) equals y.extent(0).
e Constraints
o A.rank() equals 2, x.rank() equals 1, and y.rank() equals 1.

o A either has unique layout, or layout_blas_packed layout.

o If A has layout_blas_packed layout, then the layout's Triangle template
argument has the same type as the function's Triangle template argument.

o For i, j inthe domain of A:
m [fin_vector_2_t::element_typeis complex<RY> for some RY,

» if in_vector_1_t::element_typeis complex<RX> for some RX,
then the expression A(1i,j) += x(i)xconj(y(j)) +
y(i)xconj(x(j)) is well formed;

= else, the expression A(i,j) += x(i)*xconj(y(j)) + y(i)*x(j)
is well formed;

= else,

m if in_vector_1_t::element_typeis complex<RX> for some RX,
then the expression A(1,j) += x(i)*xy(j) + y(i)*kconj(x(j))
is well formed;

= else, the expression A(1,3) += x(i)*y(j)) + y(i)*x(j) is well
formed.

e Mandates

o If neither A.static_extent (@) nor A.static_extent(1) equals
dynamic_extent, then A.static_extent (@) equals A.static_extent(1).

o If neither A.static_extent (@) nor x.static_extent(0) equals
dynamic_extent, then A.static_extent (@) equals x.static_extent(0).
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o If neither A.static_extent(@) nory.static_extent(0) equals

dynamic_extent, then A.static_extent(0) equalsy.static_extent(0).

e FEffects Assigns to A on output the sum of A on input, the outer product of x and the
conjugate of y, and the outer product of y and the conjugate of x.

e emarks

o The functions will only access the triangle of A specified by the Triangle
argument t.

o If inout_matrix_t::element_type is complex<RA> for some RA, then the
functions will assume for indices i, j outside that triangle, that A(j, i) equals
conj (A(i,j)). Otherwise, the functions will assume that A(j, i) equals A(1i,7]).

BLA 3 functions [linalg.algs.blas3]
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Wote These functions correspond to the BLAS function xGEMM. --end noteb
The following requirements apply to all functions in this section.
e equires
o C.extent(0) equals E.extent (@) (if applicable).
o C.extent(1) equals E.extent(1) (if applicable).
o A.extent(1) equalsB.extent(0).
o A.extent(0) equals C.extent(0).
o B.extent(1) equals C.extent(1).
e Constraints

o in_matrix_1_t,in_matrix_2_t, in_matrix_3_t (if applicable), and
out_matrix_t have unique layout.

o A.rank() equals 2, B.rank() equals 2, C. rank() equals 2, and E. rank() (if
applicable) equals 2.

o Mandates

o Forallrino,1, ..., C.rank() -1, if neither C.static_extent(r) nor
E.static_extent(r) equals dynamic_extent, then C.static_extent(r)
equals E.static_extent(r) (if applicable).

o If neither A.static_extent(1) norB.static_extent(0) equals
dynamic_extent, then A.static_extent(1) equals B.static_extent(0).

o If neither A.static_extent (@) nor C.static_extent(0) equals
dynamic_extent, then A.static_extent (@) equals C.static_extent(0).
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o If neither B.static_extent(1) nor C.static_extent(1) equals

dynamic_extent, then B.static_extent(1) equals C.static_extent(1).
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template<class in_matrix_ 1 t,
class in_matrix_2_t,
class out_matrix_t>
void matrix_product(in_matrix_1_t A,
in_matrix_2_t B,
out_matrix_t C);

template<class ExecutionPolicy,
class in_matrix_1_t,
class in_matrix_2_t,
class out_matrix_t>
void matrix_product(ExecutionPolicy&& exec,
in_matrix_1_t A,
in_matrix_2_t B,
out_matrix_t C);

e Constraints For i, j in the domain of C, i, k in the domain of A, and k, j in the domain of
B, the expression C(1,j) += A(i,k)*B(k,j) is well formed.

e FEffects Assigns to the elements of the matrix C the product of the matrices A and B.
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template<class
class
class

in_matrix_ 1 t,
in_matrix_2_t,
in_matrix_3_t,

class out_matrix_t>

void matrix_product(in_matrix_1_t A,
in_matrix_2_t B,

in_matrix_3_t E

out_matrix_t C)

’

template<class ExecutionPolicy,
class in_matrix_1_t,
class in_matrix_2_t,
class in_matrix_3_t,
class out_matrix_t>
void matrix_product(ExecutionPolicy&& exec,
in_matrix_1_t A,
in_matrix 2 t B,
in_matrix_3_t E,
out_matrix_t C);

e Constraints For 1, j in the domain of C, i, k in the domain of A, and k, j in the domain of
B, the expression C(i,j) += E(i,j) + A(i,k)*B(k,j) is well formed.
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e FEffects Assigns to the elements of the matrix C on output, the elementwise sum of E and

the product of the matrices A and B.

e emarks Cand E may refer to the same matrix. If so, then they must have the same
layout.

LB @I 522060 ?2)26 . 2 QVfIGH?E WPE =w®P= w,00 P
Wote
These functions correspond to the BLAS function xSYMM.

Unlike the symmetric rank-1 update functions, these functions assume that the input matrix --
not the output matrix -- is symmetric.

--end notepb
The following requirements apply to all functions in this section.
e equires
o A.extent(0) equals A.extent(1).
o C.extent(0) equals E.extent (@) (if applicable).
o C.extent(1) equals E.extent(1) (if applicable).
e Constraints
o in_matrix_1_t either has unique layout, or layout_blas_packed layout.

o in_matrix_2_t, in_matrix_3_t (if applicable), and out_matrix_t have
unique layout.

o If in_matrix_t has layout_blas_packed layout, then the layout's Triangle
template argument has the same type as the function's Triangle template
argument.

o A.rank() equals 2, B. rank() equals 2, C. rank() equals 2, and E. rank() (if
applicable) equals 2.

o Mandates

o If neither A.static_extent (@) nor A.static_extent(1) equals
dynamic_extent, then A.static_extent (@) equals A.static_extent(1).

o Forallrino,1,..., C.rank() -1, if neither C.static_extent(r) nor
E.static_extent(r) equals dynamic_extent, then C.static_extent(r)
equals E.static_extent(r) (if applicable).

e emarks

o The functions will only access the triangle of A specified by the Triangle
argument t, and will assume for indices i, j outside that triangle, that A(j, i)
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equals A(i,j).

o emarks Cand E (if applicable) may refer to the same matrix. If so, then they must
have the same layout.

The following requirements apply to all overloads of symmetric_matrix_left_product.
e equires
o A.extent(1) equalsB.extent(0),
o A.extent(0) equals C.extent(0), and
o B.extent(1) equals C.extent(1).
e Mandates

o If neither A.static_extent(1) norB.static_extent(0) equals
dynamic_extent, then A.static_extent(1) equals B.static_extent(0);

o if neither A.static_extent (@) nor C.static_extent (@) equals
dynamic_extent, then A.static_extent (@) equals C.static_extent(0);
and

o if neither B.static_extent(1) nor C.static_extent(1) equals
dynamic_extent, then B.static_extent(1) equals C.static_extent(1).

The following requirements apply to all overloads of symmetric_matrix_right_product.
e equires
o B.extent(1) equals A.extent(0),
o B.extent (@) equals C.extent (@), and
o A.extent(1) equals C.extent(1).
e Mandates

o If neither B.static_extent(1) norA.static_extent(0) equals
dynamic_extent, then B.static_extent(1) equals A.static_extent(0);

o if neither B.static_extent(0) nor C.static_extent(0) equals
dynamic_extent, then B.static_extent (@) equals C.static_extent(0);
and

o if neither A.static_extent(1) nor C.static_extent(1) equals
dynamic_extent, then A.static_extent(1) equals C.static_extent(1).
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template<class in_matrix_1_t,
class Triangle,
class in_matrix_2_t,
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class

void symmetric_|

out_matrix_t>
matrix_left_product(

in_matrix 1 t A,

Triangle t,

in_matrix_2_t B,

out_matrix_t
template<class
class

class

class

class

void symmetric_|

C);

ExecutionPolicy,
in_matrix_1_t,
Triangle,
in_matrix_2_t,

out _matrix_t>
matrix_left_product(

100/125

ExecutionPolicy&& exec,
in_matrix_1_t A,
Triangle t,
in_matrix_2_t B,
out_matrix_t C);

e Constraints For i, j in the domain of C, i, k in the domain of A, and k, j in the domain of
B, the expression C(1i,j) += A(i,k)*B(k,7j) is well formed.

e Fffects Assigns to the elements of the matrix C the product of the matrices A and B.
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in_matrix_1_t,
Triangle,
in_matrix_2_t,
class out_matrix_t>
void symmetric_matrix_right_product(
in_matrix 1 t A,
Triangle t,
in_matrix_2_t B,
out_matrix_t C);
template<class ExecutionPolicy,
class in_matrix_1_t,
class Triangle,
class in_matrix_2_t,
class out _matrix_t>
void symmetric_matrix_right_product(
ExecutionPolicy&& exec,
in_matrix_1_t A,
Triangle t,
in_matrix_2_t B,
out_matrix_t C);

template<class
class
class

e Constraints For i, j in the domain of C, i, k in the domain of B, and k, j in the domain of
A, the expression C(i,j) += B(i,k)*A(k,j) is well formed.

e FEffects Assigns to the elements of the matrix C the product of the matrices B and A.
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template<class
class
class
class
class

void symmetric_|
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in_matrix_1_t,
Triangle,
in_matrix_2_t,
in_matrix_3_t,
out_matrix_t>
matrix_left_product(

in_matrix_1_t A,

Triangle t,

in_matrix_2_t B,
in_matrix 3 t E,

out_matrix_t
template<class
class

class

class

class

class

void symmetric_|

C);

ExecutionPolicy,
in_matrix_1_t,
Triangle,
in_matrix_2_t,
in_matrix_3_t,
out_matrix_t>
matrix_left_product(

ExecutionPolicy&& exec,
in_matrix_1 t A,

Triangle t,

in_matrix 2 t B,
in_matrix_3_t E,

out_matrix_t

C);

e Constraints For i, j in the domain of C, i, k in the domain of A, and k, j in the domain of
B, the expression C(1i,j) += E(i,j) + A(i,k)*B(k,j) is well formed.

e FEffects assigns to the elements of the matrix C on output, the elementwise sum of E and
the product of the matrices A and B.
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template<class
class
class
class

in_matrix_1_t,
Triangle,
in_matrix_ 2 t,
in_matrix_3_t,
class out_matrix_t>
void symmetric_matrix_right_product(
in_matrix_ 1 t A,
Triangle t,
in_matrix_2_t B,
in_matrix_3_t E,
out_matrix_t C);
template<class ExecutionPolicy,
class in_matrix_1_t,
class Triangle,
class in_matrix_2_t,
class in_matrix_3_t,
class out_matrix_t>
void symmetric_matrix_right_product(
ExecutionPolicy&& exec,
in_matrix_1_t A,
Triangle t,
in_matrix_2_t B,
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in_matrix_3_t E,
out_matrix_t C);

e Constraints For i, j in the domain of C, i, k in the domain of B, and k, j in the domain of
A, the expression C(i,j) += E(i,j) + B(i,k)*A(k,]j) is well formed.

e FEffects assigns to the elements of the matrix C on output, the elementwise sum of E and
the product of the matrices B and A.
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Wote
These functions correspond to the BLAS function XHEMM.

Unlike the Hermitian rank-1 update functions, these functions assume that the input matrix --
not the output matrix -- is Hermitian.

--end noteb
The following requirements apply to all functions in this section.
e equires
o A.extent(0) equals A.extent(1).
o C.extent(0) equals E.extent (@) (if applicable).
o C.extent(1) equals E.extent(1) (if applicable).
e Constraints
o in_matrix_1_t either has unique layout, or layout_blas_packed layout.

o in_matrix_2_t, in_matrix_3_t (if applicable), and out_matrix_t have
unique layout.

o If in_matrix_t has layout_blas_packed layout, then the layout's Triangle
template argument has the same type as the function's Triangle template
argument.

o A.rank() equals 2, B.rank() equals 2, C. rank() equals 2, and E. rank() (if
applicable) equals 2.

e Mandates

o If neither A.static_extent(0) norA.static_extent(1) equals
dynamic_extent, then A.static_extent (@) equals A.static_extent(1).

o ForallrinO,1, ..., C.rank() -1, if neither C.static_extent(r) nor
E.static_extent(r) equals dynamic_extent, then C.static_extent(r)
equals E.static_extent(r) (if applicable).

e emarks
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o The functions will only access the triangle of A specified by the Triangle

argument t.

o Ifin_matrix_1_t::element_typeis complex<RA> for some RA, then the
functions will assume for indices i, j outside that triangle, that A(j, i) equals
conj (A(i,j)). Otherwise, the functions will assume that A(j, i) equals A(i,j).

o Cand E (if applicable) may refer to the same matrix. If so, then they must have the
same layout.

The following requirements apply to all overloads of hermitian_matrix_left_product.
e equires
o A.extent(1) equals B.extent(0),
o A.extent (@) equals C.extent(@), and
o B.extent(1) equals C.extent(1).
e Mandates

o If neither A.static_extent(1) norB.static_extent(0) equals
dynamic_extent, then A.static_extent(1) equals B.static_extent(0);

o if neither A.static_extent(0) nor C.static_extent(0) equals
dynamic_extent, then A.static_extent (@) equals C.static_extent(0);
and

o if neither B.static_extent(1) nor C.static_extent(1) equals
dynamic_extent, then B.static_extent(1) equals C.static_extent(1).

The following requirements apply to all overloads of hermitian_matrix_right_product.
e equires
o B.extent(1) equals A.extent(0),
o B.extent(0) equals C.extent(0), and
o A.extent(1) equals C.extent(1).
¢ Mandates

o If neither B.static_extent(1) norA.static_extent(0) equals
dynamic_extent, then B.static_extent(1) equals A.static_extent(0);

o if neither B.static_extent(0) nor C.static_extent (@) equals
dynamic_extent, then B.static_extent(0) equals C.static_extent(0);
and

o if neither A.static_extent(1) nor C.static_extent(1) equals
dynamic_extent, then A.static_extent(1) equals C.static_extent(1).
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template<class
class
class
class

void hermitian_|

in_matrix_ 1 t,
Triangle,
in_matrix_2_t,
out_matrix_t>
matrix_left_product(

in_matrix_1 t A,

Triangle t,

in_matrix_2_t B,

out matrix_t
template<class
class

class

class

class

void hermitian

C);

ExecutionPolicy,
in_matrix_1_t,
Triangle,
in_matrix 2 t,
out_matrix_t>
matrix_left_product(

ExecutionPolEcy&& exec,
in_matrix 1 t A,

Triangle t,

in_matrix_2_t B,

out_matrix_t

C);

e Constraints For i, j in the domain of C, i, k in the domain of A, and k, j in the domain of
B, the expression C(1,j) += A(i,k)*B(k,j) is well formed.

e FEffects Assigns to the elements of the matrix C the product of the matrices A and B.
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template<class
class
class
class

void hermitian_|

in_matrix_ 1 t,
Triangle,
in_matrix_2_t,
out_matrix_t>
matrix_right_product(

in_matrix_1 t A,

Triangle t,

in_matrix_2_t B,

out matrix_t
template<class
class

class

class

class

void hermitian_|

C);

ExecutionPolicy,
in_matrix_1_t,
Triangle,
in_matrix 2 t,
out_matrix_t>
matrix_right_product(

ExecutionPolicy&& exec,
in_matrix 1 t A,

Triangle t,

in_matrix_2_t B,

out_matrix_t

C);

e Constraints For i, j in the domain of C, i, k in the domain of B, and k, j in the domain of
A, the expression C(i,j) += B(i,k)*A(k,j) is well formed.
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e FEffects Assigns to the elements of the matrix C the product of the matrices B and A.
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template<class
class
class
class
class
void hermitian

in_matrix_1_t,
Triangle,
in_matrix 2 t,
in_matrix_3_t,
out_matrix_t>
matrix_left_product(

in_matrix_l_% A,

Triangle t,

in_matrix_2_t B,
in_matrix_3_t E,

out matrix_t
template<class
class

class

class

class

class

void hermitian_|

C);

ExecutionPolicy,
in_matrix_1_t,
Triangle,
in_matrix 2 t,
in_matrix_3_t,
out_matrix_t>
matrix_left_product(

ExecutionPolicy&& exec,
in_matrix_1 t A,

Triangle t,

in_matrix_2_t B,
in_matrix 3 t E,

out_matrix_t

C);

e Constraints For i, j inthe domain of C, i, k in the domain of A, and k, j in the domain of
B, the expression C(1i,j) += E(i,j) + A(i,k)*B(k,j) is well formed.

e FEffects Assigns to the elements of the matrix C on output, the elementwise sum of E and
the product of the matrices A and B.
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template<class
class
class
class

in_matrix_1_t,
Triangle,
in_matrix_2_t,
in_matrix 3 t,
class out_matrix_t>
void hermitian_matrix_right_product(
in_matrix_1_t A,
Triangle t,
in_matrix_2_t B,
in_matrix_3_t E,
out_matrix_t C);
template<class ExecutionPolicy,
class in_matrix_1_t,
class Triangle,
class in_matrix_2_t,
class in_matrix_3_t,
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class out_matrix_t>
void hermitian_matrix_right_product(

ExecutionPolicy&& exec,

in_matrix_1_t A,

Triangle t,

in_matrix_2_t B,

in_matrix 3 t E,

out_matrix_t C);

e Constraints For i, j in the domain of C, i, k in the domain of B, and k, j in the domain of
A, the expression C(1,j) += E(i,j) + B(i,k)*A(k,j) is well formed.

e FEffects Assigns to the elements of the matrix C on output, the elementwise sum of E and
the product of the matrices B and A.
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Wote These functions correspond to the BLAS function xTRMM. --end noteb
The following requirements apply to all functions in this section.
e equires
o A.extent(0) equals A.extent(1).
o C.extent(0) equals E.extent(0) (if applicable).
o C.extent(1) equals E.extent (1) (if applicable).
e Constraints
o in_matrix_1_t either has unique layout, or layout_blas_packed layout.

o in_matrix_2_t, in_matrix_3_t (if applicable), out_matrix_t, and
inout_matrix_t (if applicable) have unique layout.

o If in_matrix_1_t has layout_blas_packed layout, then the layout's Triangle
template argument has the same type as the function's Triangle template

argument.

o A.rank() equals 2, B.rank() equals 2, C. rank() equals 2, and E. rank() (if
applicable) equals 2.

e Mandates

o If neither A.static_extent(0) nor A.static_extent(1) equals
dynamic_extent, then A.static_extent(@) equals A.static_extent(1).

o ForallrinQ,1,..., C.rank() -1, if neither C.static_extent(r) nor
E.static_extent(r) equals dynamic_extent, then C.static_extent(r)
equals E.static_extent(r) (if applicable).

e emarks
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o The functions will only access the triangle of A specified by the Triangle

argument t.

o If the DiagonalStorage template argument has type
implicit_unit_diagonal_t, then the functions will not access the diagonal of
A, and will assume that that the diagonal elements of A all equal one. Wote This
does not imply that the function needs to be able to form an element_type value
equal to one. --*end note]

o Cand E (if applicable) may refer to the same matrix. If so, then they must have the
same layout.

The following requirements apply to all overloads of triangular_matrix_left_product.
e equires
o A.extent(1) equals B.extent(0) (if applicable),
o A.extent(0) equals C.extent(0), and
o B.extent(1) equals C.extent(1) (if applicable).
e Mandates

o If neither A.static_extent(1) norB.static_extent(0) equals
dynamic_extent, then A.static_extent(1) equals B.static_extent(0) (if
applicable);

o if neither A.static_extent (@) nor C.static_extent (@) equals
dynamic_extent, then A.static_extent (@) equals C.static_extent(0);
and

o if neither B.static_extent (1) nor C.static_extent(1) equals
dynamic_extent, then B.static_extent(1) equals C.static_extent(1) (if
applicable).

The following requirements apply to all overloads of triangular_matrix_right_product.
e equires
o B.extent(1) equals A.extent (@) (if applicable),
o B.extent(0) equals C.extent (@) (if applicable), and
o A.extent(1) equals C.extent(1).
e Mandates

o If neither B.static_extent(1) norA.static_extent(0) equals
dynamic_extent, then B.static_extent(1) equals A.static_extent(0) (if
applicable);

o if neither B.static_extent (@) nor C.static_extent (@) equals
dynamic_extent, then B.static_extent (@) equals C.static_extent(0) (if
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applicable); and

o if neither A.static_extent(1) nor C.static_extent(1) equals
dynamic_extent, then A.static_extent(1) equals C.static_extent(1).
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Not-in-place overwriting triangular matrix-matrix left product

template<class in_matrix_ 1 t,
class Triangle,
class DiagonalStorage,
class in_matrix_ 2 t,
class out_matrix_t>
void triangular_matrix_left_product(
in_matrix_1_t A,
Triangle t,
DiagonalStorage d,
in_matrix_2_t B,
out_matrix_t C);
template<class ExecutionPolicy,
class in_matrix_1_t,
class Triangle,
class DiagonalStorage,
class in_matrix_2_ t,
class out_matrix_t>
void triangular_matrix_left_product(
ExecutionPolicy&& exec,
in_matrix 1 t A,
Triangle t,
DiagonalStorage d,
in_matrix_2_t B,
out_matrix_t C);

e Constraints For i, j in the domain of C, i, k in the domain of A, and k, j in the domain of
B, the expression C(i,j) += A(i,k)*B(k,j) is well formed.

e FEffects Assigns to the elements of the matrix C the product of the matrices A and B.

In-place overwriting triangular matrix-matrix left product

template<class in_matrix_ 1 t,
class Triangle,
class DiagonalStorage,
class inout_matrix_t>
void triangular_matrix_left_product(
in_matrix_1_t A,
Triangle t,
DiagonalStorage d,
inout_matrix_t C);

e equires A.extent(1) equals C.extent(0).
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e Constraints For i,j and k, j in the domain of C, and i, k in the domain of A, the

expression C(1i,j) += A(i,k)*C(k,7j) is well formed.

e Mandates If neither A.static_extent(1) nor C.static_extent (@) equals
dynamic_extent, then A.static_extent(1) equals C.static_extent(0).

e FEffects Overwrites C on output with the product of the matrices A and C (on input).
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Not-in-place overwriting triangular matrix-matrix right product

template<class
class
class
class
class

in_matrix_1_t,
Triangle,
DiagonalStorage,
in_matrix_2_t,
out_matrix_t>

void triangular_matrix_right_product(
in_matrix 1 t A,
Triangle t,
DiagonalStorage d,
in_matrix_2_t B,
out_matrix_t C);
template<class ExecutionPolicy,
class in_matrix_1_t,
class Triangle,
class DiagonalStorage,
class in_matrix_2_t,
class out_matrix_t>
void triangular_matrix_right_product(
ExecutionPolicy&& exec,
in_matrix_1 t A,
Triangle t,
DiagonalStorage d,
in_matrix 2 t B,
out_matrix_t C);

e Constraints For i, j inthe domain of C, i, k in the domain of B, and k, j in the domain of
A, the expression C(i,j) += B(i,k)*A(k,j) is well formed.

e FEffects Assigns to the elements of the matrix C the product of the matrices B and A.

In-place overwriting triangular matrix-matrix right product

template<class in_matrix_1_t,
class Triangle,
class DiagonalStorage,
class inout_matrix_t>
void triangular_matrix_right_product(
in_matrix_1_t A,
Triangle t,
DiagonalStorage d,
inout_matrix_t C);
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e equires C.extent (1) equals A.extent(0).

e Constraints For i,j and i, K in the domain of C, and Kk, j in the domain of A, the
expression C(i,j) += C(i,k)*A(k,j) is well formed.

e Mandates If neither C.static_extent(1) nor A.static_extent (@) equals
dynamic_extent, then C.static_extent(1) equals A.static_extent(0).

e FEffects Overwrites C on output with the product of the matrices C (on input) and A.
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template<class in_matrix_1_t,
class Triangle,
class DiagonalStorage,
class in_matrix_2_t,
class in_matrix_3_t,
class out_matrix_t>
void triangular_matrix_left_product(
in_matrix_1 t A,
Triangle t,
DiagonalStorage d,
in_matrix 2 t B,
in_matrix_3_t E,
out_matrix_t C);
template<class ExecutionPolicy,
class in_matrix_1_t,
class Triangle,
class DiagonalStorage,
class in_matrix_2_t,
class in_matrix_3_t,
class out_matrix_t>
void triangular_matrix_left_product(
ExecutionPolicy&& exec,
in_matrix 1 t A,
Triangle t,
DiagonalStorage d,
in_matrix_2_t B,
in_matrix 3 t E,
out_matrix_t C);

e Constraints For i, j in the domain of C, i, k in the domain of A, and k, j in the domain of
B, the expression C(1i,j) += E(i,j) + A(i,k)*B(k,j) is well formed.

e FEffects Assigns to the elements of the matrix C on output, the elementwise sum of E and
the product of the matrices A and B.

CL @I 2P0 VER2p 2028 [0 2028 28 A 2 GVfJGEIZE W0A =w 2= wWi2o o W. V2E YaP

template<class in_matrix_ 1 ft,
class Triangle,
class DiagonalStorage,
class in_matrix_ 2 t,
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class in_matrix_3_t,
class out_matrix_t>
void triangular_matrix_right_product(
in_matrix_1 t A,
Triangle t,
DiagonalStorage d,
in_matrix 2 t B,
in_matrix_3_t E,
out_matrix_t C);
template<class ExecutionPolicy,
class in_matrix_1_t,
class Triangle,
class DiagonalStorage,
class in_matrix_2_t,
class in_matrix_3_t,
class out_matrix_t>
void triangular_matrix_right_product(
ExecutionPolicy&& exec,
in_matrix 1 t A,
Triangle t,
DiagonalStorage d,
in_matrix_2_t B,
in_matrix 3 t E,
out_matrix_t C);

e Constraints For i, j in the domain of C, i, k in the domain of B, and k, j in the domain of
A, the expression C(1,j) += E(i,j) + B(i,k)*A(k,j) is well formed.

e FEffects Assigns to the elements of the matrix C on output, the elementwise sum of E and
the product of the matrices B and A.

20Y[YV. @ 2?=,g@«2F 2u-2g B2 g ?2)25 GHI?E V04 w @= v?2UY[ YP

Wote Users can achieve the effect of the TRANS argument of these BLAS functions, by
applying transpose_view or conjugate_transpose_view to the input matrix. --end noteb

WYY =, 0 0+ JAF 0 2025 V. @I GHI?E WE w @= @20Y] Yve, 2YP

template<class in_matrix_ 1 t,
class inout_matrix_t,
class Triangle>
void symmetric_matrix_rank_k_update(
in_matrix_1 t A,
inout_matrix_t C,
Triangle t);
template<class ExecutionPolicy,
class in_matrix_1_t,
class inout_matrix_t,
class Triangle>
void symmetric_matrix_rank_k_update(
ExecutionPolicy&& exec,
in_matrix_1_t A,
inout_matrix_t C,
Triangle t);
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template<class
class
class
class

void symmetric_|

T alpha,

T,

in_matrix_1_t,

inout _matrix_t,
Triangle>
matrix_rank_k_update(

in_matrix 1 t A,
inout_matrix_t C,

Triangle t);
template<class
class

class

class

class

void symmetric_|

ExecutionPolicy,

T,

in_matrix_1_t,
inout_matrix_t,
Triangle>
matrix_rank_k_update(

ExecutionPolicy&& exec,

T alpha,

in_matrix_1_t A,
inout _matrix_t C,

Triangle t);

Wote

112/125

These functions correspond to the BLAS function XSYRK

They take an optional scaling factor alpha, because it would be impossible to express the

update C = C - A A*T otherwise.

--end noteb

e equires

o A.extent(0) equals C.extent(0).

o C.extent(0) equals C.extent(1).

e Constraints

o A.rank() equals 2 and C. rank() equals 2.

o C either has unique layout, or layout_blas_packed layout.

o If C has layout_blas_packed layout, then the layout's Triangle template
argument has the same type as the function's Triangle template argument.

o For i, j inthe domain of C, and i, k and k, i in the domain of A, the expression

C(i,j) += A(i,k)*A(j,k) is well formed.

o For i, jinthe domain of C, and i, k and k, i in the domain of A, the expression
C(i,j) += alphaxA(i,k)*A(j,k) is well formed (if applicable).

o Mandates

o If neither A.static_extent (@) nor C.static_extent(0) equals
dynamic_extent, then A.static_extent (@) equals C.static_extent(0).
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o If neither C.static_extent (@) nor C.static_extent(1) equals

dynamic_extent, then C.static_extent(@) equals C.static_extent(1).

Mark Hoemmen

o Fffects

o Overloads without alpha assign to C on output, the elementwise sum of C on input
with (the matrix product of A and the nonconjugated transpose of A).

o Overloads with alpha assign to C on output, the elementwise sum of C on input
with alpha times (the matrix product of A and the nonconjugated transpose of A).

e emarks The functions will only access the triangle of C specified by the Triangle
argument t, and will assume for indices i, j outside that triangle, that C(j, i) equals
c(i,j).

20Y[Y =, 00« J2F g 2328 V. ®@J GHI?E VP4 w = 22U Y] Y 2YP
template<class in_matrix_ 1 t,

class inout_matrix_t,
class Triangle>

void hermitian_|

matrix_rank_k_update(

in_matrix_1 t A,

inout_matrix_

Triangle t);
template<class
class

class

class

void hermitian

(o

ExecutionPolicy,
in_matrix_1_t,
inout_matrix_t,
Triangle>
matrix_rank_k_update(

ExecutionPolicy&& exec,
in_matrix_1_t A,
inout_matrix_t C,

Triangle t);
template<class
class

class

class

void hermitian_|

T alpha,

T,

in_matrix_1_t,
inout_matrix_t,
Triangle>
matrix_rank_k_update(

in_matrix_1_t A,
inout _matrix_t C,

Triangle t);
template<class
class

class

class

class

void hermitian_|

ExecutionPolicy,

T,

in_matrix_ 1 t,
inout_matrix_t,
Triangle>
matrix_rank_k_update(

ExecutionPolicy&& exec,

T alpha,

in_matrix_1_t A,
inout_matrix_t C,

Triangle t);
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Wote

These functions correspond to the BLAS function xHERK.

They take an optional scaling factor alpha, because it would be impossible to express the
updates C=C - AA*T or C = C - A A*H otherwise.

--end notep
e equires
o A.extent(0) equals C.extent(0).
o C.extent(0) equals C.extent(1).
e Constraints
o A.rank() equals 2 and C. rank() equals 2.
o C either has unique layout, or layout_blas_packed layout.

o If C has layout_blas_packed layout, then the layout's Triangle template
argument has the same type as the function's Triangle template argument.

o For overloads without alpha: For i, j in the domain of C, and i, k and k, i in the
domain of A,

s ifin_matrix_1_t::element_typeis complex<R> for some R, then the
expression C(i,j) += A(i,k)*xconj(A(j,k)) is well formed;

= else, the expression C(1i,j) += A(i,k)*A(j,k) is well formed.

o For overloads with alpha: For i, j in the domain of C, and i,k and k, i in the
domain of A,

s ifin_matrix_1_t::element_typeis complex<R> for some R, then the
expression C(i,j) += alpha*A(i,k)*xconj(A(j,k)) iswell formed;

= else, the expression C(1i,j) += alphaxA(i,k)*A(j,k) is well formed.
e Mandates

o If neither A.static_extent (@) nor C.static_extent(0) equals
dynamic_extent, then A.static_extent (@) equals C.static_extent(0).

o If neither C.static_extent (@) nor C.static_extent (1) equals
dynamic_extent, then C.static_extent (@) equals C.static_extent(1).

o Fffects

o Overloads without alpha assign to C on output, the elementwise sum of C on input
with (the matrix product of A and the conjugated transpose of A).

o Overloads with alpha assign to C on output, the elementwise sum of C on input
with alpha times (the matrix product of A and the conjugated transpose of A).
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e emarks The functions will only access the triangle of C specified by the Triangle
argument t, and will assume for indices i, j outside that triangle, that C(j, i) equals

C(i,j).
20V YV.®F 27=,00I2H 2u-20 BRU g 2025 GEI?4 W& w @= 220Y YP

Wote Users can achieve the effect of the TRANS argument of these BLAS functions, by
applying transpose_view or conjugate_transpose_view to the input matrices. --end
noteb

20Y[ Y=,804+J020 g?J28 V. ®J GH?E W& wP= W20Y Yw,2 YP

template<class in_matrix_1_t,
class in_matrix_ 2 t,
class inout_matrix_t,
class Triangle>
void symmetric_matrix_rank_2k_update(
in_matrix 1 t A,
in_matrix_2_t B,
inout_matrix_t C,
Triangle t);
template<class ExecutionPolicy,
class in_matrix_1_t,
class in_matrix_2_t,
class inout_matrix_t,
class Triangle>
void symmetric_matrix_rank_2k_update(
ExecutionPolicy&& exec,
in_matrix_1_t A,
in_matrix 2 t B,
inout_matrix_t C,
Triangle t);

Wote These functions correspond to the BLAS function xSYR2K. The BLAS "quick reference"
has a typo; the "ALPHA" argument of CSYR2K and ZSYR2K should not be conjugated. --end
noteb

e equires
o A.extent(0) equals C.extent(0).
o B.extent(1) equals C.extent(0).
o C.extent(0) equals C.extent(1).
e Constraints
o A.rank() equals 2, B. rank() equals 2, and C. rank() equals 2.
o C either has unique layout, or layout_blas_packed layout.

o If C has layout_blas_packed layout, then the layout's Triangle template
argument has the same type as the function's Triangle template argument.
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o Fori,jinthe domainof C, i,k and k, i in the domain of A, and j,kand k, j in

the domain of B, the expression C(1,j) += A(i,k)*B(j,k) + B(i,k)*A(j,k)
is well formed.

e Mandates

o If neither A.static_extent (@) nor C.static_extent(0) equals
dynamic_extent, then A.static_extent (@) equals C.static_extent(0).

o If neither B.static_extent(1) nor C.static_extent(0) equals
dynamic_extent, then B.static_extent(1) equals C.static_extent(0).

o If neither C.static_extent (@) nor C.static_extent(1) equals
dynamic_extent, then C.static_extent (@) equals C.static_extent(1).

e FEffects Assigns to C on output, the elementwise sum of C on input with (the matrix
product of A and the nonconjugated transpose of B) and (the matrix product of B and the
nonconjugated transpose of A.)

e emarks The functions will only access the triangle of C specified by the Triangle
argument t, and will assume for indices i, j outside that triangle, that C(j, i) equals
c(i,j).

20Y] Yu-e20 BR0 g 2025 V. @J GHI?E WE w = 20V YW 2 VP

template<class in_matrix_ 1 t,
class in_matrix_2_t,
class inout_matrix_t,
class Triangle>
void hermitian_matrix_rank_2k_update(
in_matrix_1_t A,
in_matrix_2_t B,
inout _matrix_t C,
Triangle t);

template<class ExecutionPolicy,
class in_matrix_1_t,
class in_matrix_2_t,
class inout_matrix_t,
class Triangle>
void hermitian_matrix_rank_2k_update(
ExecutionPolicy&& exec,
in_matrix_1_t A,
in_matrix_2_t B,
inout _matrix_t C,
Triangle t);

Wote These functions correspond to the BLAS function xHER2K. --end notep
e equires

o A.extent(0) equals C.extent(0).
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o B.extent(1) equals C.extent(0).

o C.extent(0) equals C.extent(1).

e Constraints
o A.rank() equals 2, B. rank() equals 2, and C. rank() equals 2.
o C either has unique layout, or layout_blas_packed layout.

o If C has layout_blas_packed layout, then the layout's Triangle template
argument has the same type as the function's Triangle template argument.

o For i, jinthe domainofC, i,k and k, i in the domain of A, and j, kand k, j in
the domain of B,

m if in_matrix_1_t::element_typeis complex<RA> for some RA, then

m ifin_matrix_2_t::element_typeis complex<RB> for some RB,
then the expression C(1i,j) += A(i,k)*conj(B(j, k)) +
B(1i,k)xconj(A(],k)) is well formed;

= else, the expression C(1,j) += A(i,k)*B(j,k) +
B(i,k)xconj(A(j,k)) is well formed;

= else,

m if in_matrix_2_t::element_typeis complex<RB> for some RB,
then the expression C(i,j) += A(i,k)*conj(B(j,k)) +
B(i,k)*A(j,k) is well formed;

= else, the expression C(i,j) += A(i,k)*B(j, k) +
B(i,k)*A(j, k) is well formed.

e Mandates

o If neither A.static_extent (@) nor C.static_extent(0) equals
dynamic_extent, then A.static_extent (@) equals C.static_extent(0).

o If neither B.static_extent(1) nor C.static_extent(0) equals
dynamic_extent, then B.static_extent(1) equals C.static_extent(0).

o If neither C.static_extent (@) nor C.static_extent (1) equals
dynamic_extent, then C.static_extent (@) equals C.static_extent(1).

e FEffects Assigns to C on output, the elementwise sum of C on input with (the matrix
product of A and the conjugate transpose of B) and (the matrix product of B and the
conjugate transpose of A.)

e emarks

o The functions will only access the triangle of C specified by the Triangle
argument t.
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o If inout_matrix_t::element_typeis complex<RC> for some RC, then the
functions will assume for indices i, j outside that triangle, that C(j, i) equals
conj(C(i,j)).Otherwise, the functions will assume that C(j, i) equals C(i,7j).

e g VAE & R0 VR2HKe 72=, =0 g = GHI?4 VP4 w #= w=p P

Wote These functions correspond to the BLAS function xTRSM. The Reference BLAS does not
have a XTPSM function. --end noteb

The following requirements apply to all functions in this section.
e equires

o ForallrinO,1,.., B.rank() -1, X.extent(r) equals B.extent(r) (if
applicable).

o A.extent(0) equals A.extent(1).
e Constraints

o A.rank() equals 2 and B. rank() equals 2.

[e]

X.rank() equals 2 (if applicable).

o in_matrix_1_t either has unique layout, or layout_blas_packed layout.
o in_matrix_2_t has unique layout (if applicable).

o out_matrix_t has unique layout.

o inout_matrix_t has unique layout (if applicable).

o If r,j isin the domain of X and B, then the expression X(r,j) = B(r,j) is well
formed (if applicable).

o IfDiagonalStorageisexplicit_diagonal_t, and i, j isin the domain of X,
then the expression X(1i,j) /= A(i, 1) is well formed (if applicable).

e Mandates

o ForallrinQ,1, ..., X.rank() -1, if neither X.static_extent(r) nor
B.static_extent(r) equals dynamic_extent, then X.static_extent(r)
equals B.static_extent(r) (if applicable).

o If neither A.static_extent(0) norA.static_extent(1) equals
dynamic_extent, then A.static_extent(@) equals A.static_extent(1).

e emarks

o The functions will only access the triangle of A specified by the Triangle
argument t.

o If the DiagonalStorage template argument has type
implicit_unit_diagonal_t, then the functions will not access the diagonal of
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A, and will assume that that the diagonal elements of A all equal one. Wote This

does not imply that the function needs to be able to form an element_type value
equal to one. --*end note]

e o VAE & J220° VR2&ie 22=, =) 0 =y BLI220° VP2 2028 U Ve 22) GEI?H WA w D= wW2=p viz 2JP
Not-in-place multiple triangular systems left solve

template<class in_matrix_1_t,
class Triangle,
class DiagonalStorage,
class in_matrix_2_t,
class out_matrix_t>
void triangular_matrix_matrix_left_solve(
in_matrix 1 t A,
Triangle t,
DiagonalStorage d,
in_matrix_2_t B,
out_matrix_t X);
template<class ExecutionPolicy,
class in_matrix_1_t,
class Triangle,
class DiagonalStorage,
class in_matrix_2_t,
class out_matrix_t>
void triangular_matrix_matrix_left_solve(
ExecutionPolicy&& exec,
in_matrix_1 t A,
Triangle t,
DiagonalStorage d,
in_matrix 2 t B,
out_matrix_t X);

equires A.extent(1) equals B.extent(0).

e Constraints If i, and i,k are in the domain of X, then the expression X(i,j) —-=
A(i, k) * X(k,j) is well formed.

e Mandates If neither A.static_extent(1) norB.static_extent (@) equals
dynamic_extent, then A.static_extent(1) equals B.static_extent(0).

e FEffects Assigns to the elements of X the result of solving the triangular linear system(s)
AX=B for X.

In-place multiple triangular systems left solve

template<class in_matrix_ 1 t,
class Triangle,
class DiagonalStorage,
class inout_matrix_t>
void triangular_matrix_matrix_left_solve(
in_matrix_1 t A,
Triangle t,
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DiagonalStorage d,
inout_matrix_t B);

Wote

This in-place version of the function intentionally lacks an overload taking an
ExecutionPolicy&§, because it is not possible to parallelize in-place triangular solve for an
arbitrary ExecutionPolicy.

This algorithm makes it possible to compute factorizations like Cholesky and LU in place.
--end notep

e equires A.extent(1) equals B.extent(0).

e Constraints

o IfDiagonalStorageisexplicit_diagonal_t, and i, j isin the domain of B,
then the expression B(1i,j) /= A(i, 1) is well formed (if applicable).

o If i,j and i,k are in the domain of X, then the expression B(1i,j) —= A(i, k) *

B(k,j) is well formed.

e Mandates If neither A.static_extent(1) norB.static_extent(0) equals
dynamic_extent, then A.static_extent(1) equals B.static_extent(0).

e FEffects Overwrites B with the result of solving the triangular linear system(s) AX=B for X.

e o VAE & J220° VP2 aie 22=, =) g =y BLJ200° VP20 2028 U e 2E Y4 GRIZE WA w 2= wWi2=p E YaP

Not-in-place multiple triangular systems right solve

template<class
class
class

in_matrix_1_t,
Triangle,
DiagonalStorage,

class in_matrix_2_t,
class out_matrix_t>
void triangular_matrix_matrix_right_solve(
in_matrix 1 t A,
Triangle t,
DiagonalStorage d,
in_matrix_2_t B,
out_matrix_t X);
template<class ExecutionPolicy,
class in_matrix_1_t,
class Triangle,
class DiagonalStorage,
class in_matrix_2_t,
class out_matrix_t>
void triangular_matrix_matrix_right_solve(
ExecutionPolicy&& exec,
in_matrix_1 t A,
Triangle t,
DiagonalStorage d,
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in_matrix_2_t B,
out_matrix_t X);

equires A.extent(1) equals B.extent(1).

e Constraints If i, and i, k are in the domain of X, then the expression X(i,j) -=
X(i,k) * A(k,j) is well formed.

e Mandates If neither A.static_extent(1) norB.static_extent(1) equals
dynamic_extent, then A.static_extent(1) equals B.static_extent(1).

e FEffects Assigns to the elements of X the result of solving the triangular linear system(s)
XA=B for X.

In-place multiple triangular systems right solve

template<class in_matrix_1_t,
class Triangle,
class DiagonalStorage,
class inout_matrix_t>
void triangular_matrix_matrix_right_solve(
in_matrix_1_t A,
Triangle t,
DiagonalStorage d,
inout_matrix_t B);

Wote

This in-place version of the function intentionally lacks an overload taking an
ExecutionPolicy&§&, because it is not possible to parallelize in-place triangular solve for any
ExecutionPolicy.

This algorithm makes it possible to compute factorizations like Cholesky and LU in place.
--end noteb

e equires A.extent(1) equals B.extent(1).

e Constraints

o IfDiagonalStorageisexplicit_diagonal_t, and i, j isin the domain of B,
then the expression B(1i,j) /= A(i, i) is well formed (if applicable).

o If i,j and i, k are in the domain of X, then the expression B(i,j) —-= B(i, k) *
A(k,j) is well formed.

e Mandates If neither A.static_extent(1) norB.static_extent(1) equals
dynamic_extent, then A.static_extent(1) equals B.static_extent(1).

e FEffects Overwrites B with the result of solving the triangular linear system(s) XA=B for X.

Examples
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Cholesky factorization

This example shows how to compute the Cholesky factorization of a real symmetric positive

definite matrix A stored as a basic_mdspan with a unique non-packed layout. The algorithm
imitates DPOTRF2 in LAPACK 3.9.0. If Triangleis upper_triangle_t, then it computes the
Cholesky factorization A = U*T U. Otherwise, it computes the Cholesky factorization A = L L"T.

The function returns 0 if success, else k+1 if row/column k has a zero or NaN (not a number)

diagonal entry.

#include
#include

template<class inout _matrix_t,

class Triangle>

int cholesky_factor(inout_matrix_t A, Triangle t)

{

using element_type = typename inout_matrix_t::element_type;
constexpr element_type ZERO {};

constexpr element_type ONE (1.0);

const ptrdiff_t n = A.extent(0);

if (n == 0) {
return 0;
by
else if (n == 1) {
if (A(0,0) <= ZERO || isnan(A(0,0))) {
return 1;
}
A(0,0) = sqrt(A(0,0));
b
else {
SDUWLWLRQ $ LQWR >9% $
$ $ @
ZKHUH $ LV WKH WUDQVSRVH RI $
const ptrdiff_t nl = n / 2;
const ptrdiff_t n2 = n - nl;
auto All = subspan(A, pair{0, nl}, pair{0, nl});
auto A22 = subspan(A, pair{nl, n}, pair{nl, n});

YDFWRU $
const int infol = cholesky_factor(All, t);
if (infol '= 0) {

return infol;

}

if constexpr (std::is_same_v<Triangle, upper_triangle_t>) {
8SGDWH DQG VFDOH %
auto A12 = subspan(A, pair{@, nl}, pair{nl, n});
triangular_matrix_matrix_left_solve(transpose_view(All),
upper_triangle, explicit_diagonal, Al2);
$ $ $ A7 3
symmetric_matrix_rank_k_update(-ONE, transpose_view(A12),
A22, t);
I

else {
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&RPSXWH WKH &KROHVN\ IDFWRUL]JDWLRQ $ / [A7

8SGDWH DQG VFDOH $
auto A21 = subspan(A, pair{nl, n}, pair{0, nl});
triangular_matrix_matrix_right_solve(transpose_view(All),
lower_triangle, explicit_diagonal, A21);
$ $ $ $ A7
symmetric_matrix_rank_k_update(-ONE, A21, A22, t);
¥

YDFWRU $
const int info2 =
if (info2 '= 0) {

return info2 + nl;
¥

Iy

cholesky_factor(A22, t);

by

Solve linear system using Cholesky factorization

This example shows how to solve a symmetric positive definite linear system Ax=b, using the
Cholesky factorization computed in the previous example in-place in the matrix A. The example
assumes that cholesky_factor(A, t) returned O, indicating no zero or NaN pivots.

template<class in_matrix_t,
class Triangle,
class in_vector_t,
class out_vector_t>
void cholesky_solve(
in_matrix_t A,
Triangle t,
in_vector_t b,
out_vector_t x)

if constexpr (std::is_same_v<Triangle, upper_triangle_t>) {
6ROYH $[ E ZKHUH $ 8A7 8

6ROYH 8A7 F E XVLQJ [ WR VWRUH F
triangular_matrix_vector_solve(transpose_view(A), t,
explicit_diagonal, b, x);
6ROYH 8 [ F RYHUZULWLQJ [ ZLWK UHVXOW
triangular_matrix_vector_solve(A, t, explicit_diagonal, x);
¥
else {
6ROYH $[ E ZKHUH $ [ A7

6ROYH / F E XVLQJ [ WR VWRUH F
triangular_matrix_vector_solve(A, t, explicit_diagonal, b, x);
6ROYH /A7 | F RYHUZULWLQJ [ ZLWK UHVXOW
triangular_matrix_vector_solve(transpose_view(A), t,

explicit_diagonal, x);
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Compute QR factorization of a tall skinny matrix

This example shows how to compute the QR factorization of a "tall and skinny" matrix V, using
a cache-blocked algorithm based on rank-k symmetric matrix update and Cholesky
factorization. "Tall and skinny" means that the matrix has many more rows than columns.

&RPSXWH 45 IDFWRUL]DWLRQ $ 45 ZLWK $ VWRULQJ 4
template<class inout_matrix_t,
class out_matrix_t>
int cholesky_tsqr_one_step(
inout_matrix_t A, // A on input, Q on output
out_matrix_t R)
{
2QH PLIJKW XVH FDFKH VL]H VL]HRI HOHPHQWBW\SH C
WR SLFN WKH QXPEHU RI URZV SHU EORFN JRU QRZ Z
VRPH FRQVWDQW
constexpr ptrdiff_t max_num_rows_per_block = 500;

using R_element_type = typename out_matrix_t::element_type;
constexpr R_element_type ZERO {};
for(ptrdiff_t i = 0; i < R.extent(0); ++i) {
for(ptrdiff_t j = 0; j < R.extent(1); ++j) {
R(0,0) = ZERO;
b
}

&DFKH EORFNHG YHUVLRQ RI 5 5 $A7 $
const ptrdiff_t num_rows = A.extent(0);
ptrdiff_t rest_num_rows = num_rows;
auto A_rest = A;
while(A_rest.extent(0) > 0) {
const ptrdiff num_rows_per_block =
min(A.extent (@), max_num_rows_per_block);
auto A_cur = subspan(A_rest, pair{@, num_rows_per_block}, all);
A_rest = subspan(A_rest,
pair{num_rows_per_block, A_rest.extent(0)}, all);
5 5 $BFXUA7 $BFXU
symmetric_matrix_rank_k_update(transpose_view(A_cur),
R, upper_triangle);
b

const int info = cholesky_factor(R, upper_triangle);
if(info !'= 0) {

return info;
b
triangular_matrix_matrix_left_solve(R, upper_triangle, A);
return info;

&RPSXWH 45 IDFWRUL]DWLRQ $ 4 5 8VH 5BWPS DV WHF
VWRUDJH IRU LWHUDWLYH UHILQHPHQW
template<class in_matrix_t,
class out_matrix_1_t,
class out _matrix 2 t,
class out_matrix_3_t>
int cholesky_tsqr(
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in_matrix_t A,
out_matrix_1_t Q,
out_matrix_2_t R_tmp,
out_matrix_3_t R)

assert(R.extent(0) == R.extent(1));
assert(A.extent(1) == R.extent(0));
assert(R_tmp.extent(0) == R_tmp.extent(1));
assert(A.extent(0) == Q.extent(0));
assert(A.extent(1) == Q.extent(1));

linalg_copy(A, Q);
const int infol = cholesky_tsqr_one_step(Q, R);
if(infol != 0) {

return infol;
¥

8VH RQH VWHS RI LWHUDWLYH UHILQHPHQW WR LPSUR?
const int info2 = cholesky_tsqr_one_step(Q, R_tmp);
if(info2 != 0) {

return info2;
¥

5 5BWPS 5
triangular_matrix_left_product(R_tmp, upper_triangle,

explicit_diagonal, R);

return 0;
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